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Resume 

MODELES DE MOUSSES DE SPIN POUR LA GRAVITE QUANTIQUE ET LEUR 
REGIME SEMI-CLASSIQUE 

Les mousses de spin fournisseiit un formalisme d'integrale de chemin pour la gravite quantique qui s'inspire 

de la gravite quantique a boucles. lis decrivent la structure quantique de I'espace-temps et revolution temporelle 
des etats cinematiques de la gravite quantique a boucles. La quantification covariante en terme de mousses de 
spin est basee sur I'ecriture de la relativite generale comme une theorie topologique contrainte. 
Les contraintes, appelces contraintes de simplicite, introduisent les degres de libertes locaux et permettent de 
passer d'une theorie topologique a une theorie de la geometrie de I'espace-temps. EUes sont done essentielles. 
Cependant leur implementation est encore mal comprise. Dans cette these, une maniere originale d'imposer 
les contraintes est proposee: les contraintes de simplicites sont rcformiilces cn utilisant un nouveau formalisme 
construit a partir d'oscillateurs harmoniques et des etats coherents, solutions des contraintes, sont donnes. 
D'autre part, un modele de mousse de spin pour la gravite quantique est coherent s'il pent etre relie a I'approche 
canonique a boucles et possede la bonne limite semi-classique. 

Un lien entre les etats cinematiques de la gravite quantique a boucles et les etats frontieres d'une mousse de 
spin est ici explicite reliant ainsi clairement I'approche cannoniquc et I'approche covariante. 
Nous proposons aussi de nouvellcs techniques pour calculer le dcveloppement asymptotique semi-classique des 
amplitudes de transition de la gravite quantique. En particulicr dans le contexte de la gravite 3d, des outils 
analytiques nocossaires pour calculer toutes les corrections quantiques des correlations du champs gravitationnel 
sont prescntes. Des calculs explicites. bases sur des methodcs d'approximation et sur I'utilisation de relations de 
recurrence sur les amplitudes de mousses de spins, ont ete effectues. Les resultats sont pertinents pour deriver 
des corrections quantiques a la dynamique du champ gravitationnel. 

Mots cle : relativite generale, theorie des champs topologique, gravite quantique, mousses de spin, reseaux 
de spins. 

Spin foam models for quantum gravity and semi-classical limit 

The spinfoam framework is a proposal for a regularized path integral for quantum gravity. Spinfoams 
define quantum space-time structures describing the evolution in time of the spin network states for quantum 
geometry derived from Loop Quantum Gravity (LQG). The construction of this covariant approach is based 
on the formulation of General Relativity as a topological theory plus the so-called simplicity constraints which 
introduce local degrees of freedom. 

The simplicity constraints are essential in turning the non-physical topological theory into 4d gravity. In this 
PhD manuscript, an original way to impose the simplicity constraints in 4d Euclidean gravity using harmonic 
oscillators is proposed and new coherent states, solutions of the constraints, are given. 

A consistent spinfoam model for quantum gravity has to be connected to LQG and must have the right semi- 
classical limit. 

An explicit map between the spin network states of LQG and the boundary states of spinfoam models is given 
connecting the canonical and the covariant approaches. 

New techniques to compute semiclassical asymptotic expressions for the transition amplitudes of 3d quantum 
gravity and to extract semi-classical information from a spinfoam model are introduced. Explicit computations 
based on approximation methods and on the use of recurrence relations on spinfoam amplitudes have been 
performed. The results are relevant to derive quantum corrections to the dynamics of the gravitational field. 

Keywords: general relativity, topological field theory, quantum gravity, spin networks, spin foams. 
Laboratoire de Physique - Ecole Normale Superieure de Lyon - UMR 5672 
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Chapter 1 

Introduction 



One of the deepest questions for physicists is to unravel the essential nature of space and time and how the 
world came into existence. This quest on the meaning of space and time has a very long history which teaches 
us that an answer to a question can radically change our view of the world. Although a new theory on the 
nature of space and time can be the end of a journey, it is often the starting point for more questions. A new 
theory brings us new frameworks and new technical tools which open new frontiers and enlarge our perception. 
It improves our understanding of the notions of space and time and and gives us access to more and more 
refined scales of observations. The historical evolution of space-time theories from the Aristotelician world, the 
Newton's views to Einstein's breakthrough, emphasizes that a final description of our physical world is far from 
being done. 

Three dimensional constants play a fundamental role in the description of our physical world: the speed 
of light in vacuum^ c ^ 3 x IQ^m.s'^'^, Planck's constant h ~ 6.6 x 10~^'^in^ .kg.s^^ , the Newton universal 
gravitational constant^ G ~ 6.7 x 10~^'^m'^ .kg~^ .s~^ . Their order of magnitude is much larger (or smaller) 
than the meter, kilogram and second, which are the units (from the International System of Units) significant 
to describe direct everydays life experiments. Each of these three constants is associated to a physical regime 
and corresponds to a particular scale of observation. They are specific to some theories and the links between 
each constant and the different theories are summarized in Fig. 1.1. 

Let us present some of the theories appearing in Fig. 1.1. In the general relativity theory, Einstein makes the 
revolutionary claim that the geometry of space is not fixed but evolves in time. Quantum mechanics tells us that 
every dynamical quantity is not continuum but quantized. The size of a "quantum" is characterized by Planck's 
constant h. At the end of the first half of the twentieth century, Freeman Dyson, Richard Fcynman among many 
others consistently combined quantum theory with special relativity to give the so-called quantum field theory 
in which both constants, h and c appear. A very useful and experimental successful example of a quantum 
field theory fixed Minkowski background is the standard model. It describes three of the four fundamental 
interactions which govern the myriad of phenomena in nature; electromagnetism, the strong nuclear force which 
holds atomic nuclei together and the weak nuclear force which is responsible for radioactive decay; gravity is 
however neglected. The standard model is therefore an approximation describing particle physics in the lab and 
in a variety of astrophysical situations when the gravitational force can be considered weak below a given energy 
scale which is the so-called Planck scale. It is defined by the combination of the three constants: c, h= h/2-K, G. 



The Planck length equals: Zp = W ^ in 4d and its value is then Ip = 1.616252(81) x 10 ^^m that corresponds to 



an energy Ep = 1.22 x 10^^ cV. Ep can be compared with the energies obtained in our most powerful accelerator, 
the Large Hardon Collider in Geneva, which are of the order of 10^^ eV. Below this Planck scale, the gravity 
effects can be neglected and the standard model is a good approximation, above a theory of quantum gravity is 
necessary to describe space and time. Since the 1980s, the problem of understanding what happens to general 

^Its value was fixed to 299 792 m.s~^ in 1983 by the BIPM (Bureau International des Poids et Mesures) and this value does 
define the meter. 

^Thc fractional uncertainty in G precisely measured in the 1980's (uncertainty of 0.0128%) is thousands of times larger than 
those of other fundamental constants. Moreover, recently the value of G has been called into question by new measurements which 
suggest the uncertainty of G could be much larger than originally thought. 




11 



12 



CHAPTER 1. INTRODUCTION 



RelgliviSj^ 





^9: 



Quantum 
Gravrly 






G 



. QFT 



Figure 1.1: Fundamental constants and theories. 



relativity at the extreme short-distance Planck scale Ip has been one of the most pressing questions in theoretical 
physics. Before going on with quantum gravity, let us point out that the regime where both G and h have to 
be taken into account can be studied thanks to the so-called Schrodinger-Newton equations. Theoretically, this 
brings nothing really new, however, some experimental results obtained in 2001 are very interesting: physicists 
have observed quantized states of matter under the influence of gravity for the first time. Ultra-cold neutrons 
moving in a gravitational field do not move smoothly but jump from one height to another, as predicted by 
quantum theory [1]. 

Let us detail the plan of the next three main parts. 

In the first part, we will give the reasons why we need a theory of quantum gravity. Several serious answers 
to this challenge have been proposed. These include non-commutative geometry, string theory, loop quantum 
gravity, emergent gravity,... This three year work is exclusively based on the so-called loop quantum gravity 
theory [2, 3] which is a theory focusing on the problem of quantizing gravity with no aim to find a unified 
description of all interactions. Loop quantum gravity is an attempt to define a quantization of gravity paying 
great attention to the conceptual lessons of general relativity. For example, general relativity teaches us that 
the degrees of freedom of the gravitational field are encoded in the geometry of spacetime and in this sense, the 
gravitational interaction is fundamentally different from all other known forces. The spacetime geometry is fully 
dynamical and the notion of absolute space on top of which 'things happen' ceases to make sense in gravitational 
physics (see Fig. 1.2). The idea is therefore to build a theory of quantum gravity which will not be based on a 
notion of background geometry. In Part II, we will describe loop quantum gravity established as a proposal of 
background independent and non perturbative quantization of general relativity. This presentation will be done 
in two steps. We will first recall the Hamiltonian formulation of general relativity starting with the conventional 
ADM variables and then introduce the variables that are used in the definition of loop quantum gravity. The 
second step is the quantization: we will give a short review of the canonical approach of quantization of general 
relativity and then describe the Hilbert space of the quantum states and in particular define the spin network 
states. The spin network states are the building block of loop quantum gravity: they provide a basis of the 
kinematical Hilbert space and diagonalize some geometric operators, such as surface areas. The kinematics 
of loop quantum gravity is in fact beautifully under control. However, understanding the dynamics is still in 
progress. In the last section of Part II, wc will present the spin foam formalism which can be considered as a 
possible approach to solve the dynamics of spin networks. Indeed, a spin foam picture emerges when considering 
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Figure 1.2: Space-time geometry becomes a dynamical object like the other fields. 

the evolution in "time" of spin networks. But spin foam models can also be naturally interpreted as a form 
of path integral approach to quantum gravity, the covariant approach. In this approach, one abandons the 
canonical approach and seeks a functional integral description of transition amplitudes between two quantum 
gravity states. The states are given by 3-geometries relative to 3d hypersurfaces not necessarily connected and 
the histories interpolating between them are 4-geometries inducing the given 3-geometries on the hypersurfaces. 
The different steps - the first order formalism of general relativity, the discretization, the quantification ~ will be 
concretely illustrated in Section 6.1 where we will give the technical details of the construction and the derivation 
of a spin foam amplitude in the case of the Ponzano-Regge model which is a spin foam model for 3d quantum 
gravity. 3d general relativity has no local degree of freedom: it can be discretized and quantized exactly without 
losing any of its physical content and consequently offers a simpler laboratory than the physically relevant 4d 
case. 

In Part II and Part III, new results are presented. The spin foam framework is the starting point of all this 
work. Two of the main issues for this approach are: 

• to define a consistent 4d model of quantum gravity, 

• to have a low-energy prediction of the theory. 

The difficulties of the first point come from the fact that unlike the 3d case, 4d general relativity is not 
a topological theory but a topological theory plus constraints. The issue is to understand how to impose 
consistently the constraints - the so-called simplicity constraints - at the quantum level in order to turn the 
topological theory into a geometrical theory and to introduce local degrees of freedom. The second point is 
essential to test the theory and to make predictions but it is difficult since the starting point is a non-perturbative 
formalism. That is why it is challenging to define a perturbative expansion in the Planck scale Ip in order to 
check if the correct semi-classical limit arises. The next step is to explore if loop quantum gravity can provide a 
UV completion of the perturbative quantization in terms of graviton, which unlike the other interactions in the 
standard model turns out to be non-renormalizable. This could consequently provide predictions for possible 
experiments. These two different lines have been explored and our results can bring some elements of response 
to both issues. 

Another important question related to the low-energy limit predictions will be to understand the behavior 
of spin foam models under renormalization and to study the coarse-graining of such model. This is fundamental 
in order to truly define the continuum limit of spinfoam models and their semi-classical regime. In fact, we do 
not expect a unique spin foam model for 4d gravity but a class of models characterized by a renormalization 
flow. This question to define a renormalization group flow in a background independent context has still to be 
seriously tackled [4]. 

Part III will be devoted to the problem of deflning a spin foam model for 4d gravity. We will flrst recall the 
definition of the Barrett-Crane model which was the flrst explicit attempt to solve the simplicity constraints. 
However, the loop quantum gravity point of view or the spin foam graviton calculations seem to indicate that too 
many degrees of freedom of the 3d space geometry are frozen in this model. We will then introduce the EPRL- 
FK models which were proposed to address this issue prior to the inception of this work. In these models, 
the simplicity constraints are imposed weakly either following a procedure inspired from the Gupta-Bleuler 
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quantization or using coherent states. After a review on these two different approaches, we will present some 
results, - which we presented in [5] - regarding one aspect of the problematic focusing on the relation between 
loop quantum gravity and the spin foam formalism. More precisely, we have defined the various ways to map 
the loop quantum gravity spin networks onto certain subspaccs of Lorcntz invariant states - the projected spin 
networks - which satisfy the simplicity constraints and would therefore legitimately implement the dynamics 
and evolution of spin networks for loop quantum gravity. 

In the last part of Part III tackling the issue of the definition of a 4d spin foam model for gravity, we 
will present some results - we presented in [6] - focusing on the implementation of the simplicity constraints 
at the quantum level using a new framework introduced in [7] and developed more recently in [8, 9]. This 
framework leads to a better interpretation of the structure of the Hilbcrt space of SU(2) intertwiners^ from 
U(A^) representations. This U(A^) framework, based on the Schwinger representations of the su(2) Lie algebra 
in term of a couple of harmonic oscillators, proposes a closed algebra of geometric observables acting on the 
space of SU(2) intcrtwiners and a new set of coherent states which are covariant imder U(A'^) transformations. A 
first part of my work has been to complete the analysis of the U(A^) framework for SU(2) intertwiners initiated 
in [7, 8, 9] in order to have an explicit action of the different newly introduced geometrical observables on 
the U(A'^) coherent states. Then, we have shown how these U(A^) tools can be applied to the analysis of the 
simplicity constraints for 4d Euclidean gravity and proposed new sets of constraints. Solving them in term 
of the U{N) coherent states has yielded weak solutions to all simplicity constraints for arbitrary values of the 
Immirzi parameter^. 

In Part III, we will present new results concerning the issue of the low-energy interpretation of the theory from 
the spin foam formalism and show how they are relevant to derive quantum corrections to the classical dynamics 
of the gravitational field. This work is based on the "spinfoam graviton" framework proposed by Carlo Rovelli 
and collaborators who have introduced a technique to study n-point functions within loop quantum gravity 
[10, 11]. The graviton propagator corresponds to the correlator between excitations of quanta of space or more 
explicitly to the correlator between geometrical observables such as the areas of elementary surfaces. The two 
main ingredients to define it are the boundary amplitude that codes the quantum gravity dynamics - the {6j} 
symbol in the Ponzano-Regge model, the {lOj} symbol in the Barrett-Crane model - and a weighted functional 
of spin networks. This latter is usually chosen to be a semi-classical state peaked on both the intrinsic and 
extrinsic geometry of a closed 3d surface, interpreted as the physical boundary of a 4d spacetime region. We 
have focused on a 3d toy model to explore the properties of the boundary amplitude which is the quantum 
amplitude associated to a vertex of the spin foam'''. The 3d case has the advantage that the semi- classical 
limit is better understood and all the issues of the 4d case can be addressed in this simplified context. In 
the Ponzano-Regge model, the vertex amplitude is given by the {6j} symbol from the recoupling theory of 
the representations of SU(2). Wc need to understand the corrections to the asymptotical behavior of the {Qj} 
symbol in order to compute the higher order quantum corrections to the classical propagator of the graviton. 
We have developed two methods to study the asymptotic expansion of the {6j} symbol: either preforming a 
brute-force approximation starting from the explicit algebraic formula of the {6j} symbol as a sum over some 
products of factorials [12], or using a recursion relation for the {6j} symbol derived from the invariance of the 
{6j} symbol under Pachner moves (Biedenharn- Elliott identity) [13]. The first method has allowed to investigate 
the asymptotical behavior of the {6j} symbol at ncxt-to-leading order and to compute it analytically. With the 
second method, we have provided explicit formulas for up to the third order correction beyond the leading order 
for the particular case of a 'isosceles' {6j} symbol and we have in addition shown how the relation recursions 
can be used to derive Ward-Takahashi-like identities between the expectation values of graviton-like spin foam 
correlations. 

Another problem we tackled concerns the second key ingredient regarding the graviton propagator, i.e. the 

^SU(2) intcrtwiners arc SU(2) invariant tensors attached to eacli vertex of a spin networl;. They are the basic building bloclis 
of spin network states and glued together, they generate the quantum 3d space. The intertwiner space geometrical interpretation 
is therefore necessary for a better understanding of loop quantum gravity at both kinematical and dynamical levels. 

^The Immirzi parameter, denoted 7, appears when adding to the classical action for gravity a topological term which is required 
in order to have a well-defined connection on the boundary. This has no effect on the classical equations of motion but this 
introduces a quantization ambiguity. 

^This 3d toy model is a topological model. We thus know how to quantize it exactly as a spin foam model and in addition we 
know how to introduce defaults such as particles which introduce local degrees of freedom. 
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boundary state. The original ansatz is to take as boundary state a Gaussian state with a phase factor in the 
Hilbert space of boundary spin networks. However, this state has to be physical, that is to be a gauge invariant 
spin network state that solves the quantum gravity constraints. A criterion to select a physical boundary state 
had already been proposed in [14] in the 3d case. We have extended this approach to determine physical 
boundary state in the 4d case considering the Barrett-Crane model [15]. 
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Chapter 2 

Motivations for a quantum theory of 
gravity 

Nevertheless, due to the inner atomic movement of electrons, atoms would have to radiate not only electromag- 
netic hut also gravitational energy, if only in tiny amounts. As this is hardly true in Nature, it appears that 
quantum theory would have to modify not only Maxwellian electrodynamics hut also the new theory of gravitation. 

Albert Einstein, 
{Preussische Akademie Sitzungsberichte, 1916) 

Two of the most exciting developments of XXth century physics were general relativity and quantum theory. 
Both have modified our understanding of the physical world in depth. General relativity treats gravity, while 
the 'standard model' - the culminating development of quantum theory - treats the rest of the forces of nature. 

General relativity represents the result of a long line of developments that go all the way back to Galileo's 
thought experiments about relativity of the motion, Mach's arguments about the nature of space and time and 
finally to Einstein's magnificent conceptual breakthrough. It has provided beautiful insights about the nature 
of the Universe through astrophysics and cosmology and even led to key technological developments such as the 
Global Positioning System. 

Quantum theory has been developed roughly at the time, triggering new discoveries about the fundamental 
nature of matter and its interactions, through atomic physics, nuclear and particle physics, condensed matter 
physics. 

Even though both theories had impressive successes in making predictions which were checked with very 
high precision, they have their own limits. 

For example, central objects for astronomers and theoretical physicists are black holes. A black hole is a 
region of space from which nothing, not even light, can escape. Its defining feature is the appearance of an 
event horizon - a boundary in spacetime through which matter and light can only pass inward. Although the 
discovery in the early 1970s by Bekenstein and Hawking among many others of the thermodynamic behavior of 
black holes (see e.g. [16]) - achieved primarily by classical and semiclassical analyses - has provided a better 
understanding of this notion of black hole horizon, many important issues remain unresolved. Primary among 
these arc the "black hole information paradox" ^ and the gravitational singularity in the center of the black hole 
where the spacetime curvature becomes infinite. 

In the context of cosmology, the Priedmann, Lemaitre, Robertson, Walker models^ and perturbations thereof 

are empirical successes. Indeed, it appears that the rich data that we now have and are likely to accumulate 
in the near future from astrophysieal observations would be adequately described by these models derived 

-"-It suggests that physical information could "disappear" in a black hole, allowing many physical states to evolve into precisely 
the same state. 

^The Friedmann - Lemaitre - Robertson - Walker metric is an exact solution of Einstein's field equations of general relativity; 
it describes a simply connected, homogeneous, isotropic expanding or contracting universe (see [17, 18]). 
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from general relativity and quantum field theory. However, these theories are conceptually incomplete since 
they assume that the universe begins with a "Big Bang" at which matter densities and space-time curvature 
become infinite, i.e. a singularity. The appearance of singularities in general relativity is commonly perceived 
as signaling the breakdown of the theory. 

At the atomic scale, the gravitational force can be safely neglected and this is also true for the current 
high energy experiments. Therefore it might be surprising at first sight that gravitational and quantum effects 
should be taken into account both at the same time. However a simple dimensional analysis shows that at the 

Planck scale Ip = ^ 10^'''''m, the gravity effects become important again and cannot be neglected any 

more. This means that before reaching the singularity in a black hole one has to enter a regime where gravity 
is quantized. In particular, one can expect that the notion of singularity is blurred and regularized, solving this 
singularity issue [19]. A similar reasoning applies in cosmology. The Universe shoiild have cooled down from 
an extreme phase where the gravitational degrees of freedom were quantized. The notion of "Big Bang" should 
be blurred and regularized by the quantum effects. This justifies, at least theoretically, the necessity to study 
quantum gravity. 

From an experimental point of view, quantiim gravity is a theory expected to describe regimes that are so 
far inaccessible: indeed in the current most powerful accelerator, the Large Hadron Collider, we are able to 
obtain energies of the order of a few TeV while the Planck energy Ep, the energy scale at which quantum gravity 
effects are believed to become important, is 10® TeV. 

It was therefore thought for a long time that one could only see quantum gravitational effects in the cosmo- 
logical realm, these effects being moreover extremely weak and hard to measure. This situation has changed; 
different experiments both terrestrial (VERITAS) and spatial (FERMI satellite), using extreme high energy par- 
ticle physics (essentially gamma-rays bursts) are being set up and hope to measure quantum gravitational effects 
[20]. A new experimental window is opening, allowing us to explore the fundamental structure of spacetime. 
The current situation in this field is therefore exciting, one has to make physical predictions to the outcome of 
these experiments, and make concrete statements about the physics involved in the quantum gravity regime. 

We need a working theory of gravity that takes quantum effects into account. This theory of quantum gravity 
should in particular synthesis the generally relativistic principle of background independence and the uncertainty 
principle of quantum mechanics. However, it is a non trivial task to assemble the two theories, general relativity 
and quantum mechanics, into a single coherent picture of the world. Indeed, the "naive" try consisting in 
applying the standard (perturbative) quantum field theory tools so successful for the standard model, does fail: 
the perturbative quantization of general relativity is non-renormalizable. Moreover one can argue that this 
approach is not really respecting the essence of general relativity since one introduces a background around 
which one quantizes the gravitational fiuctuations. Introducing a background does break a fundamental feature 
of general relativity, the background invariancc. 

Following the lead of Bergmann and Dirac, physicists (Arnowitt, Deser, Misner) have also tried to apply the 
Dirac quantization rules to general relativity dming the mid 60's. Quickly enough it was realized that using 
the metric formulation, this approach was also bound to fail due to the intrinsic complexity of the formulation. 

It was not before the mid 80's that Ashtekar realized that with a clever change of variables the Hamiltonian 
analysis of general relativity was greatly simplified. The subsequent rediscovery by Rovelli and Smolin of the 
spin networks introduced in the 70's by Penrose as the basis for the kinematical Hilbert space sparked the loop 
quantum gravity field. While trying to understand its quantum dynamical aspects, the notion of spinfoam was 
introduced. They can also be viewed as a (discretized) path integral quantization of general relativity. For a 3d 
space-time case, it was realized those spinfoams were in fact similar to an old model, the Ponzano-Regge model, 
introduced in the 60's [21]. Since then the spinfoam approach was developed on its own as a way to regularize 
the general relativity partition function. 



Chapter 3 



Hamiltonian formalism of General 
Relativity 

General relativity is a constrained theory. I will first give the Hamiltonian formulation of general relativity in 
terms of ADM variables (see [22] for a review) which was used by Arnowitt, Deser, Misner (ADM) among many 
others to apply Dirac's quantization program to general relativity. The Dirac's procedure can be schematically 
divided in three steps [23, 24, 25] 

• Find a representation of the phase space variables of the theory as operators in a kinematical Hilbert 
space Hkin satisfying the standard commutation relations: { , } — >■ — «/fi.[ , ]. 

• Promote the constraints to (self-adjoint) operators in Hkin- 

• Characterize the space of solutions of the constraints and define the corresponding inner product. This 

would define the so-called physical Hilbert space Uphys- 

These steps should then be completed with a physical interpretation of the quantum observables - the gauge 
invariant observables are operators commuting with the constraints. Dirac's procedure applied to the ADM 
phase space defines a kinematical Hilbert space which is already ill-defined and on which there is no measure 
theory. Therefore, we will not apply the quantization program proposed by Dirac to the set of ADM variables 
but we will see how we can define new variables from the ADM ones to reformulate general relativity in a way 
more amenable to Dirac's quantization procedure. Indeed, all choices of fundamental variables do not work out 
as well when quantizing a theory and the key to loop quantum gravity has precisely been a choice of different 
variables to describe gravity. From the ADM variables, the definition of the new variables will be done in two 
steps 

ADM formuation triad formulation SU(2) Ashtekar-Barbero connection variables 

The first change of variables will introduce a new constraint and the second one is a canonical transformation. In 
the first section, I will recall the definition of the ADM variables. Then, in the second section I give more details 
on both changes of variables. Finally, in the last section, I will present the classical framework of covariant loop 
quantum gravity which is a program of quantizing gravity a la loop starting from a Lorentz covariant canonical 
formulation. In fact, this covariant loop quantum gravity theory uses the same techniques and tools as loop 
quantum gravity but in this case the gauge group is the Lorentz group SL(2, C) instead of SU(2). 

3.1 Canonical formulation of General Relativity in ADM variables 

The Hamiltonian formulation of gravity is the basis of any attempt to canonically quantize gravity. The 
Hamiltonian treatment of General Relativity is based on a 3 + 1 splitting of space-time [26, 27, 28, 29, 30]. This 
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splitting allows to coordinatize the phase space T explicitly. The phase space defined as the space of solutions 
of the equation of motion is a covariant notion, however the coordinatization we choose for it breaks covariance. 
Given a four-geometry - a globally (hyperbolic) spacetime M with metric tensor fields g^,^ of Lorentzian 

signature^ ( 1~ ++) - we consider a one-parameter family of three-dimensional spacelike hypersurfaces Et 

{t = constant), with spatial coordinates x"" (a = 1, 2, 3) [17]. In the following, we shall use latin letters a,b, - ■ ■ 
for space indices and greek letters ^,v, - ■ ■ for space-time indices. Let us consider a nearby pair (E(, Ef+^t) 
of spacelike hypersurfaces labelled by the time coordinates t, and t -\- dt. The foliation allows us to identify 
the function f S M as a (unphysical) time parameter. We need to define "moving forward in time" with the 
parameter time t starting from the surface Ei and reaching the surface "Et+dt- For this, let us choose a vector 
field on A4 satisfying i'^V^t = 1. We decompose t^ into its normal and tangential parts to Et (see Fig. 3.1) 




Figure 3.1: Coordinates for two nearby hypersurfaces labelled by t and t + dt 
by defining the lapse function N and the shift vector N'^ with respect to by 

N = -t^n^, 

Nf_, = Qf^i.t", 

where n^ is the unit normal vector field to the hypersurfaces E and = + n^n^ is a (3d Riemannian) 
spatial metric induced on each E by the space-time metric g^i/ . 

tf" ^ + Nn^". (3.1) 

We can interpret the vector field t^ as the "fiux of time" across space-time. Moreover, it is then obvious that 
the lapse function N and the shift vector N'^ are not considered dynamical since they merely prescribe how 
to "move forward in time". The metric g^i, is spatial in the sense that q^^^n^ — and by convention, we now 
denote the induced spatial metric using only spatial coordinates qat in the coordinates patch on the surface 
E. 

The ADM formalism characterizes the phase space of general relativity when the degrees of freedom are encoded 
in the metric. The object of interest is the Einstein-Hilbert action for the metric g^,y which propagates on the 
manifold A4 

Seh^^I d^x^\det{g)\R, (3.2) 

where R is the Ricci scalar associated with g^^, and k — SttG in units c — 1. 

The ten components of the spacetime metric are then replaced by the six components of the induced Rie- 
mannian metric qab of E, plus the three components of the shift vector N"" and the lapse function N. Let us now 
illustrate this by defining the coordinates for two nearby hypersurfaces (see Fig. 3.2) using the ADM variables 
iqab,N,Na) [22]. 



^( h induces a positive definite metric on spacelike metric. In some cases, we will consider a Riemannian manifold, that 

is the metric will have a (+ + H — h) signature. 
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• The intrinsic metric of each surface T, is Qat — dab- The metric of the hypersurface Sj, 

Qab dx°'dx^ = gab{t, X, y, z) dx'^dx^, (3-3) 

tells the square of the distance between two points in St. The metric on the upper hypersurface, St+dt, 
is similarly given by 

gabit + dt,x,y,z)dx°-dx''. (3.4) 

This formalism thus suggests that the spatial metric on a three-dimensional hypersurface S can be viewed 
as the dynamical variable in general relativity. Indeed, if we identify the hypersurfaces S^, S^+j/t by the 
diffeomorphism resulting from following integral curves of t^, we may view the effect of "moving forward 
in time" as that of changing the spatial metric on an abstract three-dimensional E from q'^^ix^y, z) = 
gab{t,x,y, z) to q'^f^'^^\x,y, z) = gab{t + dt, x,y, z). That is, the space-time {A4,g^i^) may be viewed as 
representing the time development of qab on a fixed three-dimensional manifold. 



p 



Figure 3.2: Coordinates for two nearby hypersurfaces labelled by t and t + dt 

• The shift vector iV^ = iV"(t,a;'') appears when following the timelike normal vector from a point P with 
co-ordinates (t, x"") to a point R on St+dt, the upper surface with coordinates: 

R= [t + dt.x" - N^dt). (3.5) 

iV" measures therefore the amount of "shift" tangential to St in the time flow vector field t^^ . 

• The proper time elapsed from P (lower surface) to R (upper surface) can be defined from the lapse function 
N[t,x''): 

(lapse of proper time between lower and upper hypersurface) — N{t, x, y, z)dt. (3-6) 

That is, N measures the rate of proper time flow with respect to the unphysical coordinate time, t, as one 
moves normally to St. 

• In Fig. 3.2, let Q be a point on the final surface with coordinates {t + dt,x'^ + dx"^), then the squared 
interval ds^ = g^^dx^dx'^ for the infinitesimal vector dx^ describing PQ is deduced from the Lorentzian 
geometry in Fig. 3.2: 

ds^ — (proper distance in base 3-geometry)^ — (proper time from lower to upper 3-geometry)^ 

= qabidx" + N''dt){dx^ + N^dt) ~ {Ndtf. (3.7) 

From this equation (3.7), the four-metric can be constructed out of the three-metric and the lapse and 
shift functions: 

( goo gob\_f (NaN- ~ N^) N, \ 

- ( gaO gab -[ Na qab J ' ^^'^^ 
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where iV° are the components of the shift in its contravariant form, and Na — QabN^ — dab^^ are the 
covariant components; they are calculated within the three-geometry with the three-metric. The inverted 
relation = q^'^Nc is obtained using the inverse three-metric g*"^ that has to be distinguished from the 
inverse four-metric. One can verify that the inverse four-metric is 



9^'' - [ gaO gab )-[ (;^a6 _ ) ' (3-9) 



by expanding the relation g^^g^^ — 6^. 

• The unit future-directed normal vector to the hypersurface Sj points along PR in Fig. 3.2. It 
corresponds to the one-form which has the value: 

n^dx^ = -Ndt. (3.10) 

Therefore, in covariant one-form representation, this unit timelike normal vector has the components 

= (-iV, 0,0,0) (3.11) 
1 iV™ 

n'-^g^'^n. = (-,- — ). (3.12) 

In terms of these variables, after performing the standard Legendre transformation, the action of general rela- 
tivity becomes, 

SEH[qab,7:''\N\N]^ ^ J dt J d^x ir^'qab + 2mVi'\q-'/^7r''') + Niq'/^[R^'^ - q-^.^n^'' + ^q-'n']) 

^ (3.13) 

where tt"'' = ^q^" are the momenta canonically conjugated to the space metric qab, tt = ''^"'^qab, vi'^'' is the 
covariant derivative compatible with the metric qab, q is the determinant of the space metric qab and 

is the 

Ricci tensor of qab- 

We now introduce the concepts of intrinsic and extrinsic curvatures which appear in the language associated 
to this 3-1-1 space-time split. The intrinsic curvature gives the three-geometry of a spacelike hypersurface S. 
It may be defined and calculated by the same methods known for the calculation of four-dimensional curvature 
from the induced metric qab on E. The extrinsic curvature, denoted Kab, of a three-dimensional hypersurface 
embedded in a four-geometry gives the rate of change of the three-metric in the normal direction (see Fig. 3.3). 




Figure 3.3: This spacetime diagram illustrates the notion of the extrinsic curvaure of a hypersurface S. The 
dashed arrow at q represents the parallel transport of the normal vector n'* at q along a geodesic connecting 
p to q. The failure of this vector to coincide with n'^ at q corresponds intuitively to the bending of E in the 
space-time in which it is embedded. The extrinsic curvature Kab is a spatial entity; K^i^ the 4-dimensional 
entity is defined such that Kab is the pull-back on E of ii'^uy. Then, K^^, = q^V pU^, shows that K^^i, directly 
measures this failure of the two vectors at q to coincide for p near q. 

The momenta iTab are related to the extrinsic curvature Kab of E since we can check that 

T,ab ^q-i/2(^Xab _ j^^ab^^ (3.14) 

with K — Kabq"^^- Variations of the Einstein-Hilbert action with respect to the lapse function and the shift 
vector produce the following constraints. 

The vector constraint: ~V\qab,Tr'''') ^ ^V^^^q-^/^n"'') ^ 0, (3.15) 
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The scalar constraint: -S{qab, tt"^) = (g^/2[^(3) _ ^-i^^^^cd _^ 1/25-1/2,^2]) = q. (3.16) 

The vector constraint and the scalar constraint are also respectively called the space-diffeomorphism con- 
straint and the Hamiltonian constraint. Physical configurations (also called on-shell configurations) must satisfy 

these constraints that wc can write under the more compact form = (S, V^). H'^ arc the generators of the 
space-time diffeomorphism group DiffA^ on physical configurations. We can now rewrite the action under the 
form. 

SEHkab, 7r"^ N-,N] = ^jdtj^ d?x [7r»^g,(, - N,V\q,,, tt"^") - iV5(g„6, tt"^)] . (3.17) 

From this, we see that the Hamiltonian density of general relativity is 

U{qab, 7r"^ Na„N) = NbV\qab, tt"*") + NS{qab, Tr"*"). 

The Hamiltonian 

Jl=^jd'x {N,V\q,,, tt"^) + NS{qab, n'^')) (3.18) 

vanishes on-shcll since it is a linear combination of constraints. General relativity is an example of so-called 
constrained Hamiltonian system with no physical Hamiltonian (for an introduction of this topic see [23, 24]). 
Classically, the constraints are equivalent to the equations of motion. The fact that the Hamiltonian is zero is a 
consequence of the diffeomorphisms symmetry of the theory: the "time" t should not be regarded as a physical 
quantity and there is no proper dynamics with respect to t. 

The formulation given by (3.17) allows to study the phase space of general relativity parametrized by the 
pair {qab,'^"'^) with the symplectic structure given by the canonical Poisson brackets: 

{7r»^(i,x),gcd(t,y)} = 2K6l^S'^^6{x-y), {Tr''\t,x),Tr'''{t,y)} = {qab{t,x),q,d{t,y)} = 0. (3.19) 

This defines the kinematical phase space. On this space, the constraints (3.15) and (3.16) will define a hyper- 
surface the constraint surface where they arc satisfied, i.e. the subspace of {qab: tt""^) such that H'^{q, n) = 0. 
The constraints i/'' have their Poisson brackets which vanish on this constraint surface and are therefore by 
definition first class constraints [23]. There are six configuration variables qab and four first class constraint 
equations given by (3.15) and (3.16) so that we have two physical degrees of freedom, which is the usual result. 
Note that this counting of physical degrees of freedom is correct only because the constraints are first class. 

We recall that a first class constraint generates a gauge transformation on the constraint surface [23]. We 
have illustrated in Fig. 3.4 the concepts of constraint surface and gauge orbits in two cases: the left-hand 
side represents a generic situation where the Hamiltonian can be decomposed as H = Hq + constraints; 
the right-hand side figure illustrates the case of general relativity where the Hamiltonian is simply given by 
H = constraints. We refer to the trajectories generated by the gauge transformations as gauge orbits. Points 
along one gauge orbit correspond to the same physical configuration, only described in different coordinate 
systems. 

The ADM formulation could not be used for a canonical quantization following Dirac's framework. Indeed, 
the constraints i?^ are non-polynomial functions of the variables {qab, t^""^) which makes therefore the theory 
too complicated to quantize. It was therefore thought for many years that it was impossible to quantize gravity 
by other means that the perturbative quantum field formalism, approach which was itself plagued by important 
issues such as non-renormalizability or the fact that one only deals with linearized gravity in this context. This 
was until A. Ashtekar came and found a change of variables to simplify the shape of the constraints i/^, that 
sparked the loop quantum gravity revolution. 
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gauge orbits 



constraint surface 
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(a) Generic situation (non relativistic picture): 
constraints 



H 



Ho + (b) Covariant theory (e.g. general relativity): H 
constraints 



Figure 3.4: Illustration of dynamical orbits generated by H and gauge orbits generated by first class constraints. 



3.2 Loop quantum gravity variables 

We will now make a very simple change of variables (see [31, 3, 32, 33] for review articles). A triad^ is a set 
of three 1-forms defining a frame at each point in E and such that the 3-metric Qab is given by 



The crucial change of variables is defined using the dcnsitizcd triad Ef 

E°- = -f if^'^'^e^e^ 



(3.20) 



(3.21) 



which is related to the inverse metric q as follows 



= E^EW^ with i, j = 1, 2, 3 



(3.22) 



Another relevant 1-form if* can be constructed by combining the extrinsic curvature Kab and the densitized 
triad Ef 

^ --KabE^S'^. (3.23) 



We can then rewrite (3.17) in terms of the new variables {Kl,E°-). Indeed, the canonical term is simply 



TT qab 



-T^abQ 



ab 



2EfKl 



(3.24) 



and the constraints (3.15) and (3.16) can also easily be written in terms of these variables V°'{Ef ,Kl) and 
S{Ef,KD. However, the six components of q'^^ are described from (3.22) using nine Ef. The extra three 
degrees of freedom come from the fact that we have the freedom to perform internal S0(3) rotations. Indeed 
two different triads related by a local S0(3) transformation acting in the internal indices i — 1,2,3 will define 
the same 3-metric qab- Since three degrees of freedom have been added to the configuration variables whereas 
the physical degrees of freedom have not changed, three new constraints have to be added. In fact, we missed 



the fact that K, 



(ab) 



Kab- which is equivalent to 



G,kiElKi):^KauEt,^0. 



(3.25) 



^The triad ej, is the spatial part of the tetrad field = ej^dx^^ which defines the space-time metric: = e^e^r;/,/. rjjj is 
the flat metric in the tangent Minkowski space, • • • are internal indices living in the tangent Minkowski space, i = 1 ■ ■ • 3 is an 
internal index and the spatial component of /. thus represents the gravitational field and indeed, it can be viewed as the field 
that determines, at each point of space-time, the preferred frame in which motion is inertial. 
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Therefore, the Einstein-Hilbert action on this extended phase space generated by {Kl^,Ef) becomes 

Seh[E^, Kl N\ N, X"'] = -^j dtjj^x [stK - NbV\E^, Ki) - NS{E^, Ki) - X'''Gu{E^, Ki)] . (3.26) 

The symplectic structure is now given by 

{E]{t,x),Kl{t,y)} = K5^5i5{x-y), {E^it,x),E^{t,y)} = {Ki{t,x),Ki{t,y)} = 0. (3.27) 

The vector and scalar constraints (3.15) and (3.16) have not been modified in the transition from the ADM 
phase space to the extended phase space. The addition of new degrees of freedom does not, by itself, simplify 
the constraints. 

The key-step in the simplification is a canonical transformation on the extended phase space which is 
performed to construct the Ashtekar-Barbero connection variables (A„,P°) [34, 35, 36]. 

{E^Kl) ^\ plZiCa^ " (3.28) 

\^ i — -y i 

where 7 e M* is a constant called Immirzi parameter [37] and is a5o(3)-spin connection which is characterized 
as the solution of Cartan's structure equations 

Vi]+4rf„e^]=0- (3-29) 

A spin connection is defined as an extension of the spatial covariant derivative from tensors to generalized tensors 

with so (3) indices. Then, ^* is also a wcll-dcfincd so (3) connection. Indeed, is the conjugate momentum of 
the densitized triad Ej which transforms in the vector representation of SO (3) under the redefinition of the triad 

{Qab = SaslSij). Consequently, = , Kabe!j5^^ transforms also as a vector. This is why A\ = + 7A'^ 
is also a so (3) connection. 

Let us emphasize tliat tlic constraint structure docs not distinguish S0(3) from SU(2) as both groups have 
the same Lie algebra. Thus, from now on we choose to work with the more fundamental (universal covering) 
group SU(2). Moreover, from this point, we will rather use the variables E'^ instead of the variables as 
mostly used in the literature. 

Consider now the (rotational) constraint Gij. It can be written as 

Gi{E^,Ki) = eikiKlEf, (3.30) 

then, using the new variables, it simplifies into 

Gi {E- ,Ai) = D,E^ = daEt + Ci^AiEt = 0, (3.31) 

i.e. it is the covariant divergence of the densitized triad. Therefore, written with the Ashtekar-Barbero variables 
{Al^,Ef), this constraint takes the structure of a Gauss law constraint for an SU(2) gauge theory, d is called 
the Gauss constraint and generates gauge transformations. As we mentioned above, E^ and transform 
respectively as an SU(2) vector and as an SU(2) connection under this transformation. The other constraints 
(3.15) and (3.16) which still form with the Gauss constraint a first class algebra, become 



VaiE^Ai) = Fi,E]-{l+^^)KiGi, 
v/d^tp) 



= (3-32) 



where F^^ — daA^ — dhA\ + e^jf.AlA^ is the curvature of the connection A^. We can then rewrite the action 
Seh[E^, Ai,N\ N, \'^] = -^j dtj^ d?x [EtK - NbV\E^, Ai) - NSiE^Ai) - X''Gk{E^, Ai)] , (3.33) 
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and the Poisson brakets of the Ashtekar-Barbero variables are given by the fundamental Poisson brackets: 

{Ai{t,x),E'j{t,y)} = K^5l6iS{x-y), {E-it,x),E^{t,y)} = {Ai{t,x),Ai{t,y)} = 0. (3.34) 

The Kj factor arises in the first Poisson bracket because the conjugate momentum of the configuration variable 
Al^ (obtained as the derivative of the Lag rangian with respect to the velocities) is actually given by \/kx P^^. 
Moreover, the fact that the Immirzi parameter 7 can be arbitrary is important because the quantum theories 
obtained starting with different values of 7 will lead to different physical predictions. Furthermore 7 enters the 
spectrum of geometrical observables such as areas and volumes (at the kinematical level) as well as the black 
hole entropy [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48]. 

The next step is to smear this algebra. This is needed in order to proceed with the quantization. The 
densitized triad is a 2-form, thus we smear it on a two dimensional surface S CT, and define its flux across S: 

Ei{S) = [ naE^d^a, (3.35) 
Js 

where Ua — ffrffi fate is the normal to the surface S and a^, cr^ are local coordinates on S. Moreover, Ef 
encodes the full background independent Riemannian geometry of E since the inverse metric q"'' is related to 
Ef as follows: gi?"'' = EfE^S^^. 

The connection A^, which is a 1-form, has also a simple geometrical interpretation: it provides a definition 
of parallel transport of SU(2) spinors on the space manifold S. Consider now a path e C S, we define the 
holonomy^ of A along e by 

he[A\ = V exp A^ , (3.36) 

where V denotes a path-order product. 

he = f2 JJJ A{e{si))---A{e{sn))dsi---dSn, (3.37) 

"=°l>s„>--->si>0 

where we parametrized the line with s £ [0,1] and A = A\Ti '^^Jf^ with the 5u(2) generators and x°'{s) : 
[0, 1] — > E a parametrization^ of the path e. 

The resulting smeared algebra of he[A] and Ei{S) is called the holonomy-flux algebra. It provides a regular 
version of the Poisson algebra (3.34), i.e. no delta function appears anymore. This regularization step of the 
Ashtekar-Barbero variables using paths and surfaces is the last step to prepare general relativity for the loop 
quantization. 

Before giving a description of the implementation of Dirac's program in the case of gravity using the classical 
variables presented above, we would like to comment on the fact that loop quantum gravity considers SU(2) 
as gauge group of general relativity instead of the non-compact Lorentz group SL(2,C). In the next section, 
we will introduce the classical framework which leads to a covariant loop quantum gravity theory, based on a 
SL(2,C) connection. 

The initial canonical formulation of loop quantum gravity used the (Ashtekar) variables (A, E) as canonical 

variables [31]: a self-dual complex connection ^ = F ± iK and its conjugate triad field E. The resulting theory 
is then invariant under the Lorentz group SL(2,C) (seen as the complexified SU(2) group, and it is the covering 



^Some useful properties of the holonomy are: 

• The holonomy of the composition of two ] 

• Under a local gauge transformation, g{x) g SU(2), the holonomy transforms as h% = fls(e)'*efl^g), where s(e) and tie) are 
respectively the source and the target points of the path e. 

• Under the action of difleomorphism, the holonomy transforms as: he[4>* A\ = h^aeX-^]- 

^For a given parametrization of the path e, x°'(s) : [0, 1] — > E and for a given connection AJ,, we integrate Aa = A]^ri, a SU(2) 
element, along e as a line integral f^A = dsAl^(x{s)) '^'"^^"^ Ti. 
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group of the restricted Lorentz group 80(1,3)"'") and under space-time diffeomorphism. However, a difficulty 
comes from the reality constraints expressing that the imaginary part of the triad field E vanishes and that the 
real part of the connection A is actually a function of the E: A'^ + A^^ — Tl^{E). 

These constraints rendered the quantization complicated. The standard formulation of loop quantum gravity 
presented above avoids this reality constraint issue using the real Ashtekar-Barbero connection ^4 = F + ^yK 
where 7 e M and its real conjugate triad E. But then, the Ashtekar-Barbero connection A, on the spatial slice, 
is not the pull-back of a space-time connection^ and from that point of view, the real connection A cannot 
be considered as a genuige gauge field: SU(2) can not be viewed as the gauge group of gravity [49]. In fact, 
deriving the theory from the original first order formalism, considering the Palatini action as starting point. 



Spa.1 



^eijKL I e^Ae^Ai^^^(a;) (3.38) 
-^i^ Jm 



we can see that the SU(2) gauge group appears because of a particular (partial) gauge fixing, the time gauge, 
which breaks the local Lorentz invariance down to a local SU(2) gauge invariance and allows to recover the 
Ashtekar-Barbero variables. In the previous action (3.38), the tetrad field is defined as eJ = e^^j^dx^ and 
F{(jj) = (Lj + uj f\ uj ]s the curvature tensor of the connection u witli uj — ujj/ Jjjdx'^ a s[(2, C)-valued 1-form, 
with Jij e 5/(2, C). A tetrad e^(a;), / = 0, 1, 2, 3 is defined such that 

9f,Ax) = el{x)el{x)r]jj (3.39) 

and thus provide a local isomorphism between a general reference framc^ and an inertial one, characterized by the 
flat metric rjjj. A local inertial frame is defined up to a Lorentz transformation: ej^{x) — > e.^^{x) = Aj{x)e'^{x). 
Notice that the definition (3.39) is well invariant under such a transformation. Thus, the "internal" index / 
carries a representation of the Lorentz group. Contracting vectors and tensors in spacetime with the tetrad, we 
get objects that transform under the Lorentz group. For example, we define the "internal time direction" 
from the unit normal vector field n'* (3.12) to S which appears in the 3-1-1 splitting of space-time {A4 = M x S) 

-' = eX=(^,^) (3.40) 

We will see that this field is fundamental in the covariant framework presented in the following chapter 3.3. In 
(3.38), the connection uj is considered as an independent variable and consequently, the action (3.38) is invariant 
under local Lorentz transformations. When varying the action with respect to e, we obtain the" torsion-free" 
equation 

de^ + uj^j A e-' = 0, (3.41) 

On the other hand, varying with respect to cj, and considering uj as a solution a;(e) of (3.41) one recovers the 
solutions of the Einstein equations (plus an additional sector with degenerate metrics in the case of a degenerate 
(i.e. non-invertible) tetrad), further details can be found in [33]. 

For the Hamiltonian formulation of the Palatini action, we proceed as before, assuming a 3 + 1 splitting of the 
space-time {M. = M x S) and coordinates {t,x). Using the definition of x' (3.40), we obtain that a tetrad for 
the ADM metric (3.7) is given by 

= Nx' + N'^ei, Qab = e^elS^j, i,j = 1, 2, 3. (3.42) 

where the spatial part of the tetrad, is the triad. At this stage, the structure is complicated, in particu- 
lar because the constraint algebra is second class. Indeed, the fact to use the tetrad and the connection as 
independent fields implies that the conjugate variables are now functions of both and uj^"^ (and their time 
derivative) as opposed to be function of the metric qab only. Furthermore, the canonically conjugated variables 
to the connection uil"^ are not independent and satisfy the so-called simplicity constraints which are second class 



^Whereas in the case where 7 = ±i, Aa is the puUback of oj^^"' (/, J = 1, . . . , 4) with w^i'^'' = — \<^'i{L^u^) 



self-dual part of a Lorentz connection ujjj, 
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constraints (i.e. which Poisson brackets do not vanish weakly). This is why the "time gauge" = ej^n^ = Sq 
is used in order to simphfy the discussion 

el = [N, 0) ^ ei = {N, iV«ei). (3.43) 

Working in the time gauge breaks the local Lorcntz invariancc but allows to define the densitized triad (3.21) 
and the Ashtckar-Barbero connection^ = ^e^j^oj^'' + 7^°* and to recover the first class constraint algebra 
with (3.31) and (3.32). 

In the following section, we present an alternative classical framework where no gauge is fixed. 

3.3 Classical framework for a "covariant" loop quantum gravity the- 
ory 

We now review the classical framework of a Lorentz covariant approach to loop quantum gravity. The aim is 
to develop the canonical formalism for gravity with the full Lorcntz group as a local symmetry. This was first 
performed by Alexandrov [50] and was coined covariant loop quantum gravity. We will see that the canonical 
variables are in this approach a Lorentz connection oj and its conjugate triad e valued in the Lorentz algebra. We 
consider once again a first order formalism of general relativity with Palatini action (3.38) where the connection 
CO is independent from the tetrad e. It is possible to take into account directly at this level the Immirzi parameter 
7 which appear in the change of variables (3.28). Indeed, we can add to the Palatini action a second term - 
the Hoist term which is compatible with all the symmetries and has mass dimension 4 [51]. This leads to the 
so-called Palantini-Holst action 



S[uj, e]= f leijKLe' A e"^ A i=^^^(a;) - -e' A e"^ A Fij{uj) 



(3.44) 



As it can be checked directly, the equations of motion are not affected by the Hoist term and we recover the 
Einstein equations when the tetrad is not degenerated. The Immirzi parameter 7 appearing in front of the Hoist 
term has no effect on the equations of motion and thus docs not matter at the classical level. As wc mentioned 
previously, the difficulty in the canonical analysis comes from the second class nature of the constraints which 
appear. More precisely, the canonically conjugated variable flfj to the connection w^-^ is = e°'^^eijKLe^ ■ 
These variables are not independent and they satisfy the simplicity constraints 

Va, b, €"^^Q'}jfl'kL = 0. (3.45) 

These constraints are the non trivial part of the canonical structure. In the "time gauge" x^ — e^n'^ — Sq we 
recover the Ashtekar-Barbero variables {Ef,AD, the first class constraint algebra with (3.31) and (3.32), and 
the simplicity constraints do not appear. However, it is also possible to explicitly solve these constraints and 
by breaking the Lorentz covariance later, we still recover the Ashtekar-Barbero formalism [52]. 

Nevertheless, it is possible to write a canonical formulation of general relativity with the Immirzi parameter 
which preserves the full Lorentz gauge symmetry and to treat it in a covariant way. Such a formulation was 
constructed in [50]. The internal time direction , defined by (3.40) or equivalently by 

= e^^n^ = -N (e°°, e*°) , (3.46) 

where we used (3.11) for the definition of n^, can now be written under the general form 

x\X) = ^^^{1, X^). (3.47) 



®The link between the form AJ, = -|- 7^^' of the Ashtekar-Barbero connection and the previous form AJ, = FJ, -|- 



is explicitly given in [3]. 
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Therefore, comparing the two previous equations (3.46) and (3.47), we deduce that — 
We now start again with a space-time = M x E where we distinguish the time direction from the three space 
dimensions. The lapse function N, the shift vector A''", the triad ef and the new field Afj arise from the following 
decomposition of the tetrad 

e° = Ndt + XiSidx" 

gi = SiN^dt + Sidx". (3.48) 

where £^ is a triad. The field Xi describes the deviation of the normal to the spacelike hypersurface {t = 0} 

from the time direction''. 

X defines a subgroup = SUa;(2) of the gauge group SL(2,C) which is the isotropy subgroup of x^ with 
respect to the standard action of SL(2, C) in M^. The field X is absent in the Ashtekar-Barbero formalism since 
the condition X = 0, which corresponds to the time gauge, is imposed from the very beginning. 

Let's call X,Y,--- = 1..6 the s^(2, C)-indices labeling antisymmetric couples [I J]. The first 3 components 
correspond to (0, z) and the other 3 are obtained after contraction of the components with ^e'-''^. We 
define new connection and triad variables (A'^ ,Tlx) valued in 6/(2, C) instead of the standard su(2) of Ashtekar- 
Barbero variables {A^,Ei). The Lorentz connection is 

^ = f ie^,a;^•'=) . (3.49) 

It is just the space components of the spin-connection co^"^ . We define a "rotational" triad and a "boost" triad 

= (^ei'SiXk, £i) , B% = [si, etSiXk) = (^7e")^ (3.50) 

where ★ is the Hodge operator on 5/(2, C) switching the boost and rotation part of the algebra. The action then 
reads 

S = Jdtd^x (^6 J - l^Wx^ dtA^ + A^Gx + N'^Va + NS^ . (3.51) 
The phase space is therefore defined with the Poisson bracket, 

A^{t,x), (B'y-ln'y) {t,y)\=6^5i6{x-y) (3.52) 



7 

A^, N", N are Lagrange multipliers enforcing the ten first class constraints 

Gx = DA(Bx-^nx 
Va = -(B^-^7^5,)Fi^(^), 

S = ^(B-'-n^l^B-'-nyiA) (3.53) 

Gx generates the local Lorentz transformation,the analogue for the Gauss constraint (3.31) (there are effec- 
tively 6 constraints) and Va and S generate space-time diffeomorphisms (4 constraints). The constraints have 
essentially the same form as the ones of the Ashtekar-Barbero formulation (3.31) and (3.32) with Ef. A\^ being 
replaced by {Bx — t^T^x) ■^a ^ structure constants of su(2) being replaced by the structure constants 
of 5/(2, C)* and the last term in the Hamiltonian constraint S involving the intrinsic curvature being dropped. 



^The slice is respectively spacelike, lightlike or timelike when lA'p = X^Xi is respectively less than 1, equal to 1 or bigger than 
1. The presentation given here holds for a spacclikc foliation but the timclikc can also be treated in the same way [53]. 

®i.e. in particular, D_4 is defined as D in (3.31) and F{A) as F{A) replacing Ahy A and by the SL(2, C) structure constants. 
The explicit definition of the 5/(2, C) structure constants f^^^ can be found in appendix of [53, 54). 
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However, in contrast to the framework for loop quantum gravity, we also have to deal with second class con- 
straints 

<^«'' = {i^wf 7^5f , tp"^ = Wn^DXTl. (3.54) 

The constraints (j) are the simplicity constraints. The constraints V = come from the Poisson bracket {S, cp} 

and is required in order that the constraint (f> = is preserved under gauge transformations (generated by 
G, Va, S) and in particular under time evolution, ijj correspond to the reality constraints of complex loop 
quantum gravity. 

The next step to deal with second class constraints is to define the Dirac brackets {f,g}D = {.f,!)} ^ 
{/) V'r-}A~/{^s, (/} where the Dirac matrix A^s = {ipr,^s} is made of the Poisson brackets of the constraints 
(fi = {(f), tp). It is in fact at this step that computing the Dirac brackets of the smeared constraints G, T4, <S' we 
can show that the smeared G constraints now generate SL(2, C) gauge transformations and that the algebra of 
the first class constraints is not modified [50, 55, 54]. 

However, a new difficulty emerges from the fact that although the triad field R is still commutative for the 

Dirac bracket, the properties of the connection A change drastically: it is not canonically conjugated to the 
triad and it does not commute with itself. The structure of the commutator which replaces the simple canonical 
commutation relation of loop quantum gravity (3.34) is now complicated. To define covariant loop quantum 
gravity variables, the choice is to keep the triad TZ and to define a new connection A. Requiring a good behavior 
of this Lorentz connection under Lorentz gauge transformations and space diffeomorphisms as well as requiring 
that it is conjugate to the triad^ TZ allows to isolate a two-parameter family of possible connection variables: 
A{a,P). Then requiring that the connection further behaves as a one- form under space-time diffeomophisms 
(i.e. which transforms as a 1-form under space-time diffeomophisms generated by the constraints Va, S) allows 
to identify a unique covariant connection corresponding to {a, P) = (0, 1) [56, 57] that we will simply denote 
A in the following parts. The problem with this connection is that it is non-commutative. Indeed, the bracket 
{A^ ,A^}d does not vanish and turns out to be complicated. This comes from the fact that the rotational 
part of A^^ is not independent of the triad field TZ whcrcias the boost part of A is canonically conjugate to the 
boost triad B = -kTZ. The explicit relation between A and TZ which can be found in [57, 53] is reminiscent of 
the reality constraint A\^ + A]^ = r^(i?) of the complex loop quantum gravity formulation. On the other hand, 
both the rotation and the boost parts of A are commutative. Therefore, the geometrical interpretation of A 
in quantum theory is not straightforward. However, we will see in the chapter 5 that it is possible to precisely 
define the Hilbert and quantum states of space(-time) geometry at least at the kinematical level. 



®This is required in order that the states resulting from a loop quantization using the connection A diagonalize the area operators 

As = cPx^^J naTiijTZ'j^'IZ^-^ with Ua the normal to the surface S. 

^'^We can define {Pti)y = T^a^^Y' (^b)y ~ ^a^y which are respectively the projector on the Lie subalgebra of Hx (rotations) 
and on its orthogonal complement (boosts). The rotational part of A is then given by P-r,-^ and its boost part by PsA. 



Chapter 4 

Loop Quantum Gravity 



We now come back to the time gauge fixed 'triad-connection' formulation of general relativity which was the key 

to reformulate general relativity in a more amenable way to Dirac's quantization than the ADM formulation. 
The general aim is now to construct a Hilbert space of dynamical (physical) states which are annihilated by 
the quantum version of the constraints we derived earlier, using the SU(2) Ashtekar-Barbero variables. To 
recapitulate the classical Hamiltonian analysis wc have recalled, wc have formulated general relativity as a 
SU(2) gauge theory, with Poisson brackets (3.34) and the three sets of constraints 

Gj = Gauss law, 

Va = Spatial diffeomorphism, 

5* = Hamiltonian constraint. 

Note however that there is a key difference between general relativity and a gauge theory. Indeed, in a stan- 
dard gauge theory like Yang-Mills, after imposing the Gauss law, the dynamics is determined by a physical 
Hamiltonian whereas in general relativity the whole dynamics content is in the four left constraints {Va,S). 

The loop quantum gravity program starts with the definition of the kinematical Hilbert space "Hkin-Once 
a well-behaved kinematical Hilbert space is constructed, we can follow Dirac's procedure and we will have a 
well-posed problem of reduction by the constraints 

^kin nuift ^ -^phys. (4.1) 

cylindrical functions spin networks abstract spin networks ? 



4.1 The kinematical Hilbert space and cylindrical functions 

We regard the connection as the configuration variable. The kinematical Hilbert space consists of a suitable 

set of functionals 5" [A] of the connection which have to be square intcgrable with respect to a suitable gauge 
invariant and diffeomorphism invariant measure djiAL [^] • The kinematical inner product will then be given by: 

$) = ^JiAL^^ = J dtXAL[A] (4.2) 

The difhculty at this stage comes from the fully dynamical feature of the metric. We do not have a background 
metric at disposal to define the integration measure. Wc need to define a measure on the space of connections 
without relying on any fixed background metric. The key to do this relics on the notion of cylindrical functions. 
We have already seen that a natural quantity associated with a connection consists in the holonomy along a 
path (3.36). We recall that geometrically the holonomy he[A] is a functional of the connection that provides a 
rule for the parallel trandport of SU(2) spinors along the path e. If wc think of it as a functional of the path 
e it is clear that it captures all the information about the field A'^. In addition, it has a very simple behavior 
under the transformations generated by six of the constraints. 
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• Under the gauge transformation generated by the Gauss constraint Gi, the holonomy transforms as 

hi = 9sie)he9;^l) (4.3) 
where s(e) and t{e) are respectively the source and the target points of the path e. 

• Under the diffeomorphism action generated by the vector constraint Va, the holonomy transforms given 

(j) e Difr(S) 

he[(t>*A]=h^oe[A], (4.4) 

where cb*A denotes the action of cj) on A. Transforming the connection with a diffeomorphism is therefore 
equivalent to simply 'moving' the path with (f>. 

For theses reasons, the holonomy is a natural choice of basic functional of the connection. 

We call cylindrical functions the functionals that depend on the connection only through the holonomies 
he[A] = V (JgA) along some finite set of paths e. Given a graph F C S, defined as a collection of oriented 
paths e C S meeting at most at their endpoints, we denote by E the total number of edges it contains. A 
cylindrical function ^'(r /) [A] is a functional of the connection A, labelled by a graph F and a smooth function 
/ : SU(2)^ -)• C 

i^^r,f)[A] = f{hM---,heAA]) (4.5) 

where ej with i = 1, - ■ ■ ,E are the edges of the corresponding graph F. Given a graph F, we denote by Cylr 
the space of cylindrical functions associated to F. 

The next step is to equip Cylr with a scalar product in order to turn it into an Hilbert space. The switch 
from the connection to the holonomy which is an SU(2) element, is here crucial since there exists a unique 
gauge- invariant and normalized measure dg of SU(2), called the Haar measure^. Using E copies of the Haar 
measure, we define on Cylr the following scalar product 



(V'cr./jlV'cr.g)) = 



l[dh, 

.ecr 



/(fte. [A],--- he, [A]) g{K, [A],... he, [A\). (4.6) 



This turns Cylr into an Hilbert space T-Lr associated to a given graph F. Next, we need to consider Cyl the 
algebra of the cylindrical functions of the connection A which can be defined as 

Cyl{A) =\JCyl^ (4.7) 

7 

where (J^ denotes the union on all graphs 7 in S. We can then deduced from (4.6) a scalar product between 

two cylindrical functions in Cyl{A). Indeed, any cylindrical function V'(r', /') based on a graph F' can be viewed 
as a cylindrical function ip(rj) based on a larger graph F containing F' by simply choosing / to be independent 
from the links in F but not in F'. Moreover, any edge of a graph can be broken in two edges, separated by a 
(bivalent) node. As a consequence the scalar product for two cylindrical functions tp'^^\ V'''^' with graphs Fi 
and F2 is constructed as follows. 

• If '0^^^ share the same graph, the definition of the scalar product (4.6) immediately applies. 

• If they have different graphs, say Fi, they can be viewed as having the same graph F3 formed by the 
union of the two graphs F3 = Fi U F2 (/i and /2 are trivially extended on F3) and we define the scalar 
product on F3 as (4.6). 

<!./.)l<i,/.))-<i,/0lV'[r3,/.))- (4-8) 
'^The Haar measure of SU(2) is defined by the following properties: 

dg = 1, and dg = d{ag) = d{go.) = dg~^ Va e SU(2). 



SU(2) 
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This last definition can be interpreted as a scalar product between cylindrical functionals of the connection: 



dnAL[A] V'[rl,A)[^] ^(rL/.)[^] ^ (V'(r!,/,)IV'(rL/.)) (4-9) 

with respect to djiAL, the so-called Ashtekar-Lewandowski measure, which is an integration measure over the 
space of connections [58]. This key result, due to Ashtekar and Lewandowski, can be reformulated as follows. 
The measure d^AL allows us to define an Hilbert space 'Hkin as the Cauchy completion of the space of cylindrical 
functions Cyl in the Ashtekar-Lewandowski measure dfiAL 



Wkin = Cyl{A), (4.10) 

that is in addition to cylindrical functions we add to 'Hkin the limits of all the Cauchy convergent sequences in 
the ^AL norm. 

It is convenient to introduce an orthonormal basis for "Hkin- This can be easily done thanks to the Peter- Weyl 
theorem. This theorem can be viewed as a generalization of Fourier theorem for functions on <S^. It states that, 
given a function / e Z/2[SU(2)], it can be expressed as a sum over irreducible representations of SU(2), namely 

f{9)=Y.d,fi,^D^^i{9), ieN/2, m = -i,---,j, rf, = 2j + 1, (4.11) 

3 

where 

fL = di [ dgD^Jlfig), (4.12) 

JSU(2) 

with dg is the Haar measure of SU(2) and the Wigner matrices Dmn{g) give the spin-j irreducible matrix 
representation of the group element g. The Peter- Weyl theorem can be applied to any cylindrical function 
V'(r, /) € ^-r, since 7ir is just a tensor product of L2(SU(2), d/UHaar) 

V(r,/)[^] = f{hM---,KM 

= E fc'fm.,n.,...,n.^^l('^eJA])...5(^-)„^( (4.13) 

je ,me,ne 

where we have introduced the normalized representation matrices Dmn '■= ^fdj^ran- According to (4.12), 
fmu--''',mE,ni,--- ,nE given by the kinematical inner product of the cylindrical function V'(r, /) with the tensor 
product of irreducible representations Dm\li^ ■ ■ ■ Dm%nE 

fi^i::.:%E,nu- ,nE = (^Hil • • • ^^-LlV'(r,/)), (4.14) 

where ( | ) is the kinematical inner product defined by (4.6). Moreover, the Wigner matrix elements, matrix 
elements of the unitary irreducible representation of SU(2), form a complete set of orthogonal functions of SU(2) 

dgD^rilmia) D^ill^ig) = ^J^^Kh 3mim2 Snin2- (4-15) 

Thus, the product of components of irreducible representations H^i -^mlnil'^'ei] associated with the E edges 
e C r (for any graph F, for all values of the spin j, and —j < m,n < j) is a complete orthonormal basis of "Hkin- 



4.2 Gauge-invariant Hilbert space and spin networks 

We are now interested in the solutions of the quantum Gauss constraint. They are characterized by the states 
in "Hkin which are SU(2) gauge invariant. They define a new Hilbert space "H^n and an orthonormal basis in 
■H^jj is the so-called spin network basis which is a very important tool in the theory [59, 60, 61, 62, 63]. 
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The simplest example of a SU(2) gauge invariant cylindrical function is given by the Wilson loop W^[j4]. 
Given a closed loop 7, the Wilson loop is defined as the trace of the holonomy hj[A] around the loop, namely 

W^[A] := ti[h^[A]]. (4.16) 

The gauge invariance of a Wilson loop is straightforward from the behavior of the holonomy under SU(2) gauge 
transformation (4.3) and the invariance of the trace. Using SU(2) unitary irreducible representation matrices 
of spin j g N/2 for — j < m,n < j, the cyhndrical function W;J [A] is the simplest example of spin network 
function. 

W^[A]:=Y, Di^MA]) (4.17) 

m 

As already mentioned, spin network functions, which are SU(2) gauge invariant functionals of the connection, 
form a complete set of orthogonal solutions of the Gauss constraints. To construct a spin network, let us impose 
the gauge-invariance to a generic cylindrical function. This requires the spin network to be invariant under the 
gauge transformations that act on the nodes n of the graph T: 

= fi9s^K^g^,\■■■ :9sEheE9rE)- (4-18) 

This property can be easily implemented via group averaging. Given an arbitrary F £ Cyl-y, 

"^(r,/) = Y[dgnF{gs,he,g;^\- ■ ■ ,gsj,he^gir^) (4.19) 

n 

clearly satisfies (4.18). 

Let us first illustrate this procedure to construct a more sophisticated example of spin network function than 
the Wilson loop. We consider a theta graph represented by the graph in Fig. 4.1. We associate to this graph a 




Figure 4.1: An embedded theta graph 

generic cylindrical function that we decompose in Fourier modes as in (4.11). Since the gauge transformations 
act only on the group elements, the gauge-invariant part is obtained by looking at the gauge-invariant part of 
the product of Wigner matrices. 



(r,/) 



J2 J3 
™2,ni3,"l>"2,"3 



D^^,,^ {h, [A])D^^ll {h2 [A])D^J^ll [h, [A] 
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The invariant part of the basis is selected thanks to the group averaging 

L J inv J 

where the projector on the gauge invariant space can be isolated 
We obtain therefore that 

The projector V can be written in terms of the Wigner's 3j-symbols (which are normalized Clebsch-Gordan 
coefficients^) when the triangular conditions \j2 — Jsl < Ji < 32 + h (also called Clebsch-Gordan conditions) 
hold, 



mi 777-2 ^3 I \ ai a2 0:3 



With this notation, 



where 7„ is here a short-hand notation for the 3j-symbols. More generally, it will also denote the invariant 
tensor in the space of ^eenje of all spins je that enter in the node n. in is called an intertwiner. Finally, we 
have 

^(rl/) = E n n (4.21) 

je e n 

where = Y^m^n, filf,ki%3,ni,n2,m ( mi ms ms ) " ^^^^^ example, we have seen that 

the projector on the gauge invariant space acts non trivially only at both the 3-valent nodes and it can be 
written as 

V = ii*, (4.22) 

with i an intertwiner which is unique and given by Wigner's 3j-symbols in that 3-valent node case and i* its 
dual. This formula of the projector (4.22) can be generalized to a A''-valent vertex: 



N 



' ^ ,„,<o) (4.23) 

e e a=l 



with (S)^! 1^^-'=^ the tensor product of SU(2) irreducible representations. The integration in the definition 
(4.23) of the projector V selects the gauge invariant part of ®gy''^'\ namely the singlet space V'''^\ if the latter 
exists. imi---mH orthonormal set of invariant vectors (where a labels the basis elements and a* labels the 

dual basis elements), i.e. an orthonormal basis for Inv[{^g y^-'")] = V'^'^\ These invariants are the so-called 
intertwiner s. In fact, any intertwiner in the tensor product of an arbitrary number of irreducible representations 
can be expressed in terms of basic intertwiners between three irreducible representations uniquely defined by 
the Wigner's 3j-symbols (see Fig. 4.2). 

^The explicit relation between the Wigner's 3j-symbol and the Clebsch-Gordan coefficient is given by 

( h 32 33 \ _ (-iyi-^2-m3 



mi m2 ms J ^2j3 + 1 



- {jimi j2m2\js - ma). 
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h .h J I h 




h j4 ,/3 h 



Figure 4.2: Example of decomposition of an intertwiner: any intertwiner between four irreducible representations 
can be split into two intertwiners between three irreducible representations. 

The result (4.21) can be generalized: any solution of the Gauss constraint can be written as a linear 
combination of products of representation matrices D^^''\he) contracted with intertwiners. 

To summarize, these states labeled with a graph F, an irreducible representation D'^^^h) of spin j of the 
holonomy h along each link and an element i„ of the intertwiner space Inv[{^g in each node, are called 

spin network states^ and are given by 

V'r,>,»„[/Je] = ®eD^^-^\K)®r,in (4.24) 

where the indices of representation matrices and intertwiners are left implicit in order to simplify the notation 
(see Fig. 4.3). 




Figure 4.3: Schematic representation of the construction of a spin network. To each node, we associated an 
invariant vector in the tensor product of irreducible representations converging at the node. For the node 
magnified on the left, we take j"i"2"3"-i g j ® k ® p ® s and the relevant piece of spin network function is 

I)^"(/jeJA])™i„ii^'-(/^e.[A])„,„,i?f(/l,3[A]),„3„3Z?^(/leJA])„,„, j"i«2n3n4. 

Spin network states form a complete basis of the Hilbert space of solutions of the quantum Gauss law 
[61]. 

The geometrical interpretation of spin network states is provided by the properties of the area and volume 
operators. 

The area operator A{S) [38, 39, 40] is a self-adjoint operator well-defined on "H^j^, such that its classical 
limit is the geometrical area of the two-dimensional surface 5 C S. It is diagonalized by a basis of spin network 
states [40, 40], more explicitely, its action on a spin network '0r is given by 

i(5)# = 8^Z|,7 E Op + 1) Vt- (4-25) 
pe5ur 

where p are the intersection points between the spin network and the surface S (see Fig. 4.4). 



4.3. LOOP QUANTUM GRAVITY AND DYNAMICS 



39 




Figure 4.4: A simple spin network intersecting a surface S. We have considered a partition of the surface S 
sufficiently fine for which each puncture pk falls on a different small surface Sk (fc £ {1,2,3}). The punctures 
Pk are the intersection points between the spin network ipr and the surface S (for further details, see [64]). 

Notice that the spectrum of the area operator depends on the value of the Immirzi parameter 7. Moreover, 
the spectrum of the area operator is discrete. It can be said that edges of spin networks carry a quanta of area. 
We will not give any details concerning the volume operator but the same kind of procedure can be applied 
to construct a quantum operator corresponding to the volume of a 3-hypersurface [38, 39, 65, 66] and to find 
that the eigenspectrum is again discrete. Two distinct mathematically well-defined volume operators have been 
proposed in the literature [38, 39, 66]. Both of them act not trivially only at the nodes of a spin network state 
and the volume is given by the nodes (plus some additional labels to resolve degeneracy when needed) of the 
spin network inside the hypersurface [38, 39, 65, 67, 68, 69, 70]. 

Therefore, all the information about the degrees of freedom of geometry (hence the gravitational field) is 
contained in the combinatorial aspects of the graph (what is connected to what) and in the discrete quantum 
numbers labeling area quanta (spin labels of edges) and volume quanta (linear combinations of intertwiners at 
nodes). 

4.3 Loop quantum gravity and dynamics 

4.3.1 Solutions of the diffeomorphism constraint: abstract spin networks 

From now on, we note S the (embedded) spin network given by the triplet (F, je, in)- It is essentially a colored 
graph as illustrated in Fig. 4.1. It defines a quantum state \S), represented in terms of the connection by a 
functional, a spin network state ^/'s[^] such that '05[A] is in "H^j^, i.e. Giipsi^] — 0. The next step in the 
Dirac program is to implement the spatial diffeomorphisms, namely to find gauge-invariant states such that 
F'*V's[^] = 0- We will not give the details of the construction of Huis, the Hilbert space of diffeomorphism 
invariant states. An analogous technique to the one used to obtain H^^^ can be applied. We will only emphasize 
the fact that the orbits of the diffeomorphisms are not compact (contrary to the orbits of the Gauss constraint). 
Consequently, diffeomophism invariant states are not contained in the original Hkin- They have to be regarded 
as distributional states'^. The diffeomorphism-invariant Hilbert space "HDiff which can be considered as the space 

^Diffeomorphism invariant states are therefore in the dual of the cyhndrical functions C'yl. The Gelfand triple of interest is 
Cyl C ^^kin C Cyl* and diffeomorphism invariant states have a well defined meaning as linear forms in Cyl* . We denote U{4>) the 
operator representing the action of a diffeomorphism S Diff(S) on i/ip, f[A\. It is induced by the action of on the holonomy given 
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'Hkin/DifF(S) turns out to have a natural basis labeled by knots, or more precisely by "s-knots" (also called 
abstract spin network states). A s-knots is an equivalence class s of embedded spin networks S under the action 
of diffeomorphisms Diff(I]), i.e. S*, S" G s if there exists a ^ S Diff(S) such that S' — cj) ■ S (see Fig. 4.5). 




Figure 4.5: </> G Diff(S): o F = F' therefore {F'} w {F} 



A s-knot is characterized by its "abstract" graph (defined only by the adjacency relations between links and 
nodes), by the coloring, and by its knotting and linking properties, as in knot theory. To be more explicit, 
we still know how loops in the graph wind around holes in the manifold for example, or how edges intersect 
each other; but "where" the graph sits inside the manifold, its location and its metric properties (e.g. length 
of edges,...) are no more well-defined concepts. Therefore, each s-knot defines a gauge and diffeomorphism 
invariant state |s) of the gravitational field. It can be proven that the states {1/ ^/is{s))\s) , where is{s) is the 
number of isomorphisms of the s-knot into itself, preserving the coloring and generated by a diffeomorphism 
of S, form an orthonormal basis for Hrntf. Although s-knots are labelled by discrete quantum numbers, the 
picture is not truly entirely discrete. It was pointed out in [71] that if the nodes of the s-knots have a valence 
higher than five, s-knots are labelled also by certain continuous moduli parameters (see [71] for details). These 
moduli do not seem to play any significant role in the theory (they are virtually undetectable by the hamiltonian 
operator that governs the dynamics and they do not seem to affect the physics of the theory) but they spoil the 
discretness of the picture. In fact they change the structure of HbiS, rather dratiscally, making it nonseparable. 
It has been shown that by using the notion of "extended" diffeomorphisms, the moduli disappear and the knot 
class become countable. The kinematical Hilbert space of loop quantum gravity, "the extended Hbis" , becomes 
then separable. For further details see [71]. 

A s-knot is a purely algebraic kinematical quantum state of the gravitational field: each link of the graph 
can be seen as carrying a quantum of area and the nodes carrying quanta of volume. A s-knot can therefore 
be seen as an elementary quantum excitation of space formed by "chunks" of space (the nodes) with quantized 
volume, separated by sheets of surface (corresponding to the links), with quantized area. The key point is that 
a s-knot does not live on a manifold. The quantized space does not reside "somewhere" but it defines the 
"where" by itself. It appears as the dual picture of the quantum geometry of a s-knot state (see Fig. 4.6). 

This is the picture of quantum space-time that emerges from loop quantum gravity. 

4.3.2 The Hamiltonian constraint 

The structure that gives the quantum states of the gravitational field at the kinematical level is therefore well 
understood. We still have to consider the scalar (Hamiltonian) constraint which encodes the dynamics. Indeed, 
the physical state of the theory should lie in the kernel of the quantum Hamiltonian constraint operator S. I will 
give here neither any details concerning the well posed definition of this constraint nor a strategy to compute 
its kernel (for details see [3, 72, 73, 74]). I will only give the action of the Thiemann's Hamiltonian operator, 
S, on a spin network \S) [73]. 

by (4.4). This operator maps Cylp to CyZ^oTi that is U{4))ipr, f[-A] = </'0or,/[^]- Its action is well-defined and unitary, thanks to 
the fact that the Ashtekar-Lewandowski measure is diffeomorphism invariant. To explicitly obtain states which are invariant under 
U, one has to solve U^p = tp for (distributional states) ^p S Cyl* . For details on the resolution, see [58, 32]. 
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Figure 4.6: A portion of a s-knot graph and the associated dual picture of quantum geometry. The region i?„ 
is dual to the node n. Two adjacent regions are shown. The surface and 5*2 are dual to the links ei and 62- 
They identify a curve 7 on the boundary of 

It acts only on the nodes of the spin network. The result turns out to be given by 



where x„ refers to the point in which the node n is located and we used S[N] the Hamiltonian constraint smeared 
with a scalar function N{x) given by S[N] = J d'^xN{x)S{x). The action of the operator is illustrated in 
the figure on the left-hand side of equation (4.26): an extra link with color one connecting two points vi and 
lying on distinct links adjacent to the node v is created when acting on a single node. The color of the 
link between v and vi, as well as between v and V3 is altered and the state is multiplied by a coefficient An 
(explicit expressions are computed in [75]). The action of this Hamiltonian operator has been criticized to be 
too local [76] in the sense that the modifications performed by this Hamiltonian constraint operator at a given 
node of a spin network do not propagate over the whole graph but are confined to a neighborhood of the node. 
Repeated actions of this Hamiltonian operator generate more and more new edges ever closer to the node, never 
intersecting each other and thus producing a fractal structure^. Another criticism regarding this Hamiltonian 
operator is that it is highly ambiguous; several sources of ambiguities can be distinguished (factor ordering 
ambiguities, representation ambiguities, loop assignment ambiguities,...) [3]. 

To conclude this chapter, the kinematics of loop quantum gravity seems to be beautifully under control. One 
key result of loop quantum gravity, derived using kinematical states given by the spin network states, is that 
the space is discrete. However, the resolution of the dynamics is still an open question. The effort to gain 
control over this issue has flourished into two main lines of research. The first one that we will not review here, 
is the idea of the Master Constraint [77]. One defines a unique constraint implementing simultaneously the 
vector (diffeomorphism) and scalar (Hamiltonian) constraints. The second one is the spin foam formalism [78]. 

*Let us notice that there is no action of the Hamiltonian operator at the new created nodes and this is quite different from what 
happens in lattice gauge theory where no new links are created. 




(4.26) 
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This framework will be introduced in details in the last chapter since it is the basis of all my research results 
presented in the third and fourth parts. However, before reviewing the spin foam formalism, I will recall some 
important features concerning the kinematics of covariant loop quantum gravity, following the the classical set 
up which was presented in the section 3.3. 



Chapter 5 

Covariant Loop Quantum Gravity 



Loop quantum gravity as presented above seems to be a promising approach for quantizing general relativity. 
It gives some interesting results like discrete quanta of area and volume. However, several problems appear 
(in addition to the implementation of the dynamics). First of all, it is based on the use of space triad and 
an SU(2) connection where SU(2) is the gauge group for the three dimensional space. Therefore, as we have 
previously pointed it out, this particular choice of variables looses the explicit covariance of the theory and 
a space-time geometrical interpretation. Moreover, there exists an additional puzzle: a free parameter in the 
theory, 7, the Immirzi parameter. This parameter comes out of the canonical transformation (3.28) but creates 
a full one-parameter family of quantizations which arc not unitarily equivalent [79]. Moreover, this unphysical 
parameter appears in the spectra of the area operator A(S). 

One way to avoid this ambiguity is to consider the covariant loop quantum gravity framework. One main 
difference with the standard loop quantiim gravity is that the area operator has now (at the kinematical level) 
a continuous spectrum which is now independent of the Immirzi parameter. However, it involves the variable 
X, the time normal introduced in 3.3. One of the main advantages of the formalism is that the covariance of 
the theory is kept; the main drawback of the approach is a non-compact gauge group and a non-commutative 
connection. 

We are going now to review the definition of the kinematical Hilbert space of covariant loop quantum gravity. 

We recall that the canonical variables are a Lorentz connection A , its conjugated triad TZ (a one-form valued in 
the Lorentz algebra) and the time normal x S SL(2,C)/SU(2). These variables have been defined in the section 
3.3. 

5.1 Cylindrical Functions and Gauge Invariance 

Let us now define the quantum states of space- (time) geometry. Let us consider an arbitrary oriented graph F 
with E edges and V vertices. Since geometric obscrvables (such as area) involve X and that X commutes with 
the connection A [57, 53], the full configuration space is spanned by functionals dependent on both A and X. To 
define the Hilbert space structure, one considers generalized cylindrical functions which as the usual ones, are 
associated with graphs and whose dependence on the connection is supposed to be through the Lorentz group 
elements represented by holonomies Gg G SL(2,C). In addition, they also depend on the values of the field X 
at the vertices^. Note that X is naturally encoded in the unit vector = {1,X^) as defined in (3.47). Since 
X is normalized^ = —1, it is an element of the (upper) hyperboloid H+ = {x^^ S M^, = —1, a;" > 0}, 
which is an homogenous space H+ ~ SL{2,C)/SU{2) ~ S0(3, 1)/S0(3). This implies that the generalized 
cylindrical functions ip{Ge,Xy), the functionals of the Lorentz connection and the time-normal field, live on the 
homogenous space SL(2,C)^ x 1-L\. 

^hct emphasize that it is possible to chose any Lorentz connection as "configuration" variable. However, we will have to be 
careful to define operators. For example, in the considered case, since the SL(2, C) connection A does not commute with itself, the 
holonomy operators will not simply act by multiplication on the generalized quantum states - the projected spin networks — as it 
is the case for the action of loop quantum gravity holonomy operators on SU(2) spin networks. 

^We are using the signature ( — h -t-+) 
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Wc further require that our functionals (p{G,,.x^,) are invariant under the action of the Lorentz group to 
solve the analogue of the Gauss law CxfiGcX^) = 0. 

^(Ge,x„) = ^(A,(e)GeA7(i), t> X,), VA„ G SL(2,C)><^, (5.1) 

where Gg G SL(2,C), Xy £ H+. s{e) and t{e) are respectively the source and target vertices of the edge e. 

The 4- vector A > a; is obtained by acting on x by the S0(3, 1) transformation corresponding to A e SL(2, C). 
The easiest way to write this action is to represent 4- vectors as 2x2 Hermitian matrices: 

/ ^ , Y f Xo + X3 Xi + iX2 \ 

x={xo,x„x„xs)^X=^^^_.^^ xo-xsj' ^^-2) 

with trX = 2xo and detX = — Then SL(2,C) group elements act by conjugation, A\> X = AATA^ From 
there, we can act on the 4- vector ui = (1, 0, 0, 0), or equivalently on its corresponding matrix = I, to generate 
all elements in H+i 

x = B>uj, X = BIB^=BB\ BeSL(2,C). (5.3) 

It is clear that this expression is invariant under the right SU(2) action B — > Bh with h E SU(2).This actually 
shows the fact that H+ is the coset SL(2, C)/SU(2). From these various representations, we can equivalently see 
our functionals as depending on 4-vcctors, 2x2 Hermitian matrices or SL(2,C) group elements (with an extra 

SU(2) invariancc), i.c respectively ip{Ge,Xy) or ip(Ge,Xy) or (p(Ge, By). 

A first important remark on these Lorentz invariant functions is that they are entirely determined by their 
section at Xy = lo for all v. Indeed, let us define this section: 

(j){Ge) = ip{Ge,Xy = oj). (5.4) 

Effectively, these functions still satisfy a remaining SU(2)-invariance, inherited from the full SL(2, C)-invariance: 

0(Ge) = 0(/l,(e)GeV(e))' V/l„ € SU(2)><^. (5.5) 

And we can reconstruct the full functional from that particiilar section: 

^(Ge,X„) = cp{Ge,ByBl) = ^(i?;(l^GeBt(e)). (5.6) 

The second remark is that if we integrate over the time-normals, then we recover the standard SL(2, C)-invariant 
cylindrical functions, whose basis are SL(2,C) spin networks. More precisely, we define the group- averaged 
functional 

(Pg{Ge) = / [dxy]ip{Ge,Xy) = / [rfA^] (Gg , A„ > w) , (5.7) 

JnX iSL(2,C)^ 

where [dx] is the translation-invariant measure on H+ inherited from the Haar measure [dA] on SL(2, C). This 
new function satisfy a simple SL(2, G)-invariance at the vertices: 

ifgiGe) = ^g{A,^e)GeKil))^ VA, € SL(2, Q^^, (5.8) 
We now have all the tools to endow our space of cylindrical functions with a scalar product, following [80]. 

{ip\^'} = J[dGeMGe,Xy)<p'{Ge,Xy). (5.9) 

Due to the SL(2,C) gauge invariance satisfied by the functionals, it is easy to sec that this definition holds 
for any arbitrary choice of time- normals Xy as long as both functionals are evaluated on the same set of a;„'s. 
Therefore, this scalar product can be entirely computed by setting all time-normals to the origin oj: 

{^\^') = [ [dGe]0(Ge)</.'(Ge). (5.10) 



We call the corresponding space of functions as the Hilbcrt space of projected cylindrical functionals on the 
graph r, following the terminology introduced in [80], and we will simply write H for it (leaving implicit the 
dependence on the underlying graph F, since our whole analysis does not involve changing graph). 



5.2. THE BASIS OF PROJECTED SPIN NETWORKS 



45 



5.2 The Basis of Projected Spin Networks 

The next step is to introduce the basis of the Hilbert space H of Lorentz invariant functions ip{Ge, Xy). To this 
purpose, a few facts about the unitary representations of the Lorentz group SL(2, C) are recaUed in appendix 
A. 

FoUowing the original work [80], we start with the section (j>{Ge) = (p{Ge,ij-'), which fuhy determines the 
whole function ip{Ge,Xy). We apply the Plancherel decomposition formula to (j){Gf,) (see appendix A for details), 
thus attaching an irreducibe representation {ne,Pe) and the corresponding matrix D^'^'"f''\Ge) to each edge e 
of the graph. Then we glue these matrices at each vertex v of the graph with vectors in the tensor product of 
the irreps attached to the incoming/outgoing edges. These tensors are not chosen entirely arbitrarily since the 
functions (/>(Ge) are required to be SU(2)-invariant at each vertex. 

The final result of this procedure are the projected spin networks. A projected spin network on the graph 
r is defined by the choice of a SL(2,C) irrep le — («e,Pe) for each edge, a choice of couple of SU(2) irrep 
attached to the source and target vertices of each edge, and finally a SU(2)-intertwiner (or equivalently 
SU(2)-invariant tensor, or a singlet state in layman terminology) iy for each vertex v. The intertwiner iy lives 
in the tensor product of the SU(2) irreps coming in and going out the vertex v, or more precisely: 

iv : (g) (g) V^'^. 

e\s(e)—v e\t{e)—v 

Then the functions is defined as: 

'^I,jf-',»„(Ge,a;„) = tr J|(Ie, jg,m^|B7(;[^G'eS4(e)|Xe,j*,m*) Y[{(E)e\tie)=v^e, jl,ml\iy\ (g)e\s(e)=v^e,je^ml). 

e V 

(5.11) 

The trace is taken over the SU(2) representations i.e it amounts to summing over the basis labels m^'*. We 
must require that the choice of spins be compatible with the choice of the SL(2, C) irreps = {n^, Pe), i-e 
that > Tie, else the projected spin network functional would simply vanish. 




Figure 5.1: An edge of a projected spin network. 



First, to check that this function is well-defined, one must make sure that its definition is invariant under 
the right SU(2)-action on the group elements By. It is actually the requirement of having SU(2)-invariant 
intertwiners iy which ensures that the expression above is correctly invariant under the transformation By — > 
Byhy for ah hy e SU(2)><^. 

Then, we would like to check that these projected spin networks are properly SL(2, C)-invariant. The Lorentz 
action at the vertices reads as: 

K(e)GeA^^l) 

Ay > Xy 

Ay By 



Ge 

Xy 
By 



It is clear that the functions defined above are invariant under such transformations. 
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Finally, the Plancherel decomposition formula ensures that these projected spin network functionals cover 
the whole Hilbert space H and provide us with an orthonormal basis. Indeed we can compute the scalar product 
between two such spin networks: 

Thus a choice of orthonormal basis is given by a choice of an orthonormal basis of SU(2) intertwiners, just as 
for the standard SU(2) spin networks of Loop Quantum Gravity. 

Using these projected spin networks allow to project the Lorentz structures on specific fixed SU(2) repre- 
sentations. This allows to diagonalize the area operators. Considering a surface <S intersecting the graph F only 
on one edge e, its area operator A[S] will be diagonalized by the projected spin network basis: 

^[5] |<^i, = llVjeije + l)-nl + pl + l\^x^.,^,,J (5.13) 

Interestingly, this spectrum contains a term coming from the Lorentz symmetry which makes it continuous 
and this spectrum does not depend on the Immirzi parameter which thus remains unphysical (at least at this 
kincmatical level) as it was at the classical level. . 

Therefore, we now have described the kinematical structure of covariant loop quantum gravity. We still need 
to tackle the issue of defining the dynamics of the theory. On one hand, one can try to regularize and quantize 
a la Thiem,ann the action of the Hamiltonian constraint on the covariant connection A. On the other hand, 
one can turn to the spin foam formalism. 



Chapter 6 



Feynman's path integral approach: 
Spin Foams 



The concept of spin foam going from one spin network to another was introduced in order to address the problem 
of dynamics of loop quantum gravity [81, 82, 32]. We have seen how spin networks describe the (quantum) 
geometry of space, we now introduce the spin foams which will describe the (quantum) geometry of space-time. 
The definition of a spin foam is very analogous to a spin network, but everything is one dimension higher. The 
same algebraic and combinatorial structures as loop quantum gravity are used. Just as a spin network is a 
graph with edges labeled by representations and vertices labeled by intertwiners, a spin foam is a 2-dimensional 
piecewise linear cell complex roughly a finite collection of polygons attached to each other along their edges 
- with faces labeled by representations and edges labeled by intertwiners. 

The spin foam formalism attempts the construction of the path integral representation of the theory in order 
to provide an explicit tool to compute transition amplitiides in qiiantiim gravity. 

The solutions of the scalar constraint can be characterized by the definition of the generalized projection 
operator P from the kinematical Hilbert space T^dis into the kernel of the scalar constraint 'Hphys- Formally, 
one can write P as 



P can also be defined in a manifestly covariant manner [83, 84], that amounts to giving sense to the path 
integral of gravity 



where we used the first order formulation of gravity given by (3.38): e is the tetrad field, w is the space time 
connection and /x[w,e] denotes the appropriate measure. 

The matrix elements of P define the physical scalar product ( , )p providing the vector space of solutions 



When these matrix are computed in the spin network basis, they can be expressed as a sum over amplitudes 
of "spin network histories", i.e. spin foams. They are defined as colored 2-complexes. A 2-complex C is a set 
of elements called "vertices" v, "edges" e and "faces" /, and a boundary relation among these, such that an 
edge is bounded by two vertices, and a face is bounded by a cyclic sequence of continuous edges (edges sharing 
a vertex). A spin foam (sec Fig. 6.1) is a 2-complcx plus a "coloring" c, that is an assignment of an irreducible 
representation j f of SU(2) (or more generally of any given group G) to each face / and of an intertwiner if. to 
each edge e. 

More generally, let \is give the generic features of the spinfoam framework for an arbitrary gauge group G. 
We have seen that the Hilbert space of quantum geometry states for loop quantum gravity T^oiff is spanned by 
spin network states IV') where in = (7,i;, in): 7 is a graph, ji is a "spin" labeling an irreducible representation 




(6.1) 




(6.2) 




47 



48 



CHAPTER 6. FEYNMAN'S PATH INTEGRAL APPROACH: SPIN FOAMS 



of the gauge group G associated to the hnk I of the graph, and z„ is associated to the node n of 7 and labels 
intertwiners. We consider a 4d space-time region J\A with a 3d boundary E. The spin network state \ip) 
defines the quantum state of geometry of the boundary S, then the spin foam amplitudes define the dynamical 
probability amplitude of that state and encode the whole quantum gravity dynamical content. More precisely, 
the standard ansatz for local spinfoam amplitudes can be presented in the following general form 

K[i,]= w{C)J2Y[Af{jf)l[A,{jf,Ql[A,{jf,i,), (6.4) 

C\dC='y^ jf,i, / e V 

where the sum is taken over two-complexes C and their "coloring" c = {jf,ie}- The 2-complexes are constraint 
to fit the graph 7^ of the spin network tp at the boundary. The representations jf are associated to the faces / 
of C and the intertwiners ie to its edges e. They are also constrained to fit the representation ji and intertwiners 
in of the state ?/> living on the boundary. A spinfoam is then defined as a colored two-complex, namely a couple 
(C, c). Finally, the spinfoam amplitude is made of four types of factors. First, w{G) is a statistical weight 
that depends only on the two-complex C (similar to the symmetry factor for Feynman diagrams in standard 
quantum field theory). Af are weight factors associated to the faces and A^, are amplitudes associated to the 
edges of the 2-complex. These three types of factors can be interpreted as measure factors of the discrete path 
integral defined by A' [(./;]. All the dynamical information is encoded in the vertex amplitude, Ay{jf,ie), which is 
an amplitude associated with each vertex v of the two-complex C and depends on the spins jf and intertwiners 
ig living on the faces and edges around that vertex. 

The amplitudes are usually assumed to be local, i.e. they depend only on the coloring of adjacent simplicial 
elements. Thus, A/ is a function of the representations located on the face /, Af. is a function of the intertwiner 
assigned to e and the representations on the faces containing e, whereas Ay depends on the representations on 
the faces and on the intertwiners on the edges containing the vertex v. Generally speaking, the choice of the 
vertex amplitude A^ corresponds to the choice of a specific form of the hamiltonian operator in the canonical 
theory. Since a spin network state defines a quantum state for the boundary geometry, spin foams are thus 
interpreted as representing the states of the bulk defining the quantum space-time interpolating between given 
boundary data. 

Let us now focus on the special case where the boundary is made of two disconnected pieces an initial spin 
network tp and a final spin network ijj' , which we can interpret as the initial boundary and the final boundary in 
order to make a clearer connection with the canonical framework, whose goal is to define transition amplitudes 
between initial and final states. A spin foam J- : tjj ^ ijj' defined by the 2-complcx C bordered by the supporting 
graphs of ip and ip' , respectively 7 and 7', represents then a transition from the spin network state ip = {jjjijin) 
into ip' = il' jj'ni'n)- Nodes and links in the initial spin network lip) evolve into 1-dimensional edges and faces. 
New links arc created and spins arc reassigned at vcrtcxcs. This defines a foam-like structure; whose components 
inherit the spin representations from the initial spin network 2p and are at the end compatible with the spin 
representations of the final spin network tp' (see Fig. 6.1). The propagator kernel K[tjj, tjj'] obtained by summing 
over all the spinfoams compatible with the boundary data can be then interpreted as the physical inner product 
between \ip) and l'^') 

{iJ,i;')p^{P^p,iJ')=K[^,^']= ^ AAi',i''], (6.5) 

where we have introduced a more compact notation than in (6.4): the sum over the compatible spin foam 
T gathers the sum over the two-complexes G compatible with the graphs 7 and 7' and the sums over the 
G-represcntations compatible with the representations ji and jj and over the intertwiners compatible with 
and i'n- Aj^[^p, V''] is the spin foam amplitude associated to the spin foam : ip ^ ip' interpolating between the 
initial and final states. It is given as above as a product of vertex, edge and face amplitudes: Ay, A^, Af. A spin 
foam thus represents a possible history of the gravitational field and can be interpreted as a set of transitions 
through different quantum states of space. 

In quantiim theory, the probability for any fundamental event is given by the absolute square of a complex 
amplitude; the amplitude for some event is given by adding together all the histories which include that event. 
In order to find the overall probability amplitude for a given process, one adds up, or integrates, the amplitude 



49 




Figure 6.1: A spin foam as a colored 2-coniplex representing the transition between three different spin network 
states. The vertex ampUtude of the vertex magnified on the right is Ay{j, k, I, m, n, s) [32]. 

of each possible history over the space of all possible histories of the system in between the initial and final 
states. In the spinfoam formalism, the paths summed over are the 4-geometries represented by the spin foam 
T = (C, c). The model is defined by the partition function 

z = Y, w{C) n Mif^ie) n Mjf,Q n Mjf, Q, (6.6) 

C jf,ie f e V 

with again Af,Af. and Ay the amplitude associated to faces, edges, vertices respectively and w{C) a normal- 
ization factor for each 2-complex C. We will see in the next sections that this partition function can be derived 
directly as a regularization of the covariant path integral 

Z = J D[e]D[u}]fi[uj,e] exp[iSGRie,uj)] (6.7) 

To summarize, quantum gravity formulated as a 'spin foam' consists of a rule for computing amplitudes from 
spin foam vertices, faces, and edges. 

Before going further, we have to emphasize that the sum over spinfoam T = (C, c) is not exactly well-defined. 
Usually, for fixed C, the sum over colorings c is well-controlled. On the other hand, controlling the full sum 
over two-complexes is a much more subtle issue. It is nevertheless non-perturbatively defined as quantum field 
correlations in the context of group field theory (GFT) [85, 86], which are non-local scalar field theories defined 
over some group manifolds. In this context, Ajr actually depends on the GFT coupling constant A. Indeed the 
statistical weight w{C) for a two-complex C is given by the symmetry factor of the two-complex (considered 
as a Feynman diagram for the GFT) times a factor where V is the number of vertices of the two-complex. 
The sum over 4-geometries in K[tp] can be written as a power series in A. 

oo 

if[V'] = ^A^ify[V'], (6.8) 

where — ^tv\ Ajr[ip] is the sum over spinfoams J"^ with V vertices. Spin foams appear then 

naturally as higher-dimensional analogs of Feynman diagrams of tlic GFT. 

Spin foam models were initially constructed as a history formalism for loop quantum gravity describing the 
evolution of spin network states. However since then, they have been developed as a discretization of the path 
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integral of general relativity. The more standard procedure is now to start with the path integral of general 
relativity reformulated as a topological BF gauge theory plus constraints. In three dimensions, general relativity 
is simply given by the BF theory whereas in 4 dimensions, general relativity can be viewed as a BF theory with 
extra constraints. We will present this point of view in the following. 

Since BF theory is topological, it does not have any local degree of freedom and can be discretized and quantized 
exactly as a spin foam model without loosing any of its physical content. In the first following section, we will 
illustrate the quantization of a BF theory by deriving the spin foam model for 3d Euclidean gravity, the so-called 
Ponzano-Regge model. 

In four dimensions, we attempt to impose consistently the constraints turning the BF theory into a geometrical 

theory and introducing local degrees of freedom directly at the quantum level in the spin foam framework. One 
approach is based on the MacDowell-Mansouri action, which writes general relativity as a BF theory for the 
gauge group S0(4, 1) (or S0(5) in the Euclidean case) with a non-trivial potential in the B-field which breaks 
the symmetry down back to the Lorentz group [87] . Although this is a very interesting proposition, it has not 
yet led to a definite proposal for a spinfoam model. Therefore we will focus on the reformulation using the 
Plebanski's action which is at the heart of the spinfoam models developed up to now. This will be presented in 
the second and third following sections. 



6.1 Three-dimensional gravity, the Ponzano-Regge model 

As we have already mentioned it, in three space-time dimensions, gravity is a topological theory which can 
be exactly quantized as a spin foam model, the well-known Ponzano-Regge model [21]. We review here the 
construction of the model for a 3d Riemanian theory of gravity without cosmological constant (see [88] for a 
review). We consider the general relativity action in first order formalism, which is simply a BF action, on A4 
a closed manifold. 

S[B,uj]= [ tr {B A F[uj]), (6.9) 
Jm 

The triad i? is a su(2)-valued 1-form, from which the metric is reconstructed as = B^^B^'qij. The parallel 
transport on the manifold is given by the su(2)-valued connection uj and its curvature F[ijj\ = cL; + a; A a; is an 
su(2)-valued 2- form, tr is the trace over the Lie algebra 5u(2). The classical equations of motion impose that 
the connection is torsion-free and flat 

d^B = dB+[i^,B]=Q, F[uj]=Q, (6.10) 

where [•, •] is the su(2) Lie bracket. A simple counting of the degrees of freedom shows that there are no local 
degrees of freedom. This theory has three types of symmetries: local Lorentz gauge symmetries, diffeomorphisms 
and translations [89]. 

The formal path integral for 3d gravity is 

Zm= J 'DBVuje'^^^''^l (6.11) 

Heuristically speaking, since BF theory is topological and docs not have any local degree of freedom, we do not 
expect to lose any information by replacing the manifold Al by a simplicial manifold A3, with similar topology. 
More precisely, we consider a triangulation A3 built from gluing tetrahedra together along their respective 
triangles and edges. The different elements of the triangulation A3 are recalled in Table 6.1. We also need the 
notion of dual 2-complex of A3, denoted by Ag, which is a combinatorial object defined by a set of vertices 
V* C A3 (dual to tetrahedra t in A3), edges e* C A3 (dual to triangles / in A3) and faces /* C A3 (dual to 
segments e in A3). 

The fields B and w are replaced by configurations which are distributional with support on subsimplicies 
of A3 and its topological dual A| respectively. The triad B is a 1-form and as such it is naturally integrated 
on one dimensional structiires. We integrate it along the segments e G A3 of the triangiilation, and replace 
it by the collection of Lie-algebra elements X^, obtained in this way. To discretize the connection field, one 
considers the dual 2-complex A3. One can naturally consider the holonomy of the connection along the edges 
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A3 


A* 


tetrahedron 


vertex (4 edges, 6 faces) 


triangle 


edge (3 faces) 


segment 


face 


point 


3d region 



Table 6.1: Relation between a triangulation A3 and its dual A3 in 3 dimensions. In italic, the two-complex. In 
parentheses: adjacent elements. The figure represents the dual two-complex (blue edges) dual to a tetrahedron 
(black segments): to each tetrahedron a dual vertex is associated v* ^ t, to each triangle a dual edge is associated 
e* ~ / and to each segment a dual face is associated /* ~ e. 

e* of the dual two complex. This assigns a group element ge* to each dual edge e*. The discretized curvature 
is obtained as the holonomy of the connection around an edge e of A3, which is defined as the ordered product 
of corresponding group elements living on the dual edges e* forming the dual face /* ^ e. 



B - 




J e 


esu(2), 


LU - 


-> 5e* 


= Ve^-' " 


e SU(2), 


m - 




e*Ce 


^ e SU(2) 




The flatness constraint F\uj\ = translates into the triviality of holonomics C/g = I (around closed loops, for 
trivial homotopy). After this discretization, the action on the triangulation reads 



.12) 



EGAs 



Actually the original path integral derivation of the Ponzano-Regge model introduced the Lie algebra element 
Ze = \og{Ue) € su(2) and considered the action J2e^^i^eZe) [90]. Nevertheless, one faces the issue of the 
non-continuity of the log map (and the choice of a particular branch and so on) . Therefore, we prefer to work 
with the now more usual formulation presented in [89] which uses directly the group element J7e- The discrete 
path integral is then given by 



n 

.e*eA* 



dge 



SU(2) 



(6.13) 



where the Lebesgue measure d'^X^ on su(2) ~ M.^ and the Haar measure dge* on SU(2) are the natural choices 
for the discretized path integral measures. Integrating over the X,, variables and using 



J dXe exp (^tr(XeC/e)) = SiUe) = J2 tr (DHUe)) , d^ = 2j + 1 



(6.14) 
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where we used the Peter- Weyl theorem in the last equahty, one obtains 

= E f n / '^ac n [D''{Ue)] ■ (6.15) 

Notice that the delta function S{Ue) in (6.14) is the delta function on the group S0(3) and not SU(2), i.e. it is 
the distribution localizing the group element U on the identity in SO (3) and it thus does not distinguish I and 
—I as SU(2) group elements (5so(3)(C^) = ^SU(2)(C^) + ^su(2) (— C^))- Consequently, the sum of the Pancherel 
decomposition in (6.14) is over integer spin representations je € N. To recover the SU(2) Ponzano-Regge model 
with a sum over both integer and half-integer representations je G N/2, the amplitude in the path integral has 
to be shghtly modified [89, 91] in order to kill the i5su(2)(— C^) term in the Sso{3){U) distribution. 
We consider that the sum over je in (6.15) is now a sum over je G N/2. It remains to integrate over the lattice 
connection {ge'}- Each edge e* C bounds 3 faces /* C Ag, therefore they will be 3 traces of the form 
tr ^D^' (• • • ge* • • • )] in (6.15) containing ge' in argument. In order to integrate over ge* , we can use the identity 
(4.20) recalled here 




(6.16) 



where we can recognize the Wigner's 3j-symbol, which is the unique (up to normalization) three valent SU(2) 
intertwiner denoted by i. The figure below the equation (6.16) illustrates that each 3j-symbol is in fact associated 
to a triangle / C A3 of a tetrahedron t C A3, i.e. in the spin foam quantization procedure, a triangle becomes 
an intertwiner. The triangles of a given tetrahedron glued together form the boundary of the tetrahedron which 
is the key kinematical object. An intertwiner i lives on the dual 1-skeleton of the triangle: the intertwiner 
vertex corresponds to the inside of the triangle while each leg crosses on edge of the triangle (it consequently 
inherits the same representation je). Then, the intertwiners associated to the four triangles of the tetrahedron 
are glued together into one spin network which defines the quantum state of the boundary of the tetrahedron. 

In the case of a tetrahedron, the spin network dual to this original tetrahedron is also a tetrahedron. By 
combining the four normalized Clebsh-Gordan coefficients ii , • • • 14 corresponding to these four triangles, we 
then get a well-known object in recoupling theory of SU(2) given by the six variables ji, - ■ ■ ,je, irreducible 
representations of the group, associated to the segments of the tetrahedron (or equivalently to the edges of the 
dual tetrahedral spin network (see Fig. 6.2 )). 

jl j2 is 1 _ ,'_l\j4+j5+j6+im4+m5+m6 ( 32 J3 W J3 J5 JA 



^_2'jj4+j5+j6+rn4+m5+m6 ^ 



J4 J5 J6 J ^ - ' \ mi 7712 ms / \ m3 -m^ m,^ 

J4 j2 j& \ f je j5 jl 
— 777-4 We J \ —niQ 7775 ^1 

where < '^.^ '^^ '^^ \ is the so-called {6j}-symbol. Finally, the Ponzano-Regge amplitude for a given colored 
I J4 J5 J6 I 
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triangulation is simply given by the product of the {6j'}-symbol 

f •(«) ■(*) •(*) ~1 

^A3=Enrf.=n >) % % ' (6-17) 

{>} e t I J4 J5 -^e J ^ 

where the index N means that it is the normalized {6j} symbol which appears^. Moreover, let us recall that 
the starting point (6.13) of the construction presented above gives the Ponzano-Regge model for S0(3) and 
not SU(2). In (6.15), the sum over half- integer representations je G N/2 instead of the sum over integer 
representations je S N was introduced by hand. In this last formula (6.17) a sign factor only visible for the 
half-integer representations is still missing [92] and the Ponzano-Regge model is actually given by 

{jj e t { J5 J6 ) ^ 

Historically, this model is the first spin foam model ever built. It was proposed by Ponzano and Regge in 1968 
[21]. The simple quantization ansatz was that the edge lengths are quantized as l,, = {j^ + l/2)lp (with Ip the 
Planck length) and that the {6j}-symbol, which is thus the basic building block of their model, is associated to 
each "quantized" tetrahedron. 



ji h h 
k j5 k 




This ansatz was justified by the asymptotic of the {6j} symbol. 



Jl 32 J3 
ji J5 J6 



} -,.00^ cos (5. + ^), (6.19) 



where V is the volume of the tetrahedon and Sp = ^ 9^ is the Regge action for discrete gravity, with 
the sum being over the edges of the tetrahedron, the 9e being the dihedral angle of the edge e, i.e. the angle 



Jl 32 J3 

ji is ie 



'3 1 _ (_l)31+j2+J3+J4+j5+i6 i -^2 is 1 

/6 J jv I ii -^S J ' 
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between the two outward normals of the two faces incident on that edge. The large spin limit is a semi-classical 
limit. Indeed, since the SU(2) irreducible representations are interpreted as lengths 

le = Ue + l)lp = O'e + (6.20) 

the large spin limit for a fixed length 1^ is equivalent to make H (or Ip) approaching 0. This justifies that 
the Ponzano-Regge model is a quantum gravity model. More details concerning the {6ji}-symbol and the 
recoupling theory of SU(2) can be found in appendix E and a detailed study of some of its properties and 
its asymptotical behavior has been done in [12] and [13]. The results which are relevant to extracting the 
semi-classical information from the spin foam formalism will be presented in Chapters 13 and 14. 

Let us now consider the 4 dimensional case and see how we can write general relativity as a BF theory plus 
some additional constraints. 



6.2 Reformulating 4d gravity as a BF theory: Plebanski's action 

The Plebanski action (without cosmological constant)^ reformulates general relativity as a constrained BF gauge 
theory for the Lorentz group, S0(3, 1) (or S0(4) in the Euclidean case) 



i[B,co,X] = [ 
Jm 



5piebanskiR,u;, AJ =1 A Fij[uj] - \XijklB'^'' A B'^, (6.21) 

IM ^ 



where we recall that M is the space-time manifold, J, J are Lorentz indices running from to 3, w is a so(3, 1)- 
valued 1-form (or so(4)-valued in the Euclidean theory), uj = coj/ Jjjdx'^, Jjj are the Lorentz generators and 
F[co] is its strength tensor. The B field is a so(3, 1) valued 2-form, B = B^J^ Jjjdx^ A dx". The constraints 
Cijkl[B] = B^'^ A B^^ are enforced by the Lagrange multipliers Xjjkl which satisfy Xjjkl = —Xjikl = 
—XjjLK = Xklij and XjjxL<^''^^^ = 0- The B field is thus constrained in a such way that we recover general 
relativity in its first order formalism as given in (3.38). Indeed, the associated equations of motion are 



SS_ 
Soj 

6B 

SX 



VB = dB + [w, = (6.22) 
F"{uj) = X"^^Bkl (6.23) 
B" AB^^ =ee"^^ (6.24) 



where e = j^^uklB^'^ A B^^. The relation with gravity arises because of this last constraint. When e = 
il^UKL^^"^^ Bj^-lBpg^ ^ 0, the last constraint is equivalent to 

^iJKhB^^iB^^^ = e^vpse, (6.25) 

which can be decomposed in three parts 

a) eijKhB^^ B'^1 = 

b) eijKLBjfJ^B'/p = (6.26) 

c) cijklB^'^B'J = ±e 

where the indices n, u, p, S are all different and the sign in the last equation is determined by the sign of their 
permutation. It is usually this system which is referred as the simplicity constraints. cijklB^'IB^^'^" = 



^The cosmological constant can be added to the Plebanski action which thus becomes 

SpiebanskilB.O), A] = ( A FjjM - ^eijKLB'-' A B^^ - \\ijklB'^'' a B' 
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is equivalent to say that _B^y is a simple bivcctor (i.e. of the form B = u A ?;). Moreover, the eonstraint 
B^'^ A B^^ = e e^J^^ (with e 7^ 0) is satisfied if and only if there exists a real tetrad field = dx^ so that 
one of the following equations holds: 

(★) b" = ±e^ A e-^ (6.27) 
(s) B^^ = ±e"KLe^ Ae^. (6.28) 

The action (3.38) is obtained if we restrict the field B to be always in the sector (s) (with the plus sign), and 
substitute the expression for B in terms of the tetrad field into (6.21). We denote by {^B)^'^ = ^i^K^B^^ the 
Hodge duality operation. Therefore, the Plebanski model is not exactly pure gravity. The restriction on the B 
field is always possible classically, so the two theories do not differ at the classical level, but they are different at 
the quantum level, since in the quantum theory one cannot avoid interference between different sectors. Indeed, 
this interference is due to the existence in the Plebanski action of a Z2 x Z2 symmetry: 

B -s- -B, B -kB. (6.29) 

Before considering the spin foam level, let us emphasize that the simplicity constraints {■kB)-B = correspond 
to the simplicity constraints (3.54) of the canonical analysis. 

(*B) ■ B = 0^ (l)= (★Te) -11 = 0. 

They are thus second class constraints. Furthermore, there is no analogue here of the other second class 
constraints we have given in (3.54), i.e. ip = TZTZDj^R, = since the spin foam formalism is fully covariant. 
Indeed, the tp are secondary constraints, coming from the Poisson bracket {5, (/)}. In the canonical approach, 
(f) = Q ]s only imposed on the initial hypersurface and V = is then needed to ensure (f) = Q under the 
Hamiltonian evolution (given by the Hamiltonian constraint) whereas in the spin foam formalism approach 
(/) = is directly imposed on all space-time structures. That is that we have projected on = at all stages of 
the evolution (i.e. on all hypersurfaces) and therefore we do not need the secondary constraints V- 

Another important point which appears in the canonical approach for quantum gravity is the Immirzi 
parameter. A way to introduce it in the spin foam formalism is to consider a generalized BF-type action for 
gravity instead of the Plebanski action (6.21) as starting point of the quantization procedure. Indeed, it is 
possible to recover the Palatini-Holst action (3.44) for general relativity with Immirzi parameter considering a 
more general constraint on the A field [93], 

a + h \ijKL e'-""^^ = 0. (6.30) 

This constraint H = a Xjj"^ + b Xijkl €^^^^ can be taken into account in a generalized BF-type action for 
gravity given by 

S[B,w,A,/z] = / B'' AFiM-\xijklB'''' AB'' +nH, (6.31) 
JM ^ 

where the condition iJ = is enforced by the Lagrange multiplier ^, while Xijkl still enforces the constraints 
on the B-field. The equations of motion for uj and B are the same as those coming from the Plebanski action, 
but the constraints on the B-field are now: 

B" A B^^ = liB^^ A BmnW'^^'^v'^'' + ^(i?^^ A (*5)M^)e"^^ (6.32) 
2aB" ABij-ebB" A{*B)ij = 0, (6.33) 

where r]^'' is the flat metric and the constant e is 1 in the Euclidean case and —1 in the Lorentzian case. 

Let us note that we are back to the Plebanski action in the case a = 0. By choosing a = 47 and b = — (e-l-7^) 
with 7 a non-zero parameter, the solution of (6.32) and (6.33), for non-degenerate B {B^^ A {■kB)jj ^ 0), is 
then 

(*) B^'' = ±-(*(e^Ae^)-e7e^Ae-^)) (6.34) 
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(s) = ± 7^ (e^ A e-') - ^ A e"^. 



(6.35) 



The same symmetry (6.29) as in the Plebanski case , brings us four sectors. Both positive sectors (6.34) and 
(6.35) yield to general relativity with different Immirzi parameters. Indeed, we get the Palatini-Holst action 
(3.44) inserting any of the two positive solutions (6.34), (6.35), into (6.31). In the (s) sector, the Immirzi 
parameter is as usual 7 whereas in the (★) sector the Immirzi parameter is instead e/7. In the following, we 
will work with a finite (non-zero) Immirzi parameter, unless specified otherwise. 

6.3 The spin foam framework 

The starting point of the spin foam framework is a BF-like action 



A general prescription for the definition of constrained BF theories on the lattice has been studied in [90] . The 
three dimensional case, with $(B = 0), has been discussed in the previous Section 6.1. In the following we 
shall study the four dimensional case where ^{B) is a quadratic function which also depends on some Lagrange 
multipliers {^{B) = —\\ijklB^^ A B^'^ + ij.H). We will also discuss in details the implementation of the 
simplicity constraints encoded in $(B). 

The strategy usually followed in four dimensions can be sketched in three main stages 

1. discretize the classical theory by putting it on a cellular decomposition; 

2. quantize the topological BF part of the discretized theory; 

3. impose the simplicity constraints at the quantum level. 

In this sense, the classical relation between BF theory and gravity is directly translated to the quantum level. 

As we have seen in the three dimensional case, the first step is the discretization of the manifold A4. We 
start with a cellular decomposition A4 of the 4d space-time manifold A4 built from gluing 4-cclls together. 

The 4-colls are 4-simplices, the 3-cells are tetrahedra and the other elements of A4 are recalled in Table 6.2. 
Since BF theory is topological, it does not have any local degree of freedom. It can be discretized on the cellular 
decomposition of Ai and quantized exactly as a spinfoam model without losing any of its physical content. 
Then one works directly at the quantum level in the spinfoam framework and attempts to impose consistently 
the constraints turning the BF theory into a geometrical theory and introducing local degrees of freedom. We 
will see that there exists ambiguities in the way constraints can be imposed. Up to now, several theories (such 
as the EPRL-FK models [94, 95, 96, 97, 98]) have been proposed and any of these theory can at this moment 
be considered as a quantum theory of gravity. I will give a short review focusing only on the models relevant 
for the next parts. 

Before going on to the specific quantization, let us remark that it is quite possible that one should construct 
in a different way, following a different strategy, the relevant spinfoam to encode 4d quantum gravity. Two 
recent results point to this direction. Firstly, B. Dittrich and J. Ryan have recently proposed an interesting 
new procedure [99] - that we will not explain here - which seems to give even at the discretized level a different 
model than the EPRL-FK models constructed using the usual startegy and which we shall describe in the next 
section. Secondly, this strategy we have recalled above to construct spinfoam models in 4d - firstly quantize, 
secondly implement the constraints - has been criticized in details recently in [100]. An alternative method 
would thus be to discretize the simplicity constraints and include them at the classical level in a discrete BF 
action. I will not give more details on this procedure used in [101] which however seems cleaner but which leads 
to spin foam amplitudes much more complicated and not always local. 




(6.36) 
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A4 


a: 


4-simplex 


vertex (5 edges, 10 faces) 


tetrahedon 


edge (4 faces) 


triangle 


face 


segment 


3d region 


point 


4d region 




Table 6.2: Relation between a triangulation A4 and its dual A4 in 4 dimensions. In italic, the two-complex. In 
parentheses: adjacent elements. The figure represents a 4-simplex. In grey, a tetrahedron of the 4-simplex. 

6.3.1 Spin foam quantization of the 4d BF theory 

The Euclidean case. In this case, we use Spin(4) as gauge group. The action of the BF theory is given by 
the first term of the action (6.36) 

Sbf[B,uj]^ I B"aFij[uj]^I tT{BAF[uj]) (6.37) 
Jm Jm 

where Bj/^^ is a spin(4) Lie algebra valued 2-form, w^"^ is a connection on a Spin(4) principle bundle over M.. 
The theory has no local excitations and its properties are analogous to the case of three dimensional gravity 
studied in Section 6.1. For simplicity, we will work with the discretization of given by a triangulation A4 
(instead of a general cellular decomposition) . 

The next step is to discretize the fields, the B-field and the Lorentz gauge connection w. The connection 
curvature is associated to the dual surfaces. Indeed, if we introduce a dual link variable ge* = e*'^=* for 
each dual link e*, through the holonomy of the spin(4)-connection w along the link, then consequently, the 
product of dual link variables along the boundary df* of a dual plaquette /* leads to a curvature located at 
the center of the dual plaquette: He'eo/* 5e* = ^/* ■ B-field is a 2-form and is naturally discretized on the 
faces A of the cellular decomposition 

B" ^ I Biidx^" h dx"" . (6.38) 

The faces A of the cellular decomposition in the case of a triangulation A4 are triangles and in 4 dimensions 
triangles G A4 are dual to faces /* G A4. This one-to-one correspondence allows us to denote the discrete B 
by either a triangle or a face Bf subindex respectively. Bf can be interpreted as the smearing of the 
continuous 2-form B on triangles in A4. Using these discretized variables, the path integral becomes 

I n d9e' n dBf,e^^rUr^ (6.39) 
which is analogous to (6.13) in the 3 dimensional case. The result of the B integration is given by 

^a! = / n dge- n ^(f^/-)' (6.40) 

where 5 is the delta distribution defined on L'^(Spin(4)). This interpretation of this result is simple: we have to 
sum over the flat connection. We can use the Peter- Weyl theorem as in (6.14), to obtain 

^a!= E / n d9e* n d^r^r[D^f'{gl,---g:,)] (6.41) 
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where Xi ■ ■ -Ip are the quantum numbers associated to the P faces of A4. X denotes an arbitrary unitary 
irreducible representation appearing in the Plancherel measure of the group Spin(4) and dx is its dimension. 
There is an integration for each ge* ■ In A|, each e* G A| bounds precisely four different faces; therefore, the 
Qe- in (6.41) appears in four different traces. We can then introduce the intcrtwinncrs as in (4.23) using 

e=l i 

to obtain that the partition function is equal to 



n 




.42) 



The 4-simplex in the formula is dual to the 4-simplex in the original triangulation that contains v* C A|. Its 
edges are labelled by the representations labeling the ten dual faces incidents to v* and its vertices are labelled 
by the intertwiners labeling the dual edges incidents to v* . We can rewrite this formula for the partition 
function by splitting each 4-valent vertex into two trivalent vertices using the relation described in Fig. 4.2. 
The resulting equation involes a trivalent spin network with 15 edges: (I/.,Ie') where Xg. is the spin coming 
from the splitting of the 4-valent intertwiner «e«. This trivalent spin network is called a {15} -symbol since it 
depends on 15 spins. 

Let us notice that Spin(4) ^ SUl(2) x SU/;(2). An irreducible representation ly. of Spin(4) is thus labeled 
by a couple Consequently, an intertwiner ig. = z^i '^'i'jl where (jfijj^) = Xe* a-nd the different 

weights 




= {15j}5a.(2){15j}5C/.(2) = (2)(j^.,jf.)^.'^<'njf.,jf0- (6.43) 



As in the 3-dimensional case, due to the absence of local degrees of freedom in the topological theory, the 
partition function is invariant under changes of triangulation keeping the topology fixed (i.e. invariant under 
the Pachner moves). 

The Lorentzian case. The gauge group is now SL(2, C). The resulting partition function constructed in this 
case is formally the same as in (6.42). The principal series of unitary, irreducible representations of SL(2, C) are 
labelled by two parameters (n, p), with n a half- integer and p a real number. To describe explicitly the partition 
function in this Lorentzian case, we consider the partition function obtained in (6.42). We associate the couple 
+ 1 = n + ip, + 1 = n — ip to each unitary principal representation {n, p) and use the factorized formula 
from the Euclidean case (6.43). 

6.3.2 Some ambiguities in the 4d gravity spin foam quantization procedure 

The idea is now to provide a definition of the path integral of gravity formally written as 



y VBVuj 5[B ~^-k{eAe)] exp i J tr[B A F' 



(6.44) 
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where the measure VBVco S[B ★(e A e)] restricts the sum of the BF theory path integral 

Z^^ = j VBVuj exp i j tr[J5 A F] 

to those configurations of the topological theory satisfying the constraints B = *(e A e) for some tetrad e. The 
constraints B = ★(e A e) are going to be directly implemented on the spin foam configurations of by the 
appropriate restriction on the allowed spin labels and intertwiners. 

In the spinfoam quantization process a number of ambiguities appear. The most severe ones are related to 
the discretization process, while another appears duo to Immirzi parameter dependence in the action. 

The discretization ambiguities arise in the different steps of the spinfoam quantization. The first important 
one, and most obvious, is the choice of cellular decomposition of the manifold. There is a very large number 
of decompositions available - a triangulation, a square lattice or an arbitrary irregular cellular decomposition - 
and we have to pick up one. One proposal to solve this issue is the use of GFT which provides automatically the 
sum over the relevant complexes [85, 86]. The most common approach to this issue, which we will adopt here, 
consists in simply postponing this issue and working cither with a triangulation to allow to write explicitly the 
spin foam amplitudes or when possible with an arbitrary cellular decomposition in order to remain as general 
as possible. 

Once such a manifold discretization as been chosen, another key ambiguity appears since there is no unique 
prescription to discretize the curvature F. We will not discuss this point here. We will mostly focus on 
the simplicity constraints which only concern the discrctized B field, and which are not affected by the 
definition of the discrctized curvature. We will only specify for each approach how the Lorentz gauge connection 
is discrctized and if some constraints are consequently added. 

The third discretization ambiguity appears when discretizing the dynamical content of the theory, i.e. the 
constraints. We will address this issue at length in Part II. 

Finally, we recall that the classical Palatini-Holst action contains some ambiguity in the Immirzi parameter 
choice. This parameter is important to have the spin connection as a well-defined configuration variable [31]. 
To relate the spinfoam formalism with the loop quantum gravity approach, it is therefore important to take 
this parameter into account in the spinfoam quantization. However, just as in loop quantum gravity, it then 
generates some ambiguities in the formalism: we have a free parameter dependent theory. We consider the 
action (6.31) as the starting point of the procedure. We have seen that the continuum constraints on the in- 
fields are then modified compared to the Plebanski constraints (6.25). For clarity we denote B^^ the bivector 
-k{e^ A e-^) and S^-^ the bivector *(e^ A e^^) — ^e^ A e-^ = B^'^ — ^■kB^'^, which depends on the Immirzi parameter 
7, and is solution to the constraints (6.32) and (6.33). 

Two different procedures of quantization are usually followed. 

• The first approach consists in taking directly into account the Immirzi parameter at the discrctized level. 
We focus on the variables T,^'^ constrained by (6.32) and (6.33). Then, noticing that the constraints (6.32) 
and (6.33) (with a = 47, b= — (e + 7^)) can be recast in an equivalent form 

with e = ■^ f-uKhB^'^ A E^^, we consider the discrctized version of this new constraint. The quantization 
step is simply to replace S^"' with the; canonical generators J^"^ of spin(4). Finally, writing the simplicity 
constraints for the generators J^^ translates into a condition on the Casimirs of spin(4) or sl(2,C). 

• The second approach consists in considering as discrctized variable the _B-field constrained to be a simple 
bivector. Contrary to the previous case, the Immirzi parameter will be taken into account only at the 
quantized level. This is the procedure that we are going to detail in the following. 

Let us first review the discrctized setting. The simplicity constraints of the 2-form, ejjKhBjj^Bj^^'" = et^^p^ 
ensure that B comes from a tetrad field e. We want to translate this constraint to the discrete setting. We 
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recall that the B-field is a 2-form and is naturally discretized on the faces A of the cellular decomposition 

B'a = [ Biidx^'Adx". (6.46) 

J A 

Let us look in details at the simplicity constraints within a 4-cell. For any two faces A, A, we have: 

eijKL B'^ ^ - / edPah dV = y(A, A), (6.47) 

JA,A 

where V'(A, A) is the 4-volume spanned by the two faces. Like for the continuum constraints appearing in the 
Plebanski action (6.26), we can again distinguish three different cases. 

1. The faces are the same A = A, then eijKbB^A = 0, VA, i.e. the associated bivector Ba must be 

simple. In the case of a triangulation A4, within a 4-simplex, this constraint imposes to each bivector 
associated to a triangle to be simple. 




2. A and A belong to the same 3-cell, then eijKLBj^ B^^ = 0, VA 7^ A, therefore the sum Ba + B^ 
must be simple. In the case of a triangulation A4, this constraint acts on two bivectors associated to two 
different triangles belonging to the same tetrahedron, i.e. sharing a common edge and imposes to the sum 
to be simple. 




3. A and A do not belong to the same 3-cell, then cjjklB^^B^^ = V{A,A). In the case of a triangu- 
lation A4, this constraint acts on two bivectors associated to two different triangles which only share a 
common vertex and consequently do not belong to the same tetrahedron. It imposes that the quantity 
^ijklB^^ B^^ is equal to the 4-simplex volume (up to a factor). 




Moreover, the discrete _B-fields are constraints to satisfy a closure constraint for each 3-cell 

E ^A=0- (6-48) 

A63-CC11 

This is the discrete equivalent of the Gauss law ensuring the G = Spin(4) or SL(2, C) gauge invariance. 

Let us now discuss the simplicity constraints. We are going to see that the constraints 1. are straightforward 
to deal with while discussing the other two. As we pointed out in the previous section, the simplicity constraints 
2. {■kBA)-B^ = correspond to the continuum simplicity constraint (3.54), i.e. 4> = {-kTZ)-TZ — of the canonical 
analysis. Hence they are primary constraints. 
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Wc also recalled that the other second class constraints (3.54). i.e. t/j = TZTZD^R' = 0, the secondary 
constraints are not needed here since the spin foam formalism is fully covariant. 

At this discrete level, this can be justified by noticing that the simplicity constraints 3. (★Ba) • = V 
give the secondary constraints. Indeed, assuming that the constraints 2. (*-Ba) ■ = hold on the initial 
hypersuface (e.g. one a 3-cell of the 4-cell) and that the simplicity constraints 3. are satisfied, then using the 
closure constraints (10.28), it is possible to show that (^Ba) • ^a = is also true on the final hypersurface 
(e.g. all remaining 3-cells). Therefore the simplicity constraints 3. ensure that the spatial constraints 2. arc 
satisfied under time evolution and are the secondary constraints analogue. Furthermore, still using the closure 
constraints (10.28), it is possible to show that when the constraints 2. hold for all 3-cells of the 4-cell, the 
constraints 3. are true. That is why we only need to solve the constraints 2., the primary constraints, in the 
spin foam formalism. Moreover, these constraints will usually be solved separately on each 3-cells of the cellular 
decomposition. 

Let us therefore focus on one 3-cell, which we denote v, for the vertex the dual clement of the 3-cell of 
interest. The bivectors Bj^ associated to each face A on the (3d) polyhedron boundary define the geometry of 
the polyhedron. We distinguish two sectors: the normal bivector to the face (the normal to a plane embedded 
in a 4d manifold is indeed a bivector) is either B^\ which we call the standard sector (s), or it is given by its 
Hodge dual {*B)^^ = ^e^"^ klB^^ , which we call the dual sector (★). In both cases, the norm of the bivector 
I^A^I gives the area of the face A and the bivectors satisfy the closure constraint (6.48). These two sectors 
correspond, at the discrete level, to the two sectors of solutions (6.27) and (6.28) of the simplicity constraints of 
the Plebanski action. A discussion on how these two sectors correspond to gravity or not has been given in the 
previous section. We have seen that the usual discrete quadratic simplicity constraints (the discretized version 
of the Plebanski constraints (6.26)) 

VA, A e dv, eijKL B'^Bf"^ = (6.49) 

do not distinguish the two sectors (s) and (★) since they are invariant under taking the Hodge dual B — > -kB. 
This means that we have to recognize the two sectors by hand when solving these simplicity constraints. 

However, it is possible to rewrite the quadratic simplicity constraints in such a way that they distinguish 
the two different sectors [95]. Indeed, geometrically, the simplicity constraints come from the fact that all the 
faces of a given 3-cell v lay in the same hypersurface. Let us call xi the 4-vector normal to that hypersurface. 
This leads to very simple constraints on the bivectors B^^ . We will call them the linear simplicity constraint^ 

(s) a;/-Bi'' = 0,VAeaw, (★) e" klXj ■ B^^ = Q^'iA & dv. (6.50) 

We will see in the next part that these linear simplicity constraints are at the root of the construction of the 
recent EPRL-FK model and other new spinfoam models [95, 98, 96, 97, 102]. A clear link between the quadratic 
and the linear simplicity constraints has been given in [95]. These linear simplicity constraints involve explicitly 
the time normal xj, which is an extra field. We have seen that this field variable appears also in the definition 
of the projected spin network (see chapter 5). This is therefore the first evidence of the possible relationship 
between the projected spin networks and the spinfoam models. 

Let us now go on with the last step of the spin foam quantization procedure which is the quantization itself. 
The key kinematical ingredient is the boundary of the 4-cell. More precisely, the boundary of a given 4-cell 
is made of 3-cells glued together. We have seen that we can solve the simplicity constraints within a 3-cell. 
We thus consider the discretized i?-field, the bivectors Ba associated to each face of a given boundary 3-cell. 
The bivectors are then translated as elements of spin(4)* or sl{2,C)* . There exists an ambiguity at this level. 
Indeed, there exists a family of isomorphisms between bivectors and Lie algebra elements. 

B ^ j" = aJ" + /3*J". (6.51) 

'^Thc quadratic constraints (6.45) can also be replaced, at the discrete level, by some linear simplicity constraints where in order 
to take into account the Immirzi parameter, we consider a linear combination of these two sectors, (s) and (*), thus leading to a 
linear simplicity constraint of the type xi ■ (Sj^ + 'ye^'' kl^^^) = 0. We have chosen not to follow this procedure because the 
geometrical interpretation of the Ba variable is not as obvious as in the presented case. 
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We will actually discuss this ambiguity in the next part II. The rest of the quantization procedure for the 3-cell 
is very simple: we associate an irreducible representation of our gauge group Spin(4) or SL(2,C) to each face 
A and we quantize the bivectors as the Lie algebra generators (or more generally as aJ^ + 13-k 
acting in that representation. The states of the 3-cell v live then in the tensor product of the representations of 
all its faces. Moreover, taking into account the closure constraint, 

A&dv Aedv 

we require that the states associated to the 3-cell must be invariant under the global Spin(4) or SL(2, C) action 
which acts simultaneously on all faces. Thus, the Hilbert space of quantum states of the 3-cell is the space of 
Spin(4) or SL(2, C) intcrtwincrs between the representations attached to its faces. We still need to implement 
the simplicity constraints. It is one of the key issue of the spin foam program to implement them at the quantum 
level in the regularized path integral. For example when using the quadratic simplicity constraints, we have to 
implement the constraints 

VA, A e dv, eijKL JaJ-"- = 0, (6.52) 

which translate into conditions on the Casimir operators on the intertwiners states. The next chapter is devoted 
to this issue of imposing consistently the simplicity constraints at this quantum level. 



Part II 

Spin foam models for 4d gravity 
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In the previous Part, we ended the presentation of the spin foam quantization procedure just before the last 
step which is the implementation of the simplicity constraints at the quantized level. At this penultimate step 
of the procedure, the Hilbert space of quantum states of a 3-cell is the space of Spin(4) or SL(2, C) intertwiners 
between the representations attached to its faces. The last step consists in imposing the simplicity constraints 
on these intertwiners. This last step is still a topic of discussion, no final consensus has been reached on the 
"correct" way to proceed. 

The two projects presented in this part (Chapter 9 and Chapter 10) aimed at understanding better these 
simplicity constraints and in particular focused on the two specific questions: 

• What is a consistent implementation of the simplicity constraints at the quantum level? 

• What are the consequences of their implementation on the boundary Hilbert space of the 3-cell (or more 

generally of the whole boundary space)? 

The main difficulty comes from the fact that the algebra of these simplicity constraints - which translate into 
conditions on the Casimir operators - does not close at the quantized level. This reflects that they correspond 
to second class constraints. 

We will distinguish the diagonal simplicity constraints that we will denote Ca or Cj where i refers to the 
intertwiner's leg dual to the face A and the cross simplicity constraints that we will denote or Cij with 
A ^ A (or i j). Wc recall that there is a one-to-one correspondence between a 3-cell and its dual vertex v and 
between a face A of the 3-cell and its dual link, the leg i of the vertex, which explains that we can equivalently 
use the face subindex A, A, • • • or the leg subindex i, j, • • • . 

In the Euclidean case, the quantum version of the quadratic simplicity constraints (6.49) is simply given by 



C 



AA 



•J A -J A 



jR jR 
•J A ■ 'J A 



0, 



(6.53) 



where J^, are the su(2) generators of the two commuting su(2) algebra of the spin(4) algebra decomposition 
spin(4) = sul{2) © sUi{(2). Looking at the cross simplicity constraints, it is fairly easy to check that the Lie 
algebra of the quadratic simplicity constraints does not close 



jR jR fL jL rR 7R 

•JAi ■ "^As ' "^Ai ■ -^Aa -^Ai ' -J A3 



1 . ( jR 



In this way, we generate higher and higher order constraints by computing further commutators. 

Naturally, the first attempt was to impose these constraints strongly to obtain intertwiner states | 
under the simplicity constraints 

CaaI^) = VA,A. 



(6.54) 

vanishing 
(6.55) 



The resolution to this system of equations led to the first spin foam model for 4 dimensional gravity, the Barrett- 
Crane spin foam model, which was actually initially built as a geometrical quantization of individual 4-simplices 
[103, 104]. Both Euclidean and Lorentzian versions of this model - which remained the leading proposal during 
10 years - will be detailed in the next Chapter. It was shown (at least in the 4-valent case corresponding to a 
tetrahedron) in [105] that these equations have a unique solution once the representations associated to each A 
are specified. This unique or "frozen" intertwiner property leads to several problems in the interpretation of the 
Barrett-Crane model, especially when looking at its relation with the canonical loop quantum gravity framework 
and when studying the graviton propagator derived in the asymptotical semi-classical regime of the model. The 
uniqueness of the intertwiner state can be traced back to the fact that the Lie algebra of the quadratic simplicity 
constraints does not close. Indeed, since the commutators between two different cross simplicity constraints 
(6.54) generate higher order constraints, when we impose strongly the quadratic simplicity constraints on the 
intertwiner state jV'), we are actually also imposing all these higher order constraints. Then it is not surprising 
to find a unique solution, although it could actually be considered surprising to find at least one solution. 

To remedy this issue, it was proposed to solve the crossed simplicity constraints weakly, either by some 
coherent state techniques [106] or by some Gupta-Bleuler-like method using the linear simplicity constraints 
[94, 95, 98]. 
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In the coherent state approach, one seeks semi-classical states such that the simplicity constraint is solved 
in average [106, 96], 

(VIC^aIV-) = 0, (6.56) 

while minimizing the uncertainty of these operators. 

In the Gupta-Bleuler-like approach^, one looks for a Hilbert space %s such that the matrix elements of the 
simplicity constraints on this Hilbert space all vanish [94, 97] 

V</),VeW„ (<^|C^aI^) = 0. (6.57) 

These two approaches were shown to lead to the same spinfoam amplitudes [96, 97] apart from some subtle 
cases [107]. 

Before detailing these different ways of implementing the simplicity constraints, let us emphasize that a true 

Gupta-Blculcr method would involve decomposing the constraints under a sum of holomorphic and anti- 
holomorphic factors (or equivalently of creation and annihilation operators), i.e. = Yliai-^Al:)^ "^aa' 
from this decomposition, the next step would be to extract algebraic constraints which are strongly solved 
in the sense: -^^^1''/') = 0. And finally, (6.57) would appear as the consequence of the resolution of the algebraic 

constraints J"^^. Indeed, V [V'), \(t>) € Tis such that .F^^l^-) = and J^'^^\(i>) = 0, then (</'|(^^a)'''^^aIV') = 
and (0|C^aIV') =0. 

In the next two Chapters of this part, the different approaches, [103, 104], [106, 96], [94, 97] are presented. In 
Chapter 10, we will present the right Gupta-Bleuler method to implement the second class simplicity constraints 
at the quantum level [6]. 



''Wc will review in the section 8.1 that in fact in this procedure (followed in [94, 95, 98]) the simplicity constraints arc imposed 
prior to the imposition of the closure constraint (6.48), and that consequently the Hilbert space of the 3-cell on which the simplicity 
constraints will be imposed is not an intertwiner space yet. 



Chapter 7 



Simplicity constraints and the 
Barrett-Crane model 



7.1 The Euclidean Barrett- Crane model 

We are now going to review the construction of the Barrett-Crane model of 4d Euchdean quantum gravity 
without Immirzi parameter [103]. The manifold Ai is replaced by a cellular decomposition. Explicit results 
will be mostly given in the simplest case of a triangulation A4 (sec Table 6.2) since it is the framework for the 
results exposed in the next part, Chapter 15, regarding the physical boundary state for the quantum 4-simplex. 
However, as often as possible the definitions will be given for the general case of a cellular decomposition. 

Going from the continuum theory to the Barrett-Crane model is achieved in three main steps. We recall 
that the first step is the discretization of the two-form into bivectors associated to each face to the cellular 
decomposition. Bivectors are then translated as elements of so (4)*. The last step is the quantization itself, using 
techniques from geometric qiiantization. It gives representation labels to the faces of the cellular decomposition 
and gives the Barrett-Crane model (to some normalisation factors). It is this last step that we are going to 
detail now. 

Since Spin(4) ^ SUl(2) x SU/,> (2) ,the irreducible representations of Spin(4) are labeled by a couple of half- 
integers Hence, we attach a pair of spin to every face A and the intertwiner space for the 3-cell is the 
tensor product of the space of SUi(2) intertwiners between the spins and the space of SUi{(2) intertwiners 
between the spins 



Hal ar = Inv 

JA 'J A 



Inv 



(7.1) 



)yJA 

L A 

Finally, we now come to the crucial step of implementing the simplicity constraints (6.49) at the level of the 
spin foam model of BF theory. In the Barrett-Crane model, the quantum version of these constraints is given 

by 

Ca = sijklJa "^A^ = diagonal simplicity constraints, 

= cijklJa — VA ^ A £ dv cross simphcity constraints. (7.2) 

That is the bivectors Bj^ of the discretized constraints (6.49) have been replaced by generators J^'' of the 
spin(4) Lie algebra in the representation Ia = (Ja' Ja)- the expression of the diagonal simplicity constraints, 
J ★ J • J is the pseudo-scalar quadratic Casimirs of spin(4) and it is equal to the difference of the quadratic 
Casimir of SUl{2) and sUij(2). This gives a restriction on the representations Ia = Ua^Ja) Spin(4) 

2iA(jA + 1) - 2jf Oa + 1) = VA, (7.3) 

leading to = . The irreducible representations satisfying this condition arc called simple representations. 
The strong imposition of the diagonal simplicity constraints implies that only simple representations are asso- 
ciated to faces A of the 3-cell [81, 108]. 
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The cross simplicity constraint is already imposed at the level of a 3-cell and induces a restriction on possible 
intertwiners. In the simple case where the cellular decomposition is a triangulation A4, a 3-cell is a tetrahe- 
dron and taking into account that the intertwiners couple simple representations, it is easy to conclude that 
the restriction means that, given a decomposition of any two Ia's, the intertwiner has support only on simple 
intermediate representations. Indeed, we have four simple representations {ja,ja) for the four triangles Aa=i...4 



on the tetrahedron boundary. In Hj^ = Inv 



Inv 



0t 



with ja = ja = Ja , we have to 




Figure 7.1: The label {ji2,jr2) stands for the representation (Ji -f J2). 

impose the three independent cross simplicity constraints Cap = eJaJp = for all couples of triangles (Aq, A^). 
These constraints mean that the sum {Ja + Jp) is required to remain simple. Using the standard recoupling 
basis of intertwiner as in Fig. 7.1, we denote the representation of Ja + Jp, Uap^ Ja p)- Strongly imposing the 
simplicity conditions Ci,2 forces the recoupled representation to be simple, — jri- Further imposing Ci,3 and 
Ci^4 then leads to a single intertwiner [105]; the Barrett-Crane intertwiner, ibc- One can now implement these 
restrictions at the level of the partition function. For this it is sufficient to take the spin foam representation of 
the BF partition function (6.42) and restrict the sum over ja to only simple representations and to remove the 
sum over intertwiners substituting for them ibc- We recall that the volume simplicity constraint (quantized 
version of the third equation in 6.26) can be ignored because it is a consequence of the other simplicity con- 
straints (6.49) supplemented by the closure (6.48) and that the latter is already satisfied since we have started 
from the state space of BF theory. 

Once we have determined the state space, the spin foam amplitude for the Euclidean Barrett-Crane model 
(valid also for an arbitrary cellular decomposition) is explicitely given by the evaluation of a spin network ip with 
group Spin(4) such that each node n of the graph 7 of ■(/' is associated to a Spin(4) group element Gn and each 
link I is labelled by a simple irreps of Spin(4) Ii ~ Using the homomorphism Spin(4) = SU(2)l x SU(2) a, 

Spin(4) group elements decompose as the product of two left and right rotations G = gL9B.- The evaluation 
then reads [109] 



Am 



Spin(4) 



nMG„]n^x.(G;(i)G,(,)), 



(7.4) 



where we use the Haar measure dG = dgi^dgjf . The kernel JCx{G) is the matrix element of G on the SU(2)- 
invariant vector |I, 0) in the T representation with I = (j, j) a simple representation of Spin(4). Here SU(2) is 
the diagonal rotation group, corresponding to the subgroup of 3d rotations. Expressing the invariant vector in 
term of left / right components 

1 



(7.5) 



where dj =2^ + 1 is the dimension of the SU(2) representation of spin j. It is straightforward to show that 
the kernel K,x is simply given by the SU(2) character Xj{9)i defined defined as the trace of the group element 
in the j-representation of SU(2). Parameterizing the SU(2) group elements as 



g{9^n) — cosOl + isnvO n ■ a , 6'G[0,7r], 
the characters depend entirely on the class angle 9 (half the rotation angle) and are expressed as 

sind,^ 
sm.0 



(7.6) 
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Using the properties of invariance of the Haar measure, it can then be proved that the relativistic spin network 
evaluation is actually a 3d object involving only integrals over SU(2) [110] 



The Barrett-Crane model was originally derived for specific two-complexes C, which are the dual 2-skeleton 
of 4-dimensional triangulations A4 (see Table 6.2). Starting with the triangulation A4, the dual two-skeleton C 
is constructed by associating to each simplex a point in its interior. An edge of the skeleton connects two points, 
which corresponds to two 4-simplices having a common tetrahedron. Then, a triangle of the triangulation A4 
correspond to a face of the two-complex C formed by the edges of the dual tetrahedra having this triangle 
in common. This duality allows to derive the spin foam amplitudes from a quantization of the geometry 
of a 4-simplex. Indeed, the amplitude for a single 4-simplex defines the vertex amplitude of the spinfoam 
model. Arbitrary 2-complexes are constructed by gluing 4-simplices together and the corrresponding spinfoam 
amplitudes are given by the product of these vertex amplitudes corresponding to each 4-simplex. 

Considering a single 4-simplex, the vertex amplitude is constructed as the evaluation of its boundary spin 
network. The boundary graph is constructed as the dual of the boundary of the 4-simplex: each tetrahedron is 
mapped on a node of the graph and each triangle shared by two tetrahedra is mapped to a link between these 
nodes. This gives a graph s with 5 nodes n e {1, • • • ,5} and 10 links between them, as represented in Fig. 7.2. 



Figure 7.2: The 4-simplex (or pentahedral) boundary spin network. We label the nodes a = 1, ...5. In the dual 
picture, they are in correspondence with tetrahedra of the boundary triangulation. Two of them are represented. 
The ten links ab, on the other hand, are dual to triangles. Consider for instance the link 45: this is dual to the 
triangle shared by the tetrahedra 4 and 5. The dihedral angle 6*45 between the tetrahedra 4 and 5 is associated 
with the link 45. 

The vertex amplitude A[s] is the given - up to normalization factors - by the evaluation of the boundary 
spin network s and defines the Barrett-Crane {10j}-symbol, following (7.8). 



The normalization ambiguity leads to an ambiguity in the definition of the Barrett-Crane model. It corresponds 
to arbitrary gluing factors between 4-simplices, or equivalently to ambiguity in defining the spinfoam edge 
amplitude Ae- We will come back to this issue in the last part, Chapter 15. 

Moreover, the {lOj} symbol will be the central object of the discussion about the physical boundary state for 
the quantum 4-simplex in the context of the Barrett-Crane model presented in the Chapter 15. 

This symbol admits a geometrical interpretation associated to a 4-simplex which we explain now. We 
introduce the notation (a b) for i linking the nodes a and b. The indices a, 6 = 1 • • • 5 label the five nodes 
of the pentahedral; in the triangulation picture, there are in correspondence with tetrahedra of the boundary 
4-simplex and links i = (ab) are dual to triangles (see Fig. 7.2). Thus, in the triangulation picture, while the 
five group elements ga G SU(2) are associated to the 5 tetrahedra of the 4-simplex, the ten representations 




(7.8) 



1 





(7.9) 
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ji = jab for a ^ b can be seen as attached to the triangles of the 4-simplex . The key fact is that it can be 
written as an integral over ten class angles 0ab S [O)""] of the group elements g^^db- ^ab is the dihedral angle 
and we use the convention 9aa = 0. In the triangulation picture, it is the angle between the outward normals 
to the tetrahedron a and the tetrahedron b of the 4-simplex. The {lOj} symbol then reads 

{loj} = / n Xj^M, (7-10) 

a<b 

where the measure on the ten class angles diJ,[0ab] takes into account that the group elements g^^db 8J:& obviously 
not independent. The measure is in fact simply given by a constraint [ill] 

dl^iOab] = n sinOabS (det Gab) , (7.11) 

a<b 

where G is the Gram matrix, a symmetric 5x5 matrix defined as Gab = cosOab- The constraint S{G) contains 
all the geometric information and allows to relate the {10j}-symbol to the Regge amplitude (which describes 
discretized gravity) for a Euclidean 4-simplex in the large j asymptotics [111, 110]. 

The independent variables are the areas of the triangles of the 4-simplex representing the triangulation or 
equivalently the dimension of the representation jab, dj^^ — 2 jab + 1, since Aab — Ipdj^^. The geometry of the 
4-simplex is fixed by giving the ten areas Aab ~ dj^^^ and the dihedral angles can be considered as functions 
Oab{dj^a) of the areas. Actually, we scale the area dj^^ instead of the spins jab, then the asymptotic behaviour 
on a single 4-simplex at the leading order ^ is given by [111] 

{lOj} ~ P{djJ cos (^l-SnidjJ^ + DidjJ, (7.12) 

where Sii[dj^^] = J2a<b djab^ab- is the action derived by Regge as a discretization of general relativity [112]. 
The function P{dj^^) is a slowly varying factor, that grows as C,~^/'^ when scaling all triangle areas dj^^ by C- 
D(dj^^) is a contribution coming from degenerate configurations of the 4-simplex. This is a non-oscillating term 
which has no interpretation in term of geometrical 4-simplices [113]. It was found to scale like and thus 
dominate the large spin limit of the j-symbol. Moreover, it was shown in a recent paper [114] that even after 
having removing the dominating contribution of order 1/C^, there arc additional non-oscillating contribiitions 
still hiding the Regge term. This result indicates that the connection between this Barrett-Crane model and 
general relativity is not so simple. 



7.2 The Lorentzian Barrett-Crane model 

Let us now introduce the Lorentzian Barrett-Crane model [104, 115]. In the Lorentzian case, we need to start 
with the SL(2.C) BF theory where SL(2,C), regarded as a real Lie group, is the spin cover of the Lorentz 
group. We recall that the principal series of unitary, irreducible representations of SL(2,C) are labelled by two 
parameters (n, p), with n a half-integer and p a real number. As for the Euclidean case, the diagonal simplicity 
constraints impose a restriction on representations I a = (?ia,Pa), 

2nAPA = VA, (7.13) 

leading to^ = VA. The cross simplicity constraints arc also imposed strongly at the level of a tetrahedron 
and induce a restriction on possible intertwiners. The analysis done in the Euclidean case is valid and the 
Lorentzian model is based on a vertex amplitude given by a {lOj} symbol, labelled by ten numbers pi, one per 
edge of the 4-simplex boundary spin network. Let us introduce again the notation (ab) for the edge i linking 
the nodes a and b {a,b = 1, • • • ,5). The vertex amplitude is then explicitly given by 

r ^ 

{Wj}{Pab)= / r\dXaT\Kp^,{Xa,Xb). (7.14) 

a=l ab 



^To scale dj^j^ instead of jab has no effect on the leading order. 

^The solutions pA = have been disregarded in the initial model [104], but incorporated later in [116]. 
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'H+ = {Xf_i € M**, = —1, xo > 0} is the unit upper hyperboloid in Minkowski space and the propagator 

Kp^^{Xa,Xb) is defined by 

K,ix,y)^^^^^;^^, (7.15) 
psinh(r(a;,y)) 

where r{x, y) is the; hypca-bolic; distance; bet,wc!cn x and y. To integrate over instead of %^ allows to 
regularize the amplitude which is otherwise divergent [104]. 

Let us now introduce the Immirzi parameter in this model. Indeed we will see in chapter 9 that a canonical 
basis of quantum states of geometry for the Lorentzian Barrett-Crane spinfoam model for quantum gravity can 
be given by projected spin networks (introduced in Chapter 5). In Chapter 9, we will define in particular a 
map from these projected spin networks to the standard SU(2) spin networks of loop quantum gravity. We will 
show that this map is not one-to-one and that the corresponding ambiguity is parameterized by the Immirzi 
parameter [5]. 

In both the Euclidean and Lorentzian Barrett-Crane models, the Immirzi parameter 7 can be taken into account 
by modifying the correspondence relation between the bivector B and the element of the Lie algebra 

B O J^' = + j", (7.16) 

with a and ^ functions of 7 [93]. It has been shown in [93] that the Barrett-Crane spin foam amplitude remains 
valid for all constructions taking as correspondence relation any relation of the form (7.16). Therefore, the fact 
to take into account the Immirzi parameter does not modify the final Barrett-Crane spinfoam model defined by 
(7.9) in the Euclidean case and by (7.15) in the Lorentzian case. 



CHAPTER 7. SIMPLICITY CONSTRAINTS AND THE BARRETT-CRANE MODEL 



Chapter 8 



Simplicity constraints and the 
EPRL-FK models 



It seems that the Barrett-Crane presented above is not able to capture the dynamics of general relativity. In 
the Euclidean case, the vertex amplitude given by a {lOj} symbol does not reproduce the semi-classical Regge 
action. This important property was identified in [117] where it was shown that the Barrett-Crane model is 
not able to reproduce the structure of the graviton propagator. This result is linked to the fact that each 
4-simplex contribution in the partition function is independent because of the uniqueness of the Barrett-Crane 
intertwiner. Hence, such unique intertwiner seems to be inadequate to carry information from one 4-simplex 
to another. Considered from the point of view of loop quantum gravity, this intertwiner also has the drawback 
that it seems to freeze too many degrees of freedom of the 3d space geometry. Since the uniqueness of the 
Barrett-Crane intertwiner is a consequence of the imposition of the simplicity constraints, it became clear that 
one should modify the way these constraints arc imposed. It was then proposed to solve the crossed simplicity 
constraints weakly, either by using some coherent state techniques [106] or by using a Gupta-Bleuler-like method 
involving the linear simplicity constraints [94, 95, 98]. The "weak" sense means in this context that one only 
requires that {(j)\C^^\iJj) = for any allowed boundary spin network states. These two approaches were shown 
to lead to the same spinfoam amplitudes [96, 97] apart from some subtle cases [107]. The weak imposition is 
justified by noting that after identification of the bivectors with the generators J of the gauge group (or a 
linear combination of the generators and of its Hodge dual due to the ambiguity in the correspondence step, 
see Section 6.3.2), the simplicity constraints become non-commutative and imposing them strongly leads to 
inconsistencies. 

The EPRL-FK models rely on a linear reformulation of the simplicity constraints (6.50) which distinguishes 
the two sectors (★ given in (6.27)) and (s given in (6.28)). 

(s) XI ■ Bi^ = 0, VA e dv, (*) e^KLXj ■ ^ = 0, VA e dv, (8.1) 

which replace the off simplicity constraints, i.e. the quadratic simplicity constraints (6.49) for the case where 
the two faces A, A' are involved. The diagonal simplicity constraints remain under their quadratic form 

eijKLBi'B^'^ = 0. (8.2) 

8.1 A quantization a la Gupta-Bleuler 

We will review the derivation of the EPRL model both in the Euclidean case and the Lorentzian case with a 
finite Immirzi parameter. In these models, the Immirzi parameter is incorporated in the Plebanski formulation 
by modifying the BP part of the action. We will see that this will imply a modification of the correspondence rule 
used in the Barrett-Crane model above. We will not simply have B J with J the generators of g = spin(4) in 
the Euclidean case and q — s/(2, C) in the Lorentzian case but a relation of the type (7.16) where the parameters 
a, (5 can be determined studying the symplectic structure of the boundary space [95, 98]. 
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We review here the construction of [98] done in the case of a triangulation A4 and for a group G = 
Spin(4), SL(2, C). We will specialize the analysis in the Euclidian and Lorentzian cases to identify their specific 
features after introducing the general procedure to quantize the model a la Gupta-Bleuler. The model has been 
then generalized to the case of an arbitrary cellular decomposition in [118]. Furthermore, wc will present the 
model defined for a cellular decomposition in the next section 8.2 where we will build the model using coherent 
states. 

In order to translate the simplicity constraints (8.1) at the quantum level, we first need to fix the ambiguity in 
the correspondence relation, 

B^J" = aJ" + /3 ★ J", (8.3) 

that is we need to determine a, (i and we shall proceed using the symplectic structure of the boundary space. 
Let us first precise the boundary variables [95]. As in the BF theory or in the Barrett-Crane model, the _B-fields 
are discretized on the triangles A of the triangulation A4. We are now going to explain the way the curvature 
is discretized. Geometry is assumed to be flat on each 4-simplex, therefore a cartesian coordinate patch can 
be chosen in order to cover the whole 4-simplcx. However, the triangulation is usually not flat and this patch 
cannot be extend to cover several 4-simplexes {w^, , tij. , • • • Uj, } which surround the dual face /* € A4 . The 
curvature is thus concentrated on the dual faces /* in the dual 2-complex of A4 and is coded in the holonomy 
around the link of each /* . 

The variables to describe this geometry are chosen as follows. We denote by 

e{t) = el{t)vidx^', (8.4) 

an orthonormal basis for the tetrahedron t where Vi is a basis in M"^ chosen once and for all and 

e{v) = ej^{v)vidx'^ , (8.5) 

an orthonormal basis describing the geometry in the 4-simplcx v. Wc denote by ta, a = 1, • • • ,5, the five 
tetrahedra that bound the single 4-simplex v, then there exists five matrices Vyt„ & G such that each e{ta) is 
related to e{v) by 

e{v)i = iKuyjeit,)i, (8.6) 

in the common coordinate patch. Wc can also define the elements Uf^t^^ € G which describe the parallel transport 
between two tetrahedra ta, h belonging to the 4-simplex v. 

e{ta) = UMb) e{h) with U^itah) = (KtJ^'Kt, = Vt^yV^t,, (8.7) 

the last equality reflecting the fact that the 4-simplices arc supposed to be flat. If we consider now two tetrahedra 
t and t' sharing a face A but not necessarily at the same 4-simplex, we can also define the parallel transport 
between t and t' by UA{t, t') G G such that 

UA{t,t') = Vty,Vy,t,Vt,y, ■ ■ ■ K„t', (8.8) 

where the product is around the link of A in the clock-wise direction from t' to t. We can then write for each 
tetrahedron t 

BAit)"= [ *{e{ty Ae{ty). (8.9) 

J A 

Two bivectors B^it), B^it') associated to the same triangle A represent the triangle A in two different internal 
frames associated to two distinct tetrahedra t and t'. These two bivectors are different but related by 

UA{t,t')BA{t') = BA{t)UA{t,t'). (8.10) 

For a given triangle A, we denote ii • • • t„ the set of the tetrahedra in the link around A and V12, f23, • • • , v^i 
the corresponding set of simplicies in this link, where bounds V12 and V23 and so on cyclically. We call the 
link around the face A, the cyclic sequence of 4-simplices separated by the tetrahedra that meet at the triangle 
A. The curvature associated to A is then defined by 

UA{ti) = Uy,,{ti,t2) ■ ■ ■ Uy^^ (i„,ii) = Vt,y,,Vy,,t, ■ ■ ■ 14„^„iK„iti (8.11) 
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that is by the product of the matrices obtained turning along the hnk of the triangle A, beginning with the 
tetrahedron ti. The V matrices are associated to the tetrahedra or equivalently to the dual edges e* S A4, 
UA{t) = UA{t,t) is the holonomy around the triangle A and the V matrices are the analogous of the group 
elements g^', defined in the discrete BF theory (see Section 6.3.1), which also appear in the derivation of the 
Barrett-Crane model (see Chapter 7). 
The classical discrete action is [98, 119] 



S = - Yl *^ BA{t)UA{t) + -*BA{t)UA{t) - ^ tr 



AeintA4 



AGaA4 



BA{t)UA{t,t') + ^i.BA{t)UA{t,t') 



(8.12) 



This action with the simplicity constraints (8.1) and closure constraint (10.28) defines a discretization of general 
relativity [95, 98]. The boundary variables are in this formulation BA{t) G Q and UA{t,t') G G. The conjugated 
variable^ to UA{t,t') is 

JAit) = BA{t) + l^*BA{t) ^ BA{t) = ;;^^^(^JA{t)-l^*JA{t)j, (8.13) 

where s = 1 for G = Spin(4) and s = — 1 for G = SL(2,C) and where we have assumed 7 finite and 7 7^ 0, 1. 
Thus a group element Ua G G and as conjugated variable element Ja € fl are associated to each boundary 
triangle A in the boundary Ag of the triangulation A4. 

G X 9 {Ua, Ja) — ^ A c A9. 

It has been shown in [95] that this choice of variables {Ua, Ja) defines the same boundary phase space as for a 
lattice Yang-Mills theory with gauge group G. The explicit expression of the symplectic structure can be found 
in [95]. 

Before quantizing the theory, let us express the constraints for the J field. Indeed, the constraints (8.1) and 
(8.2) as well as the closure constraint (6.48) on the B field translate into constraints on the J field. 
The closure for the B is equivalent to the closure for the J and this constraint will be imposed automatically 
by the dynamics. The simplicity constraints (8.2) and (8.1) become respectively 

Caa = irJA ■ Ja (l + - s^Ja ■ Ja ^ 0, (8.14) 

Ci = XI (^{i.J)" - ^.Ji'^ = 0, (8.15) 

where in the first equation, the dot stands for the scalar product in the algebra. To solve the second, we fix the 
gauge to xi = Sj 

Ci = Li - '-Ki = 0, (8.16) 

where 

Li^^kiJl and Ki^j'i (8.17) 

are respectively the generators of the SU(2) subgroup that leave xi invariant and the generators of the cor- 
responding boosts. The choice of this gauge corresponds in the Lorentzian case to the restriction of spacelike 
tetrahedra. The general case is recovered thanks to gauge invariance. 

Let us now focus on the quantization step. We first need to write the Hilbert space associated with the 
boundary state space. For a given boundary, a 3-surface denoted by S, the associated Hilbert space is 

?^S = i' (G^,d/iHaar), 



^Note that this not the conjugated variables in the 3-1-1 canonical sense. They are conjugated in the general sense where J and 
U axe conjugated means that the action can be written as 5 = ^ UJ [108] . 
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where L is the mimbcr of links of the graph of the dual 2-complex Ag of the boundary triangulation (see 
Table 6.1 for the precise relation between a three-dimensional triangulation and its dual two-complex) and 
d/XHaar is the Haar measure on the group G. In fact, we can write 'He under the form 

^s=0(g)7^t, (8.18) 

Ia t 

where "Ht is the associated Hilbert space to the tetrahedron t. 

Let us focus on a single tetrahedron t of the boundary triangulation A^ and on its associated Hilbert space Ht ■ 
We associate an irreducible representation of G, Ia, to each triangle A of the tetrahedron. We denote Aq=i...4 
the four triangles associated to t, then 

4 

nt = ^ni^, (8.19) 

a=l 

where T-Lx is the carrier space of the representation I. It is the bivector conjugated to the curvature, Ja in 
our case, that is quantized being replaced by the generator of the symmetry algebra q in this representation^. 
We denote J the g generators. The closure constraint on the J-fields associated to the faces of the tetrahedron 
translates into a closure constraint on the g-generators Ja- However, contrary to the Barrett-Crane model 
(see section 7) in which the simplicity constraints were imposed on the G-intertwiner space - i.e. the closure 
constraint was imposed before the simplicity constraints - the procedure followed in [94, 95, 98] consists in 
imposing firstly the simplicity constraints and in imposing the closure constraint secondly. 

Let us precise the procedure followed to impose the different constraints in this context. 
The quadratic diagonal simplicity constraints (8.14) imposed strongly translates into an equation on the 
Casimirs Cq and Cq- 

1 + ^) ^g{Ia) - Y <^g{Ia) = 0, (8.20) 
where 

Cg{Ia) = le^'^'-jffJKl = ^sL^Kj, (8.21) 

is the pseudo-scalar Casimir of the group G, and 

Cg(Xa) = {J^^y-^Jfj = 2(L^ + sK'^) (8.22) 

is the scalar Casimir of G. We have respectively s = 1, — 1 for G = Spin(4), SL(2,C). This strong constraint will 
restrict the allowed G-representations to 7-simple representations. The definition of a 7-simple representation 
for the group G will be explicitly given in the two next sections where we will distinguish the Euclidean case 
G = Spin(4) and the Lorentzian case G = SL(2, C). 

Regarding the gauge-fixed cross simplicity constraints (8.16), we look for a Hilbert space Hg, a subspace of Ht, 
such that the matrix elements of the cross simplicity constraints (8.16) on this smaller Hilbert space all vanish 

V(/),V€H„ (0|C^|V) = 0. (8.23) 

The strategy followed in [119, 98] is inspired by [77, 120, 121, 122]. The set of constraints (8.16) is replaced by 
the single "master" constraint 

Ma^YI (^i)' = E - ^^') ' = 0- (8-24) 

This new constraint can be written in terms of the Casimir operators Cg and Cq respectively given by (8.21) 
and (8.22) 

Ma = (1 - ^) + - ^Gg = 0, (8.25) 



^This is justified in [95, 98] by the symplectic structure of the boundary phase space which reproduces the one of a lattice 
Yang-Mills theory with gauge group G. 
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which combined with (8.20) simplifies into 

Cg - 47L2 = 0. (8.26) 

This new equation will select one subspace of the Hilbert space associated to the tetrahedron. This subspace 
corresponds to Hg - this is explicitly shown in [123] for the Euclidean case and in [124] for the Lorentzian case. 
Finally, once the simplicity has boon implemented, the closure constraint (6.48) is imposed on "H^ turning it 
into an intertwiner space. In terms of the SU(2) rotation and boost generators, L and K, this constraint (6.48) 
becomes 

^LX=0 Vi, (8.27) 
Aet 

Y^Ki=0 Vi. (8.28) 
In fact, these closure constraints are imposed only weakly turning Hs into a SU(2) intertwiner space, denoted 

by 

= Invsu(2) [He] . (8.29) 

More precisely, by definition of /C^, the left-hand-side of (8.27) which is the generator of global SU(2) transfor- 
mations vanishes strongly on /C., whereas the left-hand-side of (8.28) is weakly proportional to X^^gj L\ due to 
the weak relation (8.23) and therefore vanishes weakly. 

The total physical boundary space Hph of the theory is finally obtained as the span of spin networks in 

L'^[G^ /G^ , dfiYia^i] V is the number of vertices of the graph of the dual 2-complex of the boundary 
triangulation Ag - with 7-simple representations on edges and with intertwiners in the spaces ICg at each ver- 
tex. Thus, by definition, the boundary states correspond to projected spin networks js,t . ) defined in (5.11) 
with le = 2a 7-simple representations of G for any triangulation"^ A and = j* = ja a SU(2) irreducible 
representations such that [L^)"^ = JaUa + !)■ The embedding of the irreducible representations 7 a into the 
G irreducible representations Xa given by the relation (8.25) is explicitly detailed in the two next sections, 
respectively for G = Spin(4) and G = SL(2,C). Moreover, is the SU(2) intertwiner chosen in /C^ associated 
to each vertex v. We will see in the Chapter 9 that the projected spin networks are in addition very easily 
related to the SU(2) spin networks of loop quantum gravity. 

Finally, to recover G spin networks the last step is a group averaging (as defined in (5.7)). 
The EPRL-FK vertex amplitude can then be defined using the BF amplitude (6.43). The explicit expressions, 
which depends on the considered group G, are given in the two following sections: let us identify now the 
different aspects of the model according to the choice of group G = Spin(4) or G = SL(2,C). 

8.1.1 The Euclidean case with a finite Immirzi parameter 

We recall that unitary representations of Spin(4) are labelled by a couple of half integers I = {k^, k^). 

• The diagonal simplicity constraints (8.20) impose then the following restriction on the representations 
associated to each face A 

k^. (8.30) 

Let us notice that in order to obtain this solution - more precisely in oder that (8.20) for the Spin(4) 
Casimir does have solutions - the authors of [98] had to choose a different ordering than the usual one 
used to define Casimirs operators^ of Spin(4). 

^We recall that edges e 6 Ag in the dual picture are dual to triangles A 6 Ag and this one-to-one correspondence allows us to 
denote the discrete variables by either a triangle A or an edge e subindex respectively. 
*With the usual ordering, we have 

C'spm(4) = 4fe^(fe^ -f- 1) + 4fe«(fe« -I- 1) and Cspta(4) = 4fe^(fe^ + 1) - 4fc«(fe« + 1). 



7 + 1 
7-1 
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• Let us restrict to the case 7 > which implies fc^ > . Inserting (8.30) into the "master" constraint 
(8.26) constraints the quantum number j associated to the SU(2) Casimir (again up to an ordering 
ambiguity) to 

,2 f2k^\' f2k^Y ■ f k^ + k^ 0<7<1 

^=VrT^j=iT^j ^ ' = [k^-k^ 7>i • ^'-''^ 

This constraint selects a subspace Hs of T-Lt = (8)a=i • Indeed, for each triangle Aa=i...4, the Clebsch- 
Gordan decomposition of Hi^ gives 

^loc =T^k^®k^ = ^ic) (8.32) 

and the constraint (8.31) selects in Hi^ the "extremum" subspace leading to 

4 

^UkL+k^, for7<l, 



Us 



(8.33) 



4 

■Hfci;_feK, for7>l. 



The simplicity constraints (8.15), when (8.30) is holding, is then satisfied weakly in 'Hg [123]. That is, the 
action of the constraints on the states in %s (8.23) results in states orthogonal to "Hg. 

• The last step is to solve weakly the closure constraints given by (8.27) and (8.28) in the space Hg in order 
to get an intertwiner space Kg- We get that 

Kg = Invsu(2) [Hg] . (8.34) 

• Then, to get a Spin(4) spin network a group averaging on Spin(4) is performed. We can now define the 
vertex amplitude. We will not give any details on its construction which can be obtained starting from 
the Spin(4) BF vertex amplitude (6.43), see [95, 98]. 



35) 



where the 15j are the standard SU(2) Wigner symbols and fll'-R are the fusion coefficient obtained 
contracting SU(2) intertwiners iy» and Spin(4) intertwiners (i^,,i^,) (for further details see [98]). 

8.1.2 The Lorentzian, with a finite Immirzi parameter 

We recall that the principal series of unitary representations of SL(2, C) are labelled by two parameters I = {n, p) 
with n a half-integer and p a real number. 

• The diagonal simplicity constraints (8.20) impose the following restriction on the representations associated 
to each face A 

p = 7(n+l). (8.36) 

Let us notice that this solution first proposed in [124] differs from the usual solution p = "fn found in the 
literature but it is this ansatz we use in the Chapter 9. Moreover, there exists a second branch of solutions 
to these constaints (8.20) given by p = — n/7 but it is eliminated by the master constraint (8.26). 
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• Inserting this relation (8.36) into the "master" constraint (8.26) constraints the quantum number j asso- 
ciated to the SU(2) Casimir to 

j = n. (8.37) 

This constraint selects a subspace Hs of Ht = 0^=1 "^la- Indeed, for each triangle Aa=i...4, Hx^ splits 
into the irreducible representations Hj^ of the SU(2) subgroup as 

oo 

=^(„„,p„) = nj^, (8.38) 

ja=na 

with ja increasing in steps of 1 and the constraint (8.37) selects in Hx^ the "minimal" subspace leading 
to 

4 

ns = (^Hn^. (8.39) 

Q = l 

The simplicity constraints (8.15), when (8.36) is holding, is then satisfied weakly in Hs [124]. That is, the 
action of the constraints on the states in Hs (8.23) results in states orthogonal to Hs- 

• The last step is to solve weakly the closure constraints given by (8.27) and (8.28) in the space Hs in order 
to get an intertwiner space /Cg. We get that 

ICs = Invsu(2) [Hs] . (8.40) 

• As in the Euclidean case, the last step is a group averaging over SL(2,C) in order to obtain SL(2,C) spin 
networks and the vertex amplitude is given by [98, 124] 

^SL(2,C)EPRL-FK(^.^^^.^^^^^ / dpe- (p^. +n^0l5isL(2,C) (i/* , 7(j/* + 1); (^e* , Pe* )) f R ^^t: ..e* (j/O) 

(8.41) 

where we now use the I5j of SL(2,C) and fn'.^p^, are fusion coefficients obtained contracting SU(2) 
intertwiners and SL(2,C) intertwiners {ne»,Pe')- 

This concludes our overview of the way introduced in [94, 95, 98] to deal with the simplicity constraints. 



8.2 Using coherent states 

We will now introduce the coherent intertwiners used to solve weakly the cross simplicity constraints in the 
EPRL-FK models. The problem of defining "coherent states" for loop quantum gravity has raised an increasing 

interest over the last few years. Indeed, although the fact that spin network states, the building block of loop 
quantum gravity, provide a basis of the kinematical Hilbert space and diagonalize some geometric operators, 
they lack a low-energy interpretation. We need to bridge the Planck scale quantum geometry to a smooth 
and classical three dimensional geometry, which is why the construction of coherent states is very important. 
These semi-classical states should be the analogue of wave packets or coherent states that approximate classical 
configurations in ordinary quantum theory. We recall that the phase space of general relativity can be described 
by the triad and SU(2) connection {Ef, AJ,) used in loop gravity. Consequently, a coherent state for loop gravity 
should be a superposition of spin networks peaked on {Ef, j4^), with small fluctuations. This approach has been 
developed by T. Thiemann and collaborators [72, 125, 126, 127, 128]. 

In the context of spin foam models, the approach to find semi-classical quantum states that approximate a given 
classical geometry is different. In the spin foam framework, a classical phase space point is described in terms of 
quantities referring to discrete geometries, e.g. areas and dihedral angles, as opposed to holonomies and fluxes. 
The precise connection between the loop quantiim variables associated to a given graph F and labels describing 
the spin foam discrete geometry has been done using twisted geometries [129, 130]. Twisted geometries are 
quantities describing the intrinsic and extrinsic geometry of the cellular decomposition dual to the graph F. 
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Wc now define the SU(2) coherent states introduced by E. Livine and S. Speziale in [106]. These coherent 
intertwiners, labelled by N unit vectors in satisfying a closure condition - in the case of a valent vertex 
-, have very interesting semi-classical properties and allow to peak intertwiners on specific classical convex 
polyhedra [131, 132, 8]. 

8.2.1 The SU(2) coherent intertwiners 

The SU(2) coherent states are derived by acting with SU(2) rotations on the highest weight vectors \j,j) 

V5GSU(2), \j,g) = g\j,j). (8.42) 
These states are coherent states a la Perelomov and transform consistently under the SU{2) action 

h\j,g) = \j,hg). (8.43) 
They also satisfy a very simple tensorial property 

\j,g)^\j,g) = 9{\j,j)^\j,j)) = 9\j + j,j+j) = \j + lg)- (8.44) 

It is easy to compute their expectation values 

{j,9\J\h9) = jn, n = gz, (8.45) 

where the unit vector n € 5^ is obtained by rotating the z axis by the SU(2) group element g. They are actually 
coherent states on the 2-sphere S"^ ~ SU(2)/U(1) since h only depends on up to a U(l) phase. Actually, the 
standard definition of the SU(2) coherent states involves a choice of section and we usually choose the unique 
group element g{n) for a given unit vector n such that the rotation axis lays in the (xy) plane. Then the coherent 
state is defined as \j,n) = g{h) \ j,j) = \j,g{n)). Finally, these states minimize the uncertainty relation 

{j, 9\J^\j, 9) - {j, 9\J\3, 9? = j{j + 1) - f = j- (8.46) 

Then AT-valent coherent intertwiners are defined following [106] by tensoring N such SU(2) coherent states 
and group averaging this tensor product in order to get an intertwiner. More precisely, we choose N represen- 
tations of SU(2) labeled by the spins ji, -.jjN and N unit 3- vectors ni, ..,njv, then we define 

. Af „ JV 

\\ji,hi) = / dgg>(^\j^,n^) = / dg gg{hi)\ji,ji). (8.47) 
7su(2) Jsu(2) 

8.2.2 Intertwiner states as weak solutions of the simplicity constraints 

Now coming back to the Spin(4) ~ SUi,(2) x SUfl(2) and the simplicity constraints, we use simple Spin(4) rep- 
resentations with jf' = and double the labels of the coherent states introducing unit 3-vectors ..,fi^^. 
Considering the tensor product of SU(2) coherent states \j-,h^) ® \3-,n^)-i the expectation values of the spin(4) 
generators jf''^ are jh^'^. These two 3-vectors with equal norm define a single bivector B e A^M^ being 
its self-dual and anti-self dual components. Then considering N such coherent states \ji,hf) ® \ji,nf), their 
expectation values give N bivectors Bi. We now impose the simplicity constraints on these classical bivectors. 

First looking at the sector (s) (defined by (6.27), the fact that the bivectors Bi all share a same time normal 
X translates to the existence of a SU(2) transformation mapping simultaneously all the self-dual part (left) onto 
the anti-self-dual part (right). Moreover, this SU(2) group element defines uniquely the normal 4- vector, 

yi,x-Bi = 35feSU(2), \/i,hf=ghf-, x = {g,l)>ij, (8.48) 

where ui = (1,0,0,0) is the reference unit time vector and the Spin(4) group element (g,I) is defined through 
its left/right factors. Imposing this constraint on the labels of the coherent states, we define a Spin(4) coherent 
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intertwiner by group averaging. This coherent intertwincr is labeled by the representation label, plus the unit 3- 
vectors hf', plus the group element g which gives the time normal and the rotation which defines the components 
nf from the 



\\ji,ni,g)a = / dgLdgu 

iSUi,(2)xSUH(2) 



N 



gL>(>Og\ji,ni) 



N 



/ dgLgL>^\ji,ni) 

JSV(2) 



N 

gR>(^\ji,ni) 

i=l 



/ dgRgR>^\ji,hi) 

JS\J{2) ,_i 



(8.49) 



Two things arc obvious from this expression. 



• The Spin(4) group averaging erases the group element g and thus all the data about the precise time 
normal x. In particular, we can drop the label g and call these states simply \\ji,ni)s- 

• This states \ \ji,ni)s are the tensor product of two identical SU(2) intertwiners for the left and right parts. 
In particular, they obvious satisfy the quadratic simplicity constraints 



^.50) 



Moreover, they minimize the uncertainty by definition. 
We can go one step further by re-writing these states, 

. JV . N 

\\ji,ni)s= dGGt><^\ji,n,)L(S)\ji,ni)R = dGGt><^\2ji,ni), (8.51) 

^Spin(4) 7Spin(4) -^^ 

where we used the tensorial property of the SU(2) coherent states \j,n) \ j,n) = \j + j,n). This shows that 
the coherent states are exactly the EPR states [94, 95] which form a Hilbert space HsIJa] solving weakly the 
simplicity constraints [96, 97]. 

Second, we consider the dual sector (★) (defined by (6.28)) and we follow the same procedure. The only 
difference is a sign in solving the corresponding linear simplicity constraints. 



Vi, exBi = <^ 
This leads to similar coherent states [96, 97]. 



3g e SU(2), Vi, 



/ dgLgL^^\3i,-ni) 

JSU{2) 



N 



N 



/ dgLgL>Q^\ji,ni) 
Jsu{2) 



/ dgRgR>(^\ji,hi) 

.•^SU(2) 

N 

dgRgR>l^\ji,ni) 

SU(2) 



(8.52) 

(8.53) 
(8.54) 



Once again, it is obvious to check that these states satisfy the quadratic simplicity constraints in expectation 
value. Also, the information about the time normal is completely erased by the group averaging. Finally, the 
key difference with the previous sector (s) is that these intertwiner states generate the whole intertwiner space 
and do not form a subspace. This ansatz looks more like a fuzzy version of the Barrett-Crane intertwiner. 



This concludes our qiuck overview of the standard way to deal with the crossed simplicity constraints using 
the SU(2) coherent intertwiners. 
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Chapter 9 

Simplicity constraints and SU(2) spin 
networks 

9.1 Back and forth between projected and SU(2) spin networks 

We focus in this Chapter on the Lorentzian case, i.e. G = SL(2, C). Let us consider an arbitrary oriented graph 
r with E edges and V vertices. We denote again H = igu(2) inv M^^l where dG is the SL(2, C) Haar measure, 
the Hilbert space of projected cyhndrical functionals on the graph F introduced in Section 5. Wc have left 
imphcit the underlying graph V since the whole following analysis is done for the fixed graph V . The projected 
spin networks 

^I,,3l'\iS^e,Xv) = tr]J(Ie,Je,rng|B7(^)Ge-Bt(e)|Xe, j*,TO*) ]J((8)e|*(e)=« ^^g, j* , m* |i„ | ®e\s(e)=v'^e, jl.fnl) , 
e V 

(9.1) 

form an orthonormal basis of H and are the natural boundary states for Spin Foam models (as explained in 

Section 8.1 for the EPRL-FK spin foam models and in [80] for the Barrett-Crane model). In the previous formula, 
we recall that I = {n,p) are SL(2,C) irreducible representations, j are SU(2) irreducible representations and i 
are SU(2) intertwiners. Our goal is to compare the projected spin networks with the SU(2) spin network basis 
of loop quantum gravity. As we have seen, the projected spin networks arc Lorentz-invariant functionals of the 
SL(2,C) connection and of the time-normal field. Nevertheless, as soon as we fix the value of the time-normal 
field (at the vertices of the graph used to construct the spin network), they are only required to satisfy an 
effective SU(2) invariance and thus they are built using SU(2)-intertwiners and not SL(2, C)-intertwiners. Since 
SU(2) spin networks are also built from SU(2)-intertwiners, this hints towards a direct path between the two 
sets of states. Prom this perspective, projected spin networks seems to be extensions of SU(2) spin networks, 
allowing to evaluate them on the whole Lorentz group SL(2, C) and not only on the SU(2) subgroup. 

9.1.1 Projecting down to SU(2) spin networks 

Let us start by reminding the definition of SU(2) cylindrical functions on the graph F introduced in Section 
4.1. They are functions of E group elements in SU(2) living on the edges of the graph and satisfying a SU(2) 
invariance at every vertex 

i'{9e) = ^iKie)geh;^l)), V/i„ e SU(2)X^. (9.2) 
The natural scalar product on this space of functions is 

(^|/)su(2) = / [dgeMge)^'{ge), (9.3) 

JSV{2) 

where dg is the Haar measure on the SU(2) Lie group. Let us call Hg the space of such SU(2) invariant 
cylindrical functions. Then this Hilbert space Hs is spanned by the usual spin network states defined in Section 
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4.3. A spin network is labeled by a set of spins je for each edge and SU(2)-intertwiners iy for every vertex. 
Then we define 

i^jciviQe) = trY[{je,ml\ge\je,ml) '[l{'»e\tie)=vje,ml\iy\ lSie\s{e)=v je,ml), (9.4) 

e V 

which simply amounts to contracting the Wigner matrices D^^^^tid) = {j,rn^\g\j,rn*) along every edge e with 
the intertwiners sitting at the vertices. We point out that this definition is almost the same as the one of 
projected spin networks: the difference is that wc evaluate projected spin networks on the whole SL(2, C) group 
and this requires the choice of an extra SL(2, C) irrep Ig for each edge of the graph. 
The scalar product between two such SU(2) spin networks is easily computed 

s 

e -^^ V 

where we remind that dj = {2j + 1) is the dimension of the SU(2)-irrcp of spin j. 

Since the projected cylindrical functions and the SU(2) cylindrical functions share the same SU(2) invariance, 
it is natural to introduce the following projection 

M: H ^ Hs 

which is simply the restriction of the projected cylindrical function to the SU(2) subgroup. Considering the 
invariance property of the function ip and its section (j) at Xy = u), Vv, the map A4 is well-defined and the 
resulting function tjj is correctly SU(2)-invariant as wanted. 

It is straightforward to compute the image of the projected spin network by the map A4. First, considering 
the case of functions with ^ jl, the corresponding SU(2) function vanishes: 

VieVjt, >'</'i.,,|.',i„ = 0, (9.7) 

since a SU(2) group element could never trigger a transition between two different SU(2) irreps (by definition). 
On the other hand, now assuming that the two spins are equal for all edges so that we can drop the index s, t, 
jl = il = je, then the image of the corresponding projected spin network is as expected simply a SU(2) spin 
network: 

Vj| = jl = je, M^x^j^,i^ = , (9-8) 
as long as the spin jg is compatible with the SL(2,C) irrep, i.e je > rie (or more exactly je € rie + N). 

In the next sections, we investigate the inverse map(s) to A4, that is how to lift SU(2) cylindrical functions to 
functions on the whole Lorentz group SL(2,C). Understanding in details how this lifting is achieved is crucial 
to the construction of the EPR-FK class of spin foam models and their interpretation as an ansatz for the 
dynamics of Loop Quantum Gravity. 

In the following, we will focus on projected spin networks satisfying the "matching" constraints j| = j*. 
We call Hp the Hilbert spanned by these "proper" projected spin network functional (whose evaluation on the 
SU(2) subgroup does not trivially vanish). As seen from the last equation above, inverting the map A4 would 
more or less simply amount to choosing a SL(2, C) irrep Ig into which to embed the SU(2) irrep je- We analyze 
this in details below. 



9.1.2 Lifting back Spin Networks 

Starting with a SU(2) cylindrical function V'(.9e) invariant under the SU(2) action at every vertex, the goal is to 
constriict a Lorentz invariant extension for it. Following the insight of the previous section, the simplest way to 
proceed would be to decompose the function ip in SU(2) irrep je and to choose a SL(2, C) irrep for every spin. 
At the level of the groups, these operations are done through convolutions with SU(2) and SL(2, C) characters. 
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More precisely, starting with il>{ge), we construct the following projected cylindrical function: 

^(Ge, S.) = V A,^ / [dKdk,] V'(fce) X'^ {heke) {B-\ G,B^(,)h,). (9.9) 

Aj is a weight depending on the spin j that we will uniquely fix below by requiring that M.ip = tjj or more 
explicitly (p(ge,T) = V'lSe)- The label le is an arbitrary function of the spin je and it docs not need to be 
the same for all the edges e of the graph. The only constraint is that the SU(2)-irrep je needs to be in the 
SL(2, C)-irrep X^, i.e we require that rig < je always (more exactly, G "e + N). 

First, we check that the constructed function is invariant under SU(2) shifts By — >■ Byhy. This is true 
thanks to the SU(2) invariance of the original function ip. Then, we easily see that this function is invariant 
under Lorentz transformations acting simultaneously on both Gg and By. Finally, we would like to ensure that 
is a proper lifting of tA, i.e that M.if = ip. To check this, we compute straightforwardly the value of if for 
Ge = 5e G SU(2) and B^ = I: 

^(ffe,I) = VA,- / [dhedke]i^ike)x''{heke)e^^{gehe). (9.10) 

As we reviewed earlier, we can express the SL(2, C)-character in term of the SU(2) characters when evaluated 
on SU(2) group elements: 

leerie+n 

We can then proceed to the integration over he using the known convolution formula^ for SU(2)-characters : 

^{ge,l) = [ [dkej^Pike) UT. ^ (^ek-') = ^(ffe), 

■/SU(2) «je 

as long as we fix the weights Aj = d'j = {2j + 1)^ in order to recover the i5-distribution, J2j(^jX''{9k~^) = 
S{gk-^). 

Finally, we have checked that our formula (9.9) correctly defines a lift of SU(2) cylindrical functions to 
Lorentz- invariant projected cylindrical functions and properly inverses the projection map M. The parameters 
of this lifting are a choice of Ig irrep label for each spin je on each edge e. There have been two typical choices 
for this parameter in the spin foam literature reviewed in Sections 7.2 and 8.1: 

• The Barrett- Crane ansatz: rig = for all spins je on all edges 

This restricts to irreps of the type (0,p) used in the (Lorentzian) Barrett-Crane model [104, 115]. Let us 
emphasize that the label of the SL(2, C) rig is not the spin je, which can still vary freely. If we further fix 
je = 0, then we recover the simple spin networks usually used as boundary states of the Barrett-Crane 
model. Nevertheless, our analysis here suggests that we should not proceed to such a restriction and we 
would have a Hilbert space of projected spin networks for the BC model which would be isomorphic to 
the space of SU(2) spin networks. This interpretation of the BC model in term of projected spin networks 
and time-normals was already pushed forward in [80, 133, 134]. In particular, in [134], it was speculated 
that spins je ^ would correspond to particle insertions in the Barrett-Crane model, but we will not 
pursue in this direction. 

^The convolution formula for SU(2)-char£Lcters is: 

f dhxHhk)x'{9h) = ^ xHgk-^), 

JSV(2) dj 

where dj = {2j + 1) is the dimension of the SU(2)-irrcp of spin j. This follows from the orthonormality of matrix elements 
with respect to the Haar measure. When g = k in particular, we recover the usual orthonormalization condition for characters 
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• The EPRL-FK ansatz: rig = je for all spins je on all edges 

This is the condition to build SL(2, C) coherent states used in the construction of the Lorentzian spinfoam 
models of the EPRL-FK type [98, 96, 135]. We will study this case in details in the next section, and see 
how the Immirzi parameter enters our definition of the inverse lift. 



9.2 Simplicity Constraints and the Immirzi Parameter 
9.2.1 Weak Constraints 

Following the approach used for constructing the EPRL-FK spinfoam models, we look at weak constraints 
that are satisfied by the projected spin network states [95, 98, 96, 97]. More precisely, we compare the matrix 
elements of the SU(2) rotation generators J and of the boost generators K [95, 98, 124]. The simplicity 
constraints amounts to requiring that the matrix elements of these two operators are the same up to a global 
factor, which would be identified as the Immirzi parameter. 

We start with SU(2) spin network states ip and ip, which we lift to projected spin networks ip and cp using 
the same mapping i.e the same choice of SL(2, C) irreps. Then considering a fixed edge e, let us start by looking 
at the matrix elements of the left action of the boost generators on these projected spin networks: 

= J[dGemGe)Ke>L4>{Ge) (9.11) 
= / [dGe][dhedhedkedkeMke)4>{ke) [] II 4 (/lefce)x''= (/iefce)e(»-^=) (Ge/ie)e("-''') (^eGe/^e)- 

The integral over the SL(2,C) group elements Ge can be done using the orthonormality of the SL(2,C) matrix 
elements with respect to the Haar measure and give Q^"^''''\Keh^^he) up to a measure factor depending solely 
on {n,p). Let us have a closer look at this term: 

e^^"P'\K^h-^he) = J2{{ne,Pe)leme\KeK^K\{ne,Pe)leme}. 

First, the group variable h'^^he is in the SU(2) subgroup and therefore doesn't change the spin le- Thus only the 
matrix elements of the boost generators Ke in the SU(2)-irrep of spin 1^ matter. Next, due to the integration 
over he and the insertion of the character (heke), only the component — je enters the calculation of the 
expectation value above. Similarly, the integration over he and the insertion of the character x'°{heke) forces 
le = je = je- Finally, we refer to the explicit action of the boost and rotation generators in a (n, p)-irrep given 
in (A.4) and (A.5), 

VZ,m,m', {{n, p)l,m\K\{n, p)l,m') = pf-'''\{n,p)l,m\J\{n,p)l,m'), (9.12) 

where the coefficient f3j is given in (A. 6). This was already noticed in [133, 98, 124]. We would like to use this 
fact in order to relate the values of the expectation values {ip>\Ki^^\if)) and {ip\ji^^\(p). The obvious issue is that 
p{ne,Pe) (depends on jg and the precise choice of embedding {ne,pe) chosen for each value of je- 

Considering the Barrett-Crane ansatz rig = for all values oi je, we get the trivial value of the proportionality 
coefficients, = 0. This leads to the identity: 

Barrett-Crane ansatz rie = {ip\K^^'^\<p) = 0. (9.13) 

We do not consider this ansatz particularly useful, but at least worth mentioning considering the attention that 
the Barrett-Crane model has received over the past decade. 
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The case of the EPRL-FK ansatz is much more interesting. We choose the maximal value for the label of 
the SL(2, C) irrep, rig = je- Then we would like to fix the value of the coefficients /3j^ to a fixed value /3e which 
does not depend on the value of the spin but only on the considered edge e. This leads to a unique solution 
for pe as a function of the spin jg-. 

rieUe) = je, Pe{je) = Me + 1), Pf'^^ = ^^^^ = ^e- (9-14) 

Je(Je + J- J 

This leads to the final equality: 

EPRL-FK ansatz (ne,Pe) = (ie,/3e(je + 1)) (v'l-^i^V) = Pe (9.15) 

The same equality holds if considering the right action of the boost and rotation generators. This is exactly the 
(linear) simplicity constraints that are imposed in the EPRL-FK spinfoam model with Immirzi parameter j3e. 
Let us underline that we do not need to choose the same proportionality coefficient (3f. for all edges e. 

This is what is usually assumed in the EPRL-FK spinfoam model. However, in our framework, we are free 
to choose a different value (3e for each edge of the graph, i.e a different value of the Immirzi parameter along 
the edges of the projected spin networks. This makes it more like an Immirzi field than an Immirzi parameter. 

Finally, we introduce the precise lift inverting the projection map A4 in the EPRL-FK ansatz. This lift is 
parameterized by a choice of coefficients {(3^} & for all edges of the graph. Then we define: 

'C{/3j ■■ Hs Hp 

V(5e) ^ ip{Ge,B,)= [ [d/ledfce]V'(fce) V4x^''(/lefce)e(^-'^=(^= + l»(B;l GeBt(e)/le). 

(9.16) 

As already shown in section 9.1.2, this provides us with a proper inverse for the map A4: 

V{^e}, VV e H, MC{p^}i, = V. (9.17) 

We can even go further by noticing by all possible values for {ne,Pe) G N/2 x M are reached as je and /3e 
vary respectively in N/2 and R. Indeed, we can inverse the relations given above to get: 

ie=ne, I3e = ^^- (9.18) 
Je ' ^ 

This means that we can use the maps -C^^^j to obtain a full foliation of the Hilbert of (proper) projected spin 
network: 

Hp= ® ^{0.}H. (9.19) 
{/3e}eK^ 

In words, this means that choosing arbitrary values of the Immirzi parameter /3,, for each edge of the graph, we 
will cover the whole space of proper projected spin networks by applying the lifting map to the standard 

SU(2) spin networks. We underline that we are restricted to proper projected spin networks since we always 
require that j| = j* on all edges of the graph. 

From the point of view of Loop Quantum Gravity's dynamics, we believe that the dynamical LQG operators 
would act on the Hilbert space H of standard SU(2) spin networks. This hints towards considering each subspace 
C^^p^jH of projected spin networks as super-selection sectors for the dynamics. A spinfoam model would then 
work in a given L^^^-^H subspace with all the parameters j5e fixed, and would not mix these different sectors. 
Since spinfoam models are usually built for arbitrary graphs F, the simplest restriction would be to require that 
the Immirzi parameter be fixed and the same for all edges on all graphs, i.e /3e = /3, Ve, F. This can be obtained 
by imposing in addition the closure constraints (8.27) and (8.28) on the projected spin network (8.27) 
holds strongly by defintion of a projected spin network and (8.28) can only be satisfied weakly because of (9.15) 
as it is the case on the EPRL-FK boundary Hilbert space. This additional condition imposes that 



/3e=/3 Ve. 



(9.20) 
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Then wc recover the boundary states for the usual (Lorentzian) EPRL-FK spinfoam models with fixed Immirzi 
parameter. 

Nevertheless, our framework leaves us the freedom of attributing a different value of the Immirzi parameter 
for each edge of the graph. Let us speculate on the possibility that the Immirzi parameter provides us with a 
(length/area) scale which we would vary when coarse-graining or renormalizing LQG's transition amplitudes 
and dynamics. Then our framework for boundary states would allow to coarse-grain various regions of space 
independently. 

9.2.2 Strong Constraints 

From the perspective of the construction of spinfoam models, the weak constraints can be translated to strong 
constraints in the spirit of "master constraints". The logic is to replace the weak constraints {(f\Ke — ^eJel'P) = 
by strong constraints using the SU(2) and SL(2,C) Casimir operators [95, 98]. 

Considering the EPRL-FK ansatz, n{j) = j and p{j) = (3{j + 1), we can easily express the values of the 
SL(2, C) Casimir operators in term of the SU(2) Casimir operator: 

C2 = J-K = 2np = 2j3j{j + 1) = 2/3j^ 

Ci = i?2 _ ^ p2 _ „2 ^ 1 ^ (^2 _ + 1) + (^2 + + 1) ^ (^2 _ iy-2 + (^2 ^ i)(^j2 + 1 + 1). 

(9.21) 

The expression of the second quadratic Casimir looks much simpler and it is straightforward to check that the 
explicit definition that the projected spin networks = L^i^^^tp indeed satisfy strong (simplicity) constraints: 

= {Je ■ - 2^e^) <P = 0. (9.22) 

Here, it does not matter whether we consider the left or right action of the boost and rotation operators as long 
as we take them all as acting on the same side of the group variable Gg- Moreover, we wrote the constraint as 
acting on the section (f>{Ge) = fiGe, oj). This constraint can be rotated by the suitable Lorentz transformations 
to apply it on the whole function (p[Ge,By). 

As long as we require by hand that rig = je, this strong constraint is sufficient to impose that Pe = /3e (je + 1)- 
However, in order to impose = je through an operator constraint as well, we need to impose the other 
constraint involving the first Casimir operator. The drawback is that this constraint involve a rather ugly 
"quantum correction" term in a/J^ operator, which is nevertheless necessary if we want an exact constraint at 
the quantum level. 

9.2.3 Comparing SU(2) and SL(2,C) Scalar Products 

Since we have constructed a map between SU(2) spin networks and projected spin networks, it is natural to 
wonder if these lifts are unitary and preserve the scalar products. It is straightforward to see that this is a 
priori not the case. Indeed, considering two projected cylindrical func;tions, (f and ip, and their projections 
ip = M(p, (p = M.(p, the scalar products are best expressed in term of the sections (j), (p: 

{^\^) = [ ^{Ge)4>{Ge), (9.23) 

JSL(2,C) 

(V'IV')su(2) = / 4>{ge)^{ge)- 

JSU(2) 

These two evaluations are a priori very different. This can be seen also from the scalar product between the 
basis states (5.12) and (9.5): 
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which differ in their measure and normalization. The key difference is due to the extra (5-functions due to the 
SL(2, C)-irrep label, more specifically 5{pe — Pe) which potentially could lead to divergences. 

To illustrate this, we start with two SU(2) cylindrical functions tp, ip and respectively apply the generalized 
lifts and j (the following analysis remains the same for two lifts £^ and Then a straightforward 

calculation leads to: 

JS\J{2) t U > ^/'e+JeJ 

= n^(/3e-4) l^jiKdmik^m.) HE ,.^(^.^ ^ ^ ^y^^2^ xHktm 

Assuming the standard definition A^^ = ensuring that the lifts £{/3^} correctly invert the projection map A^, 
then it is clear that the two scalar products do not match. Then the natural question is which scalar product 
(between the Lorcntz scalar product and the SU(2) scalar product) should we use on our kinematical Hilbert 
space of boundary states? This question should ultimately not matter so much since the final physical scalar 
should a priori be neither of them. Nevertheless, it is a crucial issue when building spinfoam amplitudes. 

An alternative would be to give up the requirement that a lift should be the inverse of the projection map 
M.^ i.e give up the idea that the restriction of the projected cylindrical function to the SU(2) subgroup be equal 
to the original SU(2) cylindrical function. Then we can modify the definition of the weight A^^ and choose the 
new renormalized value, which now depends on the value of the Immirzi parameter fi^: 

^ dl V(je + l)(/3|(je + l)2+i|). (9.25) 

This would define modified lifting maps, which would still send SU(2) cylindrical functions onto projected 
cylindrical functions, but that would conserve scalar products. Indeed, explicitly defining the new maps, 

^{/3e} '■ Hp 

^SU(2) ^ ^ 

(9.26) 

using the new definition of the weight Aj^ given above, we will have the exact equality: 

e 

Let us insist on the fact that this lifting map will still send the basis of SU(2) spin networks on projected spin 
network states satisfying the EPRL-FK ansatz, but with a different normalization that the lifting maps 
inverting Ad. 

Finally, the natural issue is which lifting maps should we use to send LQG's SU(2) cylindrical functions 
onto the projected cylindrical functions of spinfoam models: should we enforce the matching condition that the 
restriction of projected cylindrical function to the SU(2) subgroup be equal to the SU(2) cylindrical function or 
should we simply require the matching of the two scalar products and the unitarity of the lifting? 
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Chapter 10 

Simplicity constraints and the U(N) 
framework 



Let us now tackle another open problem in the spin foam quantization procedure which is how to decide the 
"strength" with which the simplicity constraints turning BF theory into 4d gravity are imposed. In short, the 
first try has been to impose all the simplicity constraints strongly, leading to the Barrett-Crane model (see 
chapter 7) which seems to be an over-constrained model. A more recent proposal has been to impose the cross 
simplicity constraints weakly whereas the diagonal simplicity constraints are still impose strongly, which had 
led to the EPRL-FK models (see chapter 8). In this chapter, we present results published in [6] obtained using 
the U(A'^) framework initially developed for SU(2) intcrtwincrs [7, 8, 9]. One major interest of this new point 
of view is that within this U(A^) framework one can achieve a precise control on the "strength" with which we 
decide to impose the simplicity constraints. 

In the next section, we start by giving a short review on the U(A'^) framework. Then, using these U(A'^) tools, 
we recall an alternative definition of the SU(2) coherent states used in the section 8.2 as well as the definition of 
the U(A'') coherent states and their link with the usual SU(2) coherent states. The end of the second section is 
devoted to technical results summarizing a first part of work regarding the analysis of the action of geometrical 
observables on some U(A^) coherent states, elements of the space of SU(2) intertwiners. 

The second part of this work consisted in recasting the simplicity constraints for 4d gravity within the U(A'') 
framework. The first idea has been to follow the line of the EPRL-FK model, that is to impose weakly the cross 
simplicity constraints but to keep strong diagonal simplicity constraints. Different closed algebra of simplicity 
constraints used to solve weakly the cross simplicity constraints are identified. Details as well as the analysis of 
their advantages and disadvantages can be found in the third section of this chapter. 

The final proposition is exposed in the last section of this chapter. It emphasizes the fact that all simplicity 
constraints should be treated on the same footing and give a solution in terms of U(A'') coherent states in this 
case. Moreover, this result takes into account the Immirzi parameter 7. The different results are therefore 
relevant for the definition of a spin foam model for 4 dimensional Euclidean gravity with an arbitrary value 
of the Immirzi parameter. The investigation of this approach has been done only for the Euclidean case, i.e. 
constrained BF theory with gauge group Spin(4) and the corresponding intertwiners. 

We recall that in the case of Euclidean 4d gravity, the Hilbcrt space of quantum states of a 3-ccll of the 
boundary cellular decomposition, before having implemented the simplicity constraints, is the space of Spin(4) 
intertwiners between the representations attached to its faces or equivalently to the legs of the dual vertex of 
this 3-ccll. Since Spin(4) ^ SUl(2) x SU/i'(2) is the direct product of its two SU(2) subgroups, the irreducible 
representations of Spin(4) are labeled by a couple of half-integers So a pair of spin to every leg i 

is attached and the intertwiner space for the vertex is the tensor product of the space of SUi,(2) intertwiners 
between the spins jf' and the space of SUi{(2) intertwiners between the spins j/^ 



HjLjR = Inv 





(Si Inv 




. A 




. A 



(10.1) 
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We still need to implement the simplicity constraints 

• The diagonal simplicity constraints obtained when the legs are the same i = j , 

Vi, {Jlf = p\jPf, (10.2) 

with p = |^3X| the proportionality coefBcient between the left and the right parts of the scalar products 
and 7 (7 > 0, 7 7^ 1) the Immirzi parameter. 

• The crossed simplicity constraints in the case that the two legs are different i ^ j, 

\/i^j, {Jl- ■ Jf) = p\j^ ■ Jf). (10.3) 

10.1 SU(2) intertwiners and the Vi{N) framework 

As recalled above, the discrete simplicity constraints arc usually formulated in term of the scalar product of 
SU(2) generators. These scalar product operators, Ji ■ Jj, are the standard invariant operators on the space of 
SU(2) intertwiner. They act on pairs of legs {i, j) of a SU(2) intertwiner. An important issue is that the algebra 
of the scalar product operators docs not close. More precisely, the commutator of two scalar product operators 
gives a operator of order 3 in the J's: 

[Ji- Jj, Ji- Jfc] = iJi - {Jj A Jfe), (10.4) 

and so on generating higher and higher order operators. This leads directly to problems when one tries to define 
coherent intertwiner states minimizing the corresponding uncertainty relations or when one attempts to solve 
constraints such as the simplicity constraints. The approach followed in [7] was to use Schwinger's representation 
of the su(2) algebra in term of harmonic oscillators to identify a new family of invariant operators, whose Lie 
algebra closes and which would still generate the full algebra of invariant operators acting on the intertwiner 
space. This leads to the U(A'') framework for SU(2) intertwiners [7, 8, 9], which actually goes beyond this initial 
objective and offers a whole new perspective on the intertwiner space. It shows that the intertwiner space 
carries a natural representation of the V(N) unitary group and allows to build semi-classical coherent states 
transforming consistently under the U(Ar) action. It also uncovers a deep relation between the intertwiner space 
and the Grassmannian spaces, which could prove very useful to understand the geometry of the intertwiner 
space and its (semi-)classical interpretation. We review this formalism below. 

Let us consider the Hilbert spaces of intertwiners between TV irreducible SU(2)-representations of spin 
ji, -Jn - 

Hj,,..,j^ = Inv[V^'i y^"]. (10.5) 

We further introduce the space of intertwiners with N legs and fixed total area J = ^ ■ jj : 

^Jv' = ^ ^ji,-,jiv) (10.6) 
and the full Hilbert space of N-valent intertwiners: 

{ji} ^6N 

The key result of the U(A^) formalism is that there is a natural action of V{N) on the intertwiner space T-Ln [7]. 
More precisely the intertwiner spaces H^^^ carry irreducible representations of U(A^) [8]. Finally the full space 
H jv can be endowed with a Fock space structure with creation and annihilation operators compatible with the 
V{N) action [9]. 

This U(A^) formalism is based on the Schwinger representation of the 5u(2) Lie algebra in term of harmonic 
oscillators. Let us introduce 2 A'' oscillators with creation operators ai,bi with i running from 1 to N: 

[ai, a]] = [bi, b]] = 6ij , [at, bj] = 0. 
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Figure 10.1: Four legs intertwiner and harmonic oscillators. 

The generators of the SU(2) transformations acting on each leg of the intertwiner are realized as quadratic 
operators in term of the oscillators: 

J/ = ^(a|a,-6l6,), Jt ^ 4b^, = ^M, E, ^ {a\a, + b\h). (10.8) 

The Ji's satisfy the standard commutation algebra while the total energy Ei is a Casimir operator: 

[Jf,J±]=±^±, [J+,J-]=2J/, [E,,.h]=0. (10.9) 
The correspondence with the standard |j, m) basis of su(2) representations is simple: 

\na,nb)HO^\^{na + nb),]^{na-nb)) , \j,m) ^ \j + mj - m)HO (10.10) 

where m is the eigenvalue of defined as the half-difference of the energies between the two oscillators, while 
the total energy Ei gives twice the spin, 2ji, living on the «-th leg of the intertwiner. 

Intertwiner states are by definition invariant under the global SU(2) action, generated by: 

N 

i — l i 

Then operators acting on the intertwiner space need to commute with these operators too. The simplest family 
of invariant operators was identified in [7] and are quadratic operators acting on couples of legs: 

E^,^a\a,+b\b,, 4 = ^- (10-12) 

The main result is that these operators are invariant under global SU(2) transformations and form a u(iV) 
algebra: 

[J,Eij]—{), [Eij,Eki\ = SjkEii ~ SiiEkj. (10.13) 

The diagonal operators Ei = En form the Cartan sub-algebra of u(iV), while the off-diagonal operators Eij with 
i ^ i are the raising and lowering operators. As said earlier, the generators Ei give twice the spin 2ji while the 
U(l) Casimir E = Ei will give twice the total area, 2 J = 2ji. Then all operators Eij commute with the 
U(l) Casimir, thus leaving the total area J invariant: 

[E,j,E]^0. (10.14) 

The usual SU(2) Casimir operators have a simple expression in term of these u(A^) generators: 

(^1)' = \E^ (y + l) ' ^ ■ Jj) = l^^.E,, - ^E,E, - ^E,. (10.15) 
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Let us point out that case i = j of {Ji ■ Jj) does not give back exactly the formula for ( J,)^ due to the ordering 
of the oscillator operators. The two formula agree on the leading order quadratic in Ei but disagree on the 
correction linear in Ei. 

The next point is that explicit definition of the E^j's in term of harmonic oscillators leads to quadratic 
constraints on these operators as shown in [8] : 



Vi, ^EijEji = Ei(^^+N-2^ 



(10.16) 



where we have assumed that the global SU(2) generators J vanish. These quadratic constraints on the Eij 
operators lead to non-trivial restrictions on the representations of u(iV) obtained from this construction. To 
solve them, the method used in [8] is to apply them to a highest weight vector. This allows to identify the 
representations corresponding to the intertwiner spaces y.^^^ at fixed total area J = J^iJi- The highest weight 
vector v\^^ diagonalizes the generators of the Cartan sub-algebra Ei and vanishes under the action of the raising 
operators Eij = for all i < j. The N eigenvalues depend very simply on the area J : 

El = E2 v'-j^^ = Jv'-j^\ Ek = 0, Vfc > 3. (10.17) 

This highest weight vector corresponds to a bivalent intertwiner between two legs both carrying the spin ^ . One 
can compute the corresponding value of the quadratic U(7V) Casimir using the previous quadratic constraints: 



^ EijEji = e(^^+N-2^= 2 J( J + N-2), 



(10.18) 



and the dimension of H^pl^ in term of binomial coefficients using the standard formula for V{N) representations: 
n -A- -iv(^) 1 f N + J-l \ f N + J-2\ {N + J-l)l(N + J-2)l 

Next, we introdiice annihilation and creation operators to move between the spaces "H^^' with different areas 
J within the bigger Hilbert space of all intcrtwiners with N legs [9]. We define the new operators: 

F,, = (a,bj ~ ajb,), F,, = (10.20) 

These are still invariant under global SU(2) transformations, but they do not commute anymore with the total 
area operator E. They nevertheless form a closed algebra together with the operators Eij: 

[EijjEki] = SjkEii — SiiEkj 

[Eij,FM] = SiiFjk-SikFji, [Eij,Fl]=SjkFl-SjiFl, (10.21) 

[Eij, -FfcJ = SikEij - 6iiEkj - SjkEii + SjiEki + 2{6ik6ji - 6udjk), 

[Fij,Fki] = 0, [fI,fI]=0. 

The annihilation operators Fij allow to go from 'H^^ to while the creation operators F-j raise the area 

and go from to We can re-express the scalar product operators in term of this new set of operators: 

Ji-Jj = -\fI^F,, + \e,E^, (10.22) 



= -\Fi^F}. + \{Ei + 2){E^+2). 



This formula is explicitly symmetric in the edge labels i O j contrary to the previous formula (10.15) in terms 
of the ii'jj-operators. Finally, as shown in [9] and as we review bcilow, these operators can be used to construct 
coherent states transforming consistently under U(7V) transformations. These U(iV) coherent states will turn 
out very convenient in order to re-express and solve the simplicity constraints. 
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10.2 Coherent states and the U{N) framework 

10.2.1 Revisiting the SU(2) Coherent Intertwiners 

To define coherent intertwiner states, we attach a spinor Zi to each leg of the intertwiner: 

^0 



Zi 



Basically, the first component zf is the label of the coherent state for the oscillator Oj while the second component 

zj corresponds to the oscillator bi . Let us first clear up the geometrical meaning of the spinors Zi . Considering a 
spinor z, the matrix \z){z\ is a 2 x 2 matrix which can be decomposed on the Pauli matrices aa (taken Hermitian 
and normalized so that (cTa)^ = I). This defines a 3-vector V{z): 

\z}{z\ = ^({z\z)l + V{z)-a), (10.23) 

where the norm of the vector is |V'(2:)| = {z\z) = \z^\^ + and its components are given explicitly as ^: 

y^ = |^°p-|^Y, = 2^{z°z^), Vy = 2Q{^z^). (10.24) 

The spinor z is entirely determined by the corresponding 3-vector V{z) up to a global phase. Following [9], we 
also introduce the map c between spinors: 

_o j , e = -1. (10.25) 

This is an anti-unitary map, {<;z\^iu) = {w\z) = {z\w), and we will write the related state as 

\z] = <;\z). 

This map <; maps the 3-vector V{z) onto its opposite: 

\z][z\ = ^({z\z)I-V{z)-a). (10.26) 

Finally coming back to the intertwiner with N legs, we havc^ spinors and their corresponding 3-vcctors V{zi). 
Typically, we can require that the spinors satisfy a closure constraint, V{zi) = 0. This can be written in 
term of 2 x 2 matrices: 

^\zi){z,\=A{z)l, with A(z)^i^(z,|z,) = i^|y(z,)|. (10.27) 

i i i 

It translates into quadratic constraints on the spinors: 

^zM = 0, Y.\'<^\'=Y.\'l\' = A{z), (10.28) 

i i i 

which means that the two components of the spinors, z^ and zj , are orthogonal A/"- vectors of equal norm. 

Then we can define coherent intertwiner states [106, 131, 132]. First, for a given leg, we define the SU(2) 
coherent states labeled by the spin and the spinor Zi : 

\j„z,) ^ ^ ' 'J^, |0)- (10-29) 



^Remember the convention for the it generators: 



cr± = ax±icry, <Tx = - (<t+ + (T_ ) , ay = —i-(a+ — a-). 
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This vector clearly lives in the irreducible SU(2)-reprcscntation of spin ji since it's an eigenvector of the energy 
Ei with value 2jj. To show that it transforms coherently under SU(2), we compute the SU(2) action. Dropping 
the index i, SU(2) rotations are parameterized by an angle 9 and a unit 3-vector v G S2- 



g{e,v) = = e'''i''-^-+2 = vf + |v|^ = 1, v, = cos( 

It is represented by a 2 x 2 matrix in the fundamental spin-^ representation: 



V = e^^ sin ( 



9(0, v) 



cos I + i cos (f) sin | ie^^ sin (p sin ^ 



, . , ? e e SU(2). 
COS S — « cos (I) sm r ' 



(10.30) 



(10.31) 



To compute the action of SU(2), we first compute the following commutator: 

V- J,{z'^a^ +z^b^)j^ (^iv-^)zj a^+(^{v-^)z^ b\ (10.32) 

which gets easily exponentiated: 

gie«.j(^o^t+^i5t)e-ie«-j'=e['^«-^"''-I(^V+^i6t) = (jo^t+^iftt)^ with z = e^'^^'i z = g{e,v) z. (10.33) 
This shows that the states introduced above are proper SU(2) coherent states: 

9{e,v)\3,z) = \j,g{e,v)z) (10.34) 

This means that these are the standard SU(2) coherent states a la Perelomov. Indeed, one can always set z^ to 0, 
or reversely get any arbitrary state from the initial state without any 6-excitation. Such an initial state actually 
corresponds to the highest weight vector |j, j) of the SU(2)-representation of spin j. More precisely, we act on 
that highest weight vector with a SU(2) transformation parameterized by a and (i satisfying |q|^ + |/3p = 1: 



b-,.> = |2.,0).o = ^|0)^ 
\j,z) = {z\zY 



a (3 
-P a 



/{z\z) J{z\z) 



We also give the scalar product between two such SU(2) coherent states: 

= {w\zf^, 

and the expectation values of the su(2) generators: 



U0|2_U1|2 



. V 



{j,z\j,z} \z^\-- + \z'\-^- - - \z^\-^ + \z'\-^' - \vy 

as expected. Finally, expanding these states explicitly on the standard basis for harmonic oscillators, 

2i 



(10.35) 
(10.36) 

(10.37) 

(10.38) 



b» = Ey ( n ) {z°nz'f'-''\n,2j-n)HO, 

and following the usual calculation done with oscillator coherent states (as shown in appendix B), we can 
decompose the identity on the Hilbert space in term of these SU(2) coherent states: 

I,- = ^ \n, 2j - n)HO Ho{n, 2i - «l = 7^ / [d^z°d^z'] \j, z}(j, z\. (10.39) 

71=0 \ J>- J 
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One can check that taking the trace of this expression and using the formula for the scalar product between 
coherent states give back as expected trij = (2j + 1). Let us emphasize a last point that the projector \j, z){j, z\ 
does not depend on the overall phase of the spinor z but only on the corresponding 3- vector V{z). 

Coherent intertwincrs arc then defined following [106] by group averaging the tensor product of SU(2) 
coherent states attached to every leg of the intertwiner: 

N 

\\{ji,Zi}) = dgg[>l^\j,,z,). (10.40) 

^SU2 

These arc the standard coherent intertwiners used in the construction of the EPRL-FK spinfoam models and 
their boundary states [96, 97]. Following the logic of [106], we can write the identity on the intertwiner space 
'Hji,..,jj^ in term of these coherent intertwiners: 

H^...... = /n ''|2^yM l{j^^^O)({i.,^OII, (10.41) 

where we used the fact that the spinor norm {z\z) is invariant under the SU(2) action. Finally, the main 
point shown in [106] is that this integral is dominated by intertwiners satisfying the closure constraint 

'^ijiV{zi)/\V{zi)\ = while the norm of intertwiners not satisfying this closure constraint is exponentially 
suppressed. It is also possible to write a decomposition of the identity on the intertwiner space restricting the 
integral to intertwiners satisfying exactly the closure constraint by modifying slightly the measure [131, 132]. 
This is achieved through considering and gauging out the SL(2, C) action on spinors complexifying the previous 
SU(2) action. 



10.2.2 The U{N) coherent states 

We are now ready to define the U(A'') coherent states. Their definition is slightly more complicated. Following 
[9] , we define the following antisymmetric matrix Zij , which is holomorphic in the spinors Zi and anti-symmetric 
in i O j : 

Zij = [Zi\zj} = [z^z] - z°zl), (10.42) 
and the corresponding creation operator: 

4 - ^ E = ^ E(-?^ - 4. (10-43) 

which is also holomorphic in z. A crucial property of this matrix Z is the Pliicker relation Zn-Zji — ZnZji- = 
ZijZki which holds for any indices k, I. The U(A'') coherent states are then labeled by the total area J and 
the A'' spinors Zii 

This state clearly lives in 7^^^ since it is an intertwiner (invariant under global SU(2) transformation) and is 
an eigenvector of the total area operator E with value 2 J. Notice that the behavior under rescaling of this 
coherent state is very simple: 

Zi^Xzi, Zij Zij, \J,{\zi]) = \^^\J,{zi}). (10.45) 

Now we assume that the spinors Zi satisfy exactly the closure condition ^ • V{zi) = introduced earlier in 
(10.28). We can compute the norm of these states: 



{J,{zi}\J,{zi}) = {A{z)) 



a : 



u = e — >■ u = e°=e^ 
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Then, as shown in [9], these states are coherent under the action of U(A''): 

V«eU(7V), u\J,{zi}) = \J,{{uz)i}), (10.47) 
where u is the operator representing the unitary transformation u, that is for an arbitrary anti-Hermitian matrix 

(10.48) 

The U(-/V) action on the N spinors is the natural one: 

Zi — > {uz)i = ''^UijZj, z ^ uz, Z^uZu*. (10.49) 
j 

This U(Af)-action is proved by computing explicitly the action of u on the i^^-operators [9]: 

[E.,Fl]=Fiz+z»* e^-Fle-^-=Fl^^^,. (10.50) 

Here is a summary of the properties of these U(iV) coherent states already proved in [9]: 

• They transform simply under U(7V)-transformations: u\J.{zi}) = \J,{(uz)i]). This key property actu- 
ally holds also if the spinors do not satisfy the closure condition. 

• They are coherent states a la Perelomov and are obtained by the action of U(iV) on highest weight states. 
These highest weight vectors correspond to bivalent intertwiners such as the state defined by the spinors 
zi = (z",z^), Z2 = <,zi = {—z^^z^) and Zfe = for fc > 3. This only holds if one assumes that the 
spinors satisfy the closure constraint. Indeed, U(A^) transformations conserve the closure condition and 
the spinors defining the bivalent intertwiner satisfy it. 

• For large areas J, they are semi-classical states peaked around the expectation values for the u{N) gen- 
erators and the scalar product operators: 

■iii^j, i{JfJ,) = -^V(zi)-V{zj) + ^^[v{z,)-V(zj)-i\V(z,)\\V{zi)\)^ (m52) 

• The scalar product between two coherent states is easily computed: 

{J,{z,}\J,{w,})^dei{^\z,){w,\^ = QtrZtM/^ . 

• They minimize the uncertainties on the Eij operators. The interested reader can find the various uncer- 
tainties computed in [9]. The simplest is the U(A'')-invariant uncertainty: 

A = ^{E.jEj,) - {E,j){Eji) = 2J{J + N-2)-2j'^ = 2J (iV - 2). (10.53) 

ij 

• They are related to the coherent intertwiners discussed above: 

-JWrTWy^^'^^^ = ^ J K^i^^O). (10.54) 

^/J\{J + l)\ ^y{2Jl)\■■■{2JN)\ 



The coherent states |J, {zj}) at fixed J provide an over-complctc basis on the space This gives 

a new decomposition of the identity on that space I^'' = J[dfj,{zi)] \J,{zi}){J,{zi}\ where [dij{zi)] is a 
U(-/V)-invariant measure (on CP2jv-i)- For more details, the interested reader can refer to [9]. 
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10.2.3 Releixing the Closure Conditions 

Discussing the U(7V) coherent states in the previous section, we have assumed that the spinor labels satisfy 
the closure condition (10.28) that requires that J2i^{^i) = or equivalently that J2i\^i}{^i\ or even 

equivalently that the two components of the spinors z^ and zj are orthonormal TV- vectors. It has been shown 
in [9] how to relax this closure condition using the SL(2, C) invariance of the coherent states. Let us review this 
procedure. 

We consider the GL(2, C) action acting simultaneously on all spinors Zi. It has a simple rescaling action on 
the Zij matrix, which means that the U(A/') coherent states also get simply rescaled: 

VA e GL(2, C), Zi Azi, Zij -s- det A Ztj, | J, {zi}) (det A)-^ | J, {zi}) . (10.55) 

Thus two coherent states labeled by spinors related through a GL(2, C) action define the same quantum state, 
up to normalization. In particular, if the transformation A lies in SL(2,C) then the coherent state is exactly 
the same. The moot point is that GL(2,C) transformations allow to go in and out of the closure constraint. 
Indeed, following [9], given an arbitrary set of N spinors, we consider the matrix: 

X{z) = J2\^i){^i\- (10-56) 

i 

Since X{z) is obvious a positive Hermitian matrix, there exists a matrix A S SL(2,C) which takes its square- 
root, X = V det X A A^ . This matrix is unique up to SU(2) transformations. It allows to define a new set of 
spinors Zi = Zi which induce the same coherent state but also satisfy the closure condition: 

X = J2\zi){zi\ = A-iX(At)-i = V det XI, detX = detX (10.57) 

i 

This is the exact same SL(2,C) action used in [131, 132] to take the standard coherent intertwiners in and out 
of the closure constraint. Let us point out that the SL(2, C) action is simply the complexified SU(2)-action still 
generated by the operators J^'^ quadratic in the harmonic oscillators. In the U(A^) framework, this simply 
mean that we can drop the closure condition on the spinor label, when defining V{N) coherent states and 
integrating over spinor labels, e.g. in the decomposition of the identity. Moreover, the coherent states | J, {zi}) 
still transform covariantly under \]{N) whether they satisfy the closure condition or not, and their norm is 
easily computed: 

{J,{zi}\J,{zi}) = {detxy. (10.58) 

Since the projectors are easily expressed in term of the classical 3-vectors V{zi), we give similar expres- 

sions for the matrix X and its determinant: 



J2\V{z^)\I + J2^{z^)■a) detX = ^i[Y,\V{z.)\ 



(10.59) 



so that (det X)'^ = A{zy'^ as before when the closure condition V{zi) = is satisfied. Let us underline that 
det X > can be interpreted as a measure of how far from the closure condition we are: the larger the total 
3-vector J^i ^{^i) is, the smaller det X gets. 

Finally, we can write a decomposition of the identity on the intertwiner space "H^^ as an integral over C^^: 



^« Jc^N\i- TT (detX(z)y 



{det X{z)y 

This is to be compared with the decomposition of the identity on T-Lj^,..,]^ in term of coherent intertwiners 
(10.41). To check this identity, it is enough to check that this integral commutes with the U(iV)-action and 
that its trace is equal to the dimension Dpf j of the Hilbert space Ti!"^^ ■ As explained in more details in [9], 
we can gauge-fix this integral by the GL(2, C)-action and restrict it to an integral over the Grassmanian space 
Gra.AT = C2^/GL(2, C) = U(A^j/U(A^ - 2) x U(2). The SL(2. C)-action allows to gauge-fix to spinors satisfying 
the closure condition; then rescaling the state allows to fix the matrix X{z) — I and the total area A{z) — 1 
thus to restrict the integral to coherent states of unit norm. 
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10.2.4 The F-action on Coherent Intertwiners 

In order to discuss the simplicity constraints in the U(A'') framework, we need the exphcit action of the operators 
Eij,Fij, F-j on the coherent states. This technical result has been a first part of my work. Let us start by looking 
closer at the F annihilation operators. We first compute the action of Fij on coherent intertwiners: 

Fij\\{jk,Zk}) = dgg>Fij ^. ^^'^'''^tJq' |0), (10.61) 

"'su(2) \/(2jfc)! 

since the operator Fij is invariant under global SU(2) transformations and thus commutes with the action of 
group elements g G SU(2). Making Fij = {uibj — Ujbi) commute through the creation operators, we obtain after 
a straightforward calculation: 

Fij \\{jk,Zk}} = Zij^{2ji){2jj)\\{ji - ^,..,jj - ^,jk,Zk}}, (10.62) 

where we remind the reader that Zij = [z^^z^ — zjzj). Then using the formula (10.54) of U(A'') coherent states 
in term of coherent intertwiners, we easily get: 

Fij\J,{z,}) = Fij ^"^'li^^' lia^^fe}) = Zij^J{J+l)\J-l,{zk}). (10.63) 

This fits with the F-action on U(iV) coherent states derived in [9]. Moreover we can use these relations to 
diagonalize the Fij operators. We introduce the vectors {zk}) for ^ e C : 

1/3, {zk}} ^ Yl /TUT^,,, 1-^' ^"^"^^ ^ l'^' ^'""^^ = ^'^'^ 1^' ^^0-^^) 

These new intertwiners \f3, {zk}) diagonalize all Fij operators simultaneously. This is normal since the Fij's all 
commute with each other. We can also give other convenient expressions for these vectors in term of creation 
operators acting on the vacuum: 

= yrf£f5>(g)fce''(^^"I+^^''I)|0), (10.66) 

which makes a clear link between these vectors and coherent states for the harmonic oscillator. Finally, we can 
compute the norm of these states, which is easily expressed as a Bessel function: 

W, {zM {zk}) - Y. {^^}) - J!(j+i)! - \p\2A{z) ' 

where we assumed the closure condition on the spinors so that the norm of the U(-/V) coherent state is given 
directly by A(z)^'^ (else we should in general replace A{z) by the determinant y'det X{z)). Here h is the first 
modified Bessel function of the first kind. This clears up the action of the F-operators. Below, we further 
investigate the actions of the E and F^ operators on the U(iV) coherent states. 



10.2.5 Operator Algebra on Coherent Intertwiners 

We already have the action of the annihilation operators Fij on the U(Af) coherent states. Now we need to 
complete the algebra to derive the action of the operators Fj- and Eij. To this purpose, we use the standard 
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action as differential operators of the creation and annihilation operators for the harmonic oscillator (see in 
appendix for some details): 



z. 







t ^ I, 1 it ^ 



Using this on the definition of the operators E and F, we guess the following action of these operators on the 
U(A^) coherent states: 

F„|J,{zfe}) = V{J+^)JZij\J-lAzk}), (10.68) 

4\M^k}) = ^(,^;(,^,)A.|.+ 1,{..}), (10.69) 

Eij\J,Uk}) = Sfj\J,{zk}), (10.70) 

where Zij — {z^zj — zjzj) as before and where we have defined the following differential operators with respect 
to the spinor Zi: 

A?. = - - flOTl") 

dzfdz"; dzjdzV ^ ' 

The J-factors in front of the actions of F and F^ come from the normalization factor -^/jT(J-j-Ty! of the coherent 
states. 

The multiplication action of F on the U(A'') coherent states can be derived by using the commutation relation 
between the creation and annihilation operators: 



^£f^+2Zij, (10.73) 



-'ij^ Z 



2Z,jF|. (10.74) 



where wc have defined the auxiliary operator E^^ = ^^^^ {ZimEmj — ZjmEmi)- To show the second commutator, 
we have used that the antisymmetric matrix Z satisfies that ZikZji — ZnZj^ = ZijZ^i. This allows the 
straightforward calculation: 



Fi,{Fiy\Q) = Xi(4)'''''^5(4)'|0)+2JZ,,(4)'"'|0), 
fe=o 

= (j2'^k + 2j\zij(^Fiy~'\0), 

\k=0 / 

= J{J+l)Zij(^Fiy~'\0}, (10.75) 



which gives the expected result. Moreover, we recover the same action for the Fij operators that we had 
already computed in the previous section using that the U(A'') coherent states are superpositions of coherent 
intertwiners. 

As for the -action, it is straightforward to compute the action of the differential operator A^J on the 
coherent state taking into account that: 



A|, {Zki) = 2{6,,6,i - 6u6jk), ^t, {FlY = Af, - Z^iFl, = J{J + l)Fl {Fiy-\ (10.76) 



kl ) 
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This leads to the following action for the creation operator F-j 

Af^.| J + 1, {zk}) = v/(J+l)(J + 2)4 I J, {zk}), (10.77) 

since fJj commutes with F^ because they only involve oscillator creation operators and At this stage, we 
can also check that the differential F^-action is indeed the adjoint of the multiplicative i^-action on the U(iV) 
coherent state. That is straightforward to show. First, considering the matrix element {K, {wk}\Fij\J, {zk}), it 
doesn't vanish iS K = {J — 1). Then, on the one hand, we can compute: 

{J-l,{zkmj\J,{wk}) = VJ{J + 1) (J-l, {zk}\J-l, {wk}) = ^J{J+l)W,, Ut^Z^Wj . (10.78) 
On the other hand, we have: 

{J,{rok}\Fl\J-l,{zk}) = -jj^=^^At^{Jdwk}\Fl\^^ {l^^W^Z^ • (10-79) 

To evaluate this expression, we calculate explicitly the action of the differential operator on the J-power of the 
trace: 

A^^- {tvW^zy^ = 2J{J + l)Wij {tvW''Zy~\ (10.80) 
This allows to conclude that we have as expected: 

{J-l,{zk}\Fij\J,{wk}) = {J, {wk}\F}.\J- 1, {zk}). (10.81) 

Finally, let us now compute the action of the S-operators on the U(N) coherent states. First we compute the 

ZjmFim' which easily gets generalized to arbitrary power of the creation operator: 



commutator 



Eij,Fl 



j-i 



k=0 



[Eij,{Fly] = Y.iFly-'-" E,,,Fl {Fly = J Y.Z,mFL {Fly-\ (10.82) 



since all F^ commute with each other. This proves directly that the -E-action on U(iV) coherent states is simply 
related to the F^-action: 

En{FlY |0) = J {^Z,^F}^ {Fly-' |0). (10.83) 
Then we can easily compute the action of the differential operator: 

= (4^+»i4)(i2;^«^i)' 



This allows us to deduce the actions of the £^-operators and of the differential operators Sfj match on the U(A'') 
coherent states: 

E,,\J,{zk}) =Stj\J,{zk}). (10.85) 

It is possible to check directly that these differential operators actually generate the correct U(A^) action on the 
spinors. Let us for instance consider the infinitesimal unitary transformation u = exp(e(£'jj — Eji)) where i,j 
are arbitrary but fixed indices. It acts at first order on the spinors as: 

{uz)k Zk + eSikZj — eSjkZi. 
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It is very easy to check that this fits with the action of the previous differential operator: 

e{6-j - 6ji) Zk = ieSikZj - edjkZi ~ {uz)k - Zk- 

Following the same steps with the unitary transformations u = cxp(ie{Eij + Eji)) allows to prove completely 
that the differential operators S^j generate as expected the U(A^) action on our coherent states. 

Finally, it is also possible to check that the commutation relation between the differential operators corre- 
sponding to E, F and F^ satisfy the correct commutation relations (see in appendix). 



10.3 The U(A^) setting for Spin(4) intertwiner and a Gupta-Bleuler 
quantization 

Wc have reviewed the whole U(A'^) formalism for SU(2) intertwincrs and wc gave the explicit action of the oper- 
ators Eij,Fij,F-j on the U(A^) coherent states. I now present the main part of my work concerning the issue of 
the way the simplicity constraints can be implement on a Spin(4) intertwiner within the V{N) framework. The 
results obtained show that there is a lot of freedom in the way the simplicity constraints can be implemented. 
Since the Lie algebra spin(4) = sul(2) ©sui{(2) simply splits into two copies of the su(2) algebra, it is straight- 
forward to adapt the whole V{N) framework to 5pvn(4). We double all the operators, introduce harmonic 
oscillators af,bf and af,6f and build two sets of u{N) operators E^^, F^'^^, Pf^^ and E^j,Fl^,F^K These two 
u(A'^) sectors don't speak to each other and are a priori decoupled. It is the simplicity constraints that will 
couple them. 

Several ways of imposing the constraints are explored and their advantages and disadvantages are analyzed. 
The idea presented in this section is to replace the simplicity constraint algebra which does not close by a new 
equivalent constraint algebra which does close defined using the u(A^) operators keeping a strong imposition 
of the diagonal simplicity constraint and imposing weakly the cross simplicity constraints as it is done in the 
EPRL-FK model. In this section, we only treat the case without Immirzi parameter [p = I in (10.2) and (10.3)). 
The issue of the extension to the case with a finite Immirzi parameter [p ^ 1 in (10.2) and (10.3)) is discussed 
in the next part of this section as well as in the last section of this chapter. 

Let us start with the diagonal simplicity constraints: Vi, {Ji)^ = {Ji^)^- Imposed strongly, they constraint 
the spin(4) living on the legs of the intertwiners to be simple. This means that the spins in the left and right 
sectors match: jf" = j^. This translates into very simple constraints in the u{N) framework: 

d = Ef - E^. (10.86) 

This diagonal simplicity definitively couples the two sectors. This constraint is actually the same than the 
matching conditions for spin networks on the 2-vertex graph and the whole construction will be very similar 
[136]. Every (constraint) operator that we will now introduce to solve the simplicity constraints will have to 
commute (at least weakly) with these diagonal simplicity constraints Ci. 

Now moving to the crossed simplicity constraints, Vi ^ j, [J^ ■ J^') = ( j/*' • Jj^) , they refer to couples of 
legs of the intertwiners and to their scalar product. They amount to impose strongly, weakly or semi-classically, 
the equality between the scalar products of the left and right sectors, j/" • J^^ = ■ Jp. Dropping the L/R 
index, we remind the expression for the scalar product operator in term of u(A'^) operators for i j: 



Ji ■ Jj = o^ij^ji - l^i^j - (10.87) 



^E,,E,.-^E,E,-l 

-EjiEij - -EiEj - -Ej 



1 1 

= -lFijFl + ^{E, + 2){Ej+2). 

This expression clearly suggests two things. First, we could replace the ■ Jj" = J/* • Jp constraints by some 
constraints of the type E^ = E^ or F^ = F^. We will explore these various possibilities below. Second, we 



104 CHAPTER 10. SIMPLICITY CONSTRAINTS AND THE U(iV) FRAMEWORK 

then expect that the equahty ■ Jj" = JP ■ Jj^ will only hold semi-classically at first order and will usually 
have corrections linear in the jVs (terms in Ei and Ej). 

10.3.1 The Closed Algebra of Simplicity Constraints 

One big issue about the standard crossed simplicity constraints j/' • — jf^ ■ Jp = for all couples of legs i j 
is that their algebra doesn't close. The U(A^) framework was precisely introduced to close the algebra of scalar 
product operators and provide an alternative algebra for invariant observables on the space of intertwiners. 
Indeed, considering the operators Eij instead of Jj • Jj allowed to have a closed algebra of invariant observables 
and to build coherent intertwiner states a la Perelomov that transforms nicely under the operators of that 
algebra. This naturally suggests to replace the simplicity constraints j/" • Jj" — Jj^ • J^^ = by a simpler 

constraint expressed in term of the operators E^-^. We propose to consider a new set of constraints, that we 
name the u{N) simplicity constraints: 

n — rpL _ T^R rpL _ / -pR\^ M ^ 

The two important facts about these new proposed contraints are; 

• They naturally include the diagonal simplicity constraints: 

Cii =Ci = Ef — Ef-. 

• They form a closed u(A'') algebra: 

[Cij,Cki\ = SjkCii — SiiCkj 

Moreover, let us He be the Hilbert space of states satisfying these u{N) simplicity constraints: 

He = {IV') such that Cij \il>) = 0, Vi,i}. (10.90) 

Then this solves weakly the crossed simplicity constraints at leading order (i.e for large spins). Indeed, for all 
solution states (l),tp G He, we have for j: 

{<t>\Jt ■ = id^Ef^Ef, \E^Ef - \e^\^) = {<k\\Ef,E^^ - \E^Ef - ^J^f |^), 

= {ct>\jJ-jJ\'4^) + {<l>\\{Ef-E^m. (10.91) 

Therefore, the crossed simplicity constraints are solved approximatively at first order. Indeed the expectation 
values {J^ ■ Jj') are of order 0{j'^) while the correction term is of order [jj — ji) ~ 0{j). This is not a very 
big obstacle since we only expect the simplicity constraints to be satisfied semi-classically in the large spin 
regime. Let us still point out that the diagonal simplicity constraints are still strongly and exactly enforced on 

all invariant states in He- 

As we said above, the operators Cij generate a u(A^) Lie algebra: they actually generate the U(7V) action 
{u, u) on the coupled L, R system such that the U(7V) transformation acting on the right sector is the complex 
conjugate of the transformation acting on the left sector. Indeed, a finite transformation generated by the 
constraints Cij will read, for a anti-Hermitian matrix ay = —ctji: 

Thus, states which are solution to the Ci^-constraints are U(A'')-invariant and the Hilbert space He can be 

obtained by performing a U(A^) group averaging on the space of intertwiners ^ jH^^J^'^ ® H^^^'^ . An over- 
complete basis of solutions can be obtained by group averaging the U(A^) coherent states |J, {^^ }) ® | J, {-Zfe'})- 
However, we can give a more precise description of the U(7V)-invariant space. Indeed, since the spaces "H^"* are 
irreducible U(A'')-representations, the Schur's lemma implies that there exists a unique invariant vector in the 



(10.88) 



(10.89) 
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tensor product (X) H^j^^'^. Calling | J) this unique state solution to the u(A'')-constraints for every total 

spin J, we have a complete basis of our solution space: 

^c = 0C|J). (10.92) 
J 

This construction is exactly the same than the definition of isotropic states in the 2- vertex loop quantum gravity 
model constructed in [136] using the U(iV) formalism. Thus following that approach, we won't perform the 
U(-/V)-group averaging to construct our U(A'')-invariant states but we will use using the following symmetric 
operator : 

f^Y^^ki^kf- (10.93) 

kl 

Indeed, this operator commute with all generators Cij : 

[Ci.'/^] = E - ^ki' [Ef.F,^^]) = 0, (10.94) 

kl 

therefore, the operator is U(-/V)-invariant. Since the vacuum state is also U(A^)-invariant, we can define the 
invariant states by applying this creation operator p to the vacuum state |0) : 

|J)^(/t)"|0) (10.95) 

is obviously U(iV)-invariant. We also check that | J) G "H^^'^ ® "H^"*'^. Indeed, a straightforward calculation of 
the action of the total spin operator E = ^ ■ Ef" = ^ ■ E^ (the left and right total spin operators are obviously 
equal on the invariant space He) gives : 

E\J)=2J\J). (10.96) 
Finally, following the computations done in [136], we also give the norm of these invariant vectors: 

( J| J) = 2^^ J!( J + l)! ^^+;^:jj;jj^ + ^^^'^' = + ly.fD^^j (10.97) 

where -Djv,j is the dimension of the intertwiner space 'H^^'' given by (10.19). The details of this calculation can 
be found in the appendix. 

The fact that we get a single state for each total spin means that we are imposing constraints which are too 
strong. In the next parts, we will try too impose less constraints using the E operators then different constraints 
in terms of the F and F^ operators in order to get a bigger set of solutions to the simplicity constraints. Finally, 
we will see in the last section how we can use the V{N) coherent states in order to solve weakly all the simplicity 
constraints. 



10.3.2 Highest weight vectors for the u(A'^)-simplicity constraints 

As we said in the previous section, it seems that the u(A'')-simplicity constraints are too strong. Following the 
idea that wc might have imposed too many constraints, we propose a new restricted set of u(A'^) constraints and 
consider only the raising operators of our u(A^) algebra. This is also consistent with the line of thoughts that 
such a procedure usually leads to the construction of proper coherent states with the expected semi-classical 
properties. Thus we try with the following new set of constraints: 

{Ci<j = Cij for i < j and Cf = - ai} (10.98) 

where we have chosen to require that only the raising operators^ vanish Cij =0 for i < j. We have also 
relaxed the diagonal simplicity constraints: Cj \tp) = ct, \ip) where the parameters ai G Z/2 are arbitrary but 
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fixed. In general, we will require that |o-,| << ji, so that the diagonal simplicity constraint are still satisfied at 
leading order. 

Even we do not impose the full u{N) simplicity constraints, the cross simplicity constraints are still weakly 
satisfied. Indeed, let us define the Hilbert space 'Hc< of states which satisfy the restricted set of constraints 
(10.98). For all states (p, tp & ^c^i we have: 

Vi < j, (,^1 • jT'IV) = {cP\JT ■ Jfl^) + {^lliE^ - Ef) - \{aiEf + ajE^ + UiU^) - ^<7,#) (10.100) 

Therefore, the weak cross simplicity constraints arc still satisfied approximatively at leading order: the matrix 
elements {(f>\J^ ■ J^lip) are of order 0{j'^) while the correction terms are of order 0{j). 

The meaning of the Hilbert space Hc^- straightforward in term of the theory of representations of the u(A^) 
Lie algebra: it is the space of highest weight vectors. More precisely, let us consider the full space of spin(4) 
intertwiners defined as the tensor product of the uncoupled intertwiner spaces for su(2)i and su(2)ij. It is given 
by the direct sum over possible total area labels Jl, Jr of the corresponding irreducible u(A'') representations: 

Jl,Jr 

Now our constraint algebra generates the diagonal u(A^) action which acts simultaneously on both the left and 
right sectors. Then we decompose the tensor products Hj}' 'Ei'H'^ into irreducible representations of this diagonal 
V{N) action and the vectors that are annihilated by the raising operators Cj<j are the highest weight vectors of 
these irreducible representations. The parameters (Ji arc the eigenvalues of the diagonal u(A'') generators, they 
are the values of the highest weight and select the relevant representations. 

For instance, the most natural case, tTj = 0, Vi , corresponds to U(A7')-invariant representations and we 
recover the space He considered in the previous section. Then for a generic choice of ai, wc do not necessarily 
require that Jl = Jr as before, but this condition is slightly shifted to Jl = Jr + ^i<^i- The next step 
would be to decompose the product tensor of the two U(A^) representations H"^ (8) Hf^ into U(7V) irreducible 
representations and then to extract the highest weight vector of this decomposition which correspond to our 
choice of o-j's. This can be done using the Gelfand-Zetlin basis and the Gelfand patterns [137]. I have not 
investigated further in this direction yet. 

10.3.3 Using - Constraints 

Another possibility to identify new simplicity constraints within the U(7V) framework is to use the F^j-operators 
instead of the Eij operators. Moreover, introducing simplicity constraints defined in terms of the F^J' would be 
more in the spirit of the Gupta-Bleuler procedure since the F's are indeed the annihilation operators. Following 
this intuition, we define F-constraints: 

^ i^,^ - i^^. (10.102) 

First, these constraints all commute with each other, [fij,fki] = 0. Moreover, these constraints are straight- 
forward to solve since we know how to diagonalize explicitly and simultaneously the operators Fij using the 
superposition of coherent states \l3.{zi}). 

Furthermore, solving these constraints seem to allow to solve weakly the exact original quadratic simplicity 
constraints (without correction terms). Indeed, for all states (p, ip in the kernel of fij for all i ^ j, we have 

Wt-Jfm = {ct>\-lF,^;F,^^ + \E^E^\^P) 

= {^\J^-J^\i,) + {4>\\{E^Ef-E^EfM. (10.103) 

^This new set of constraints 10.98 still forms a closed algebra. Indeed, let he i < j and k < I then: 

[Cij,Cki] = SjkCii — SiiCkj (10.99) 
where i < j, k < I and j = k imply i<l or k< I, i<j and i = I imply k < I. Therefore, Cn and C^j are also raising operators. 
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If wc also assume that the diagonal simplicity constraints hold, i.e that the operators Ef" — E^ vanish on both 
states ip, 4>, then the second term vanishes and it all works out. Unfortunately, the i^-constraints do not form 
a closed algebra with the diagonal constraints Cj: 

[Ci, fki] = [E^Fti] + [i?f , F^] = 5a{Fli + F^:) - 5,u{Fti + F^). (10.104) 

Thus, if we require both Cj = and F^i — F^ = 0, then we automatically also require F^^ + F^i = 0, which means 
that we are actually imposing the much stronger constraints F^i = Fj^ = 0. These constraints are obviously 
only satisfied by the vacuum state |0). Thus the fki constraints are not consistent with the diagonal simplicity 
constraints. However, we will see in the last section that if we drop the requirement of imposing strongly the 
diagonal simplicity constraints then these / constraints appear to be the right constraints to consider: they 
allow to impose all the (diagonal and crossed) simplicity constraints weakly. 

10.3.4 Using - {F^Y Constraints 

We now consider "holomorphic" constraints defined in terms of the Fij and F^j operators by: 

T-,,- ^ - F,f, = -T^,. (10.105) 

These new operators commute with each other: 

{Tii,Tki\=^ (10.106) 
and the commutator of these new constraints with the u(A'') generators Cjj is now given by: 

\C,i,Tu\ = \E%-El,Fl:,-F^^\ 

= kiTik-kk^ii- (10.107) 

This shows two things. First, if we take i = j, the u{N) generators are the diagonal simplicity constraints. This 

means that the holomorphic constraints are compatible with the diagonal simplicity constraints and together 
they form a closed Lie algebra: we can impose Cj = on the space of solutions to = without obvious 
obstacle. Second, let us call Tijr the Hilbert space of states ip satisfying = for all indices Then the 

previous commutator also means that there is a natural U(iV) action on this solution space Hjr generated by 
the operators Cij. In particular, once we identify a single solution to the holomorphic constraints then this 
induces a whole family of solutions obtained by acting with U(A'') transformations on that initial solution. 

We introduce the Hilbert space Hj- of states satisfying the holomorphic constraints and the diagonal sim- 
plicity constraints C^. Then, for all solution states tp, (j) G Hj^, the expectation values of the left and right scalar 
product operators are equal up to a correction of order 0{j): 

{<t>\Jt-JfH) = {^\-\F^^Ft,+\E^Ef\^) 
= {cl>\-\F!^F,f + \E^Ef\^) 

= {ct>\jT ■ jf\i>) - m + \{E^+ E^m. (10.108) 

To identify solution states in "H^^, we start by the simplest case, which is to construct U(A^)-invariant states 
solution of this new set of constraints. We recall that while the iJjj -operators leave invariant the total sum of 
spins E^-^, the F^^-'^ operators decrease by —1 respectively the left and right total areas E^-^ and the F^^-'^^ 
operators increase them by +1. That is why we consider a linear combination of U(iV)-invariant states for 
different areas J; we use the f/(A'')-invariant basis | J). It is straightforward to compute that ^: 

J^^|J) = 2J(J+l)i^f |J-1). (10.109) 

^The computation is similar to the computation of the multiphcation action of -F on the U(Af) coherent states, cione from (10.73) 
to (10.75), repla<;ing Z^.; by "^F^i '■ is also antisymmetric in I and satisfies the Pliicker relation (^F^^ F^j^ F^^ F^^ — 
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Then if we define the states: 
they satisfy: 

f;^|a) =ai^f |a) \fi,j i.e. J-,,|a) = (10.111) 

Thus for a = 1, they are solution of the J^-constraints: F^\a = 1) = Fij^\oi = 1). Let us notice that these 
new states \a) for the coupled L/R system are very similar to the coherent states {zk}) diagonalizing the 
Fij operators acting on a single (left or right) sector. It's actually the exact same expression if we replace the 
spinor parameters Zjj by the creation operators F^j of the other sector: instead of imposing by hand the values 
of the expectation values using the spinor labels, the behavior of the left sector is entirely dictated by the right 
sector, and vice-versa. As underlined in [136] in the context of loop quantum gravity on the 2-vertex graph, 
these states \J) and \a) maximally entangle the left and right sectors. 

Therefore, we have determined the unique U(A^)-invariant state solution to the J- constraints. The natural 
question is whether there exist other solutions to these J^-constraints, which would necessarily be non-U(iV)- 
invariant. At this point, we have not been able to identify such solutions and we would like to conjecture 
that they do not exist. We however postpone the precise analysis of such conjecture to future investigation. 
Nevertheless, we would like to point out that a promising line of tackling this issue would be to work in the 
coherent intertwiner basis and use the expression of the operators E, F, F^ as differential operators on the spinor 
labels. 

10.3.5 Including the Immirzi Pcirameter? 

The next step is to extend our construction to the Euclidean case with a finite Immirzi parameter 7 (7 > 
0, 7 7^ 1). At the discrete level, there is no equality between the left and the right parts of the scalar products 
anymore imposed by the simplicity constraints but the relation between the left and the right parts becomes 
a proportionality relation given by (10.2) and (10.3). We recall that the proportionality coefficient p is simply 
related to the Immirzi parameter 7 by: p = ^pY\ [96, 98]. Once again, we would like to use the U(iV) formalism 
to solve these constraints. We therefore focus on a Spin(4) intertwiner with N legs labelled by i G {1, • • • , A''}. 
The issue remains that the crossed simplicity constraints j/^ • jj" — p^J[^ ■ Jj^ ~ for all couples of legs i j 
do not form a closed algebra. Following the same idea as previously we would like to replace the simplicity 
constraints by simpler constraints expressed in term of the operators i?/^'^ or F^'^ and {F^'^Y which form 
a closed algebra. We tried all possible combinations of E and F constraints and the only way to get a closed 
algebra including all the simplicity constraints is to consider constraints of the form: 

Ci = E^ — E^ = 0, Vz, for the diagonal simplicity constraints. 
J^?j = Ffj — p{F^^)^ = for the cross simplicity constraints (10.112) 

Then, 

= and [C„T^,] = S^T^^ - S,kT[,. (10.113) 

We can again define a Hilbert space 'W of states satisfying these constraints: Ci\ip) = Vi, J^^jlip) = Vi ^ j. 
We already have one solution given hy \a = p) as defined in the previous subsection by (10.110). However, 

Fij^ F^^). Therefore, we just recall the main steps: 

k 

V ' 

therefore we get: 

F^|J> =2J(J+1)F«V-1>- 
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we still have the usual un-rescaled diagonal simplicity constraint which do not involve the Immirzi parameter. 
Then, as for the crossed simplicity constraints, the result is also disappointing and we have that V|f/'), |</>) G 'H''- 

{i,\Jt-Jf-\EfEf\cl>) = (^1 - liT^t^^l,^) 

= p'{^\J^-J^-\{E^ + 2){E^ + 2M. (10.114) 

Thus, since Ef' = Ef^, we get at the leading order in j that the "right" observables (J^ • Jj^ — EiEj) 
I Ji 1 1 Jj I (cos 6*^ — 1) arc rcscalcd by the proportionality coefRcient with respect to the "left" observables 
jf" ■ jj" — EiEj) ^ \Ji\\Jj\(cos9!lj — 1) where is the angle between the two vectors Ji and Jj. However, 
these observables which are corrected observables compared to the scalar product observables, do not have 
any real interesting geometrical interpretations and it does not seem possible to extract the expected relation: 

{Jt-J!f) = pHJ^-Jf). 

Here again, it seems that the main obstacle is imposing strongly the diagonal simplicity constraints. In 
the following section, we will show how to relax the diagonal simplicity constraints and solve weakly all the 
simplicity constraints using coherent states for an arbitrary value of the Immirzi parameter. 

10.4 Weakening the constraints and using the U(A^) coherent states 

Until now we tried to solve the crossed simplicity constraints weakly whereas the diagonal simplicity constraints 
were imposed strongly. Indeed, in the previous section, we focused on the issue of the cross-diagonal simplicity 
constraints Jf' ■ Jf — Jf'' ■ Jf' = which have to be imposed weakly since they do not form a closed algebra. We 
defined some new sets of constraints {C^j, i < j} or {Tij} which allow to solve the cross simplicity constraints 
weakly and which are compatible with the diagonal simplicity constraints in such a way that the sets of all 
constraints form a closed algebra and therefore can all be imposed strongly in a consistent way. Here, we 
propose to relax all simplicity constraints becaiisc there are in fact physically on an equal footing and there is 
no physical reason to deal with the diagonal simplicity constraints in a different way from the cross simplicity 
ones. The idea is to use coherent states to solve weakly all simplicity constraints in the semi-classical regime. 
We first go back to the usual SU(2) coherent states, then we will propose the U(A'') coherent states that solve 
weakly all simplicity conditions for arbitrary Immirzi parameter. 

10.4.1 Back to SU(2) coherent intertwiners 

The SU(2) coherent intertwiners 1 1 ji, rit)i | hi)ii are currently used to solve the simplicity constraints. The 

usual analysis has been recalled in section 8.2. It is interesting to notice that these intertwiners are strong 
solutions to the diagonal simplicity constraints and that there does not seem to exist any other exact equation 
strongly solved by these states in order to weakly solve the cross diagonal simplicity constraints even in the 
semi-classical regime. 

In fact, ||ji,ni) ® \\ji,ni) = jspmi'^^^ ^ ®f=i\'^ji,ni) span a Hilbert space of intertwiners which is the 
Hilbert space of intertwiners symmetric under the exchange of the left and right part. We denote it 'Hgym- 
This symmetric Hilbert space "Hgym is generated by applying the operators Ej^Efj, F^^F^', F^/ F^'^ on the 
vacuum state |0). It is obvious that any state ^ G "Hgym satisfies all the non-diagonal simplicity constraints 
{J^ ■ Jj) = {Jj^ ■ Jj^) in expectation values. Hsym is even the largest Hilbert space such that all the matrix 
elements of the constraints vanish: 

VV, (/-eT/sym, {l}>\jf' -Jf -j!'-jf\cl>)=Q. (10.115) 

However, this symmetry property of the states does not seem to be fundamental. Indeed, we have seen 
in Section 8.2.1 that there is a second sector solution to the cross simplicity constraints given by the states 
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nj)L 'Si I These states are not symmetric anymore in the exchange of the left and right part 
but they clearly satisfy the simplicity constraints in expectation value. Moreover, the previous analysis is not 
generalizablc to the case of Euclidean gravity with a finite Immirzi parameter 7: the cross simplicity constraints 
become jf" ■ = P^Jf^ ' thus, the symmetric intertwiners cannot be used to solved them weakly 

anymore. The resolution done in 8.2.1 is not generalizablc when the Immirzi parameter is taken into account; 
usually the diagonal simplicity constraints are imposed strongly and the quadratic cross simplicity constraints 
are replaced by linear constraints j/' = ipj/^ which are then used to construct a so-called Master constraint 
in order to solve weakly the off-diagonal simplicity constraints [98]. 

We will now see that it is in fact possible to keep the standard quadratic simplicity constraints and to solve 
weakly all the simplicity constraints for any finite value of the Immirzi parameter. 

10.4.2 The final proposal: using U(iV) coherent states 

Following the coherent state approach to solving the simplicity constraints, we propose to use the U(A'') coherent 
states instead of the usual SU(2) coherent intertwiners. As we have already reviewed earlier, a U(A'') coherent 
state \J,{zk}) is labeled by the total area J and the N spinors Zk which define the semi-classical geometry 
underlying the intertwiner state. Now, considering Spin(4)-intertwiners, we consider tensor products of U(iV) 
coherent states for both the left and right sectors, that is \ JL,{zj^}) (S) \ JR,{Zk})- We would like to relax all 
simplicity constraints. Since we also relax the diagonal simplicity constraints, we do not require the matching 
of the total areas of the left and right sectors and we work with a priori two different V{N) representations, 
Jl ^ Jr- Then, the simplicity constraints impose that the classical geometry of the left and right intertwiners 
are the same up to an overall scale. This will translate into relations between the spinors of the left and right 
sectors, and z^. 

Let us start by recalling the norm of the U(7V) coherent states and the expectation values (normalized by 
the norm) of the geometric observables on them: 

(J, {zk} I J, {zk}) = A{zfJ, A{z) = \ Y.'^ZkW) (10.116) 

where we have implicitly assumed that the spinors Zk satisfy the closure conditions. In case they do not close, the 
formulas above still hold up to replacing A{z) by the the determinant y/detJC(z) as explained in the previous 
sections. 

From these expressions, two things are clear. First, the total area label J is simply a scale factor, it does 
not aifect further the details of the classical geometry determined by the spinor labels. Thus, it appears that 
the ratio of the total area of the left and right sectors defines directly the Immirzi parameter p = . Second, 

if wc want to match up to an overall factor the expectation values of the scalar product ( • Jj) of the left and 
right sectors, it is clear that we have to require that the 3- vectors V{zk) are the same up to a sign for the left 
and right sectors. Thus we distinguish two classes of solutions, which correspond to the two regimes, standard 
(s) and dual (★), of simplicity constraints: 

1. We require z^ — z^ and consider the tensor product |<7L,{^Jfe}) S \JR){zk})- This means that V{z^) — 
V{zj}). This corresponds to the standard simplicity regime (s). At leading order in the total area 
Jl,r, we have the equality of the expectation values of the scalar product observables: 

{Jj.jf) P'ijj-Jj), p=^. (10.117) 



Moreover, we also have the exact equality of the expectation values of the u{N) generators: 

{Ef.)=p{EPj). (10.118) 
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There is still a U(A^) action on the set of coherent states \ JL,{zk}) <E) \ JR,{zk})- Indeed the diagonal 
action {u, u) acts simultaneously on the two sets of spinors, {zk, Zk) — >■ {{u z)k, {u z)k)- Thus these are still 
coherent states d la Perelomov. 

2. We require z^ = (^zj} and consider the tensor product | Jl, {^fe}) ® \ Jr, {<rzfe}). This means that V{z^) = 
—V{zJ}) and corresponds to the dual simplicity regime (★). At leading order in the total area Jl,r, 
we still have the equality of the expectation values of the scalar product observables: 

{Jt-Jf) - p-'iJ^'-jf-), p=^. (10.119) 

However the equality of the expectation values of the u(A^) generators is slightly modified due to the fact 
that the <j map is anti-unitary. Indeed, taking into account that {i,Zi\i;Zj) = {zj\zi) = {zj\zi), we now have: 

(E^j) = p{E^} = pjE^) . (10.120) 

The U(A^) action which is consistent with this set of coherent states | J^, {zk}) ^S) \ Jr, {'iZk}) is the diagonal 
action (u, u) which is actually generated by our u( A'') simplicity condition and which acts simultaneously 
on the two sets of spinors as {u,u) > {zk,<,Zk) = {{u z)k,<;{u z)k)- Thus these are also coherent states d 
la Perelomov. 

Therefore, just like when using coherent intertwiners to solve weakly the simplicity constraints, we can 

clearly implement the two regimes of simplicity for the intertwiners. However, there are clear advantages of 
this new approach over the usual one. First, there are no big difference in the properties of the U(7V) coherent 
states corresponding to the two sectors. Second, the Eij observables allow to easily distinguish the two sectors. 
Third, we have \J{N) actions in both cases which allow consistently deform these intertwiners, thus endowing 
them with a true structure of coherent states and not mere semi-classical states. 

For the moment, we have managed to solve weakly both diagonal and cross simplicity constraints using the 
coherent states I-Zl, {-Zfe }) \ JR,{^k^}) with z^: = or z^ = <;z^. This provides solutions to the simplicity 
constraints for values of the Immirzi parameter corresponding to the ratio p = Jl/Jr- This parameter still 
takes discrete values. However, since we have decided to relax the diagonal simplicity constraints and thus not 
require an exact match between the individual spins jf'^ of the left and right sectors, we can further relax our 
implicit assumption that the total area need to be fixed. Then we woiild only require a matching of the total 
areas of the left and right sectors in expectation value and the parameter p = {Jl)/{Jr) will be allowed to take 
any (positive) real value. 

To implement this, we come back to the F-constraints considered earlier in section 10.3.3 and in section 
10.3.5 : 

Ftj = pK^- (10.121) 

These constraints were not compatible with the diagonal simplicity constraints. However, since we have decided 

to relax these diagonal simplicity constraints, we can neglect them and impose the _F-constraints strongly. We 
can easily solve these constraints since we know how to diagonalize the annihilation operators Fj_j. Indeed, a 
generic solution will be given by the tensor product of ^-states: 

\^lA4})<^\^rA4}), with Pl=P^r and 4 = z^. (10.122) 

We remind the definition of the /3-states as superpositions of coherent states for different values of the total 
area: 

1/3, {z,}) = /rur , 1^, 1-^' ^'"^^^ (10-123) 

which satisfy the eigenvalue equation: 

Fij \P, {zk}) = P^Zij \p, {zk}), with Zij = {z^z^ - zjz^). 
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Once again, we can easily compute the norm of these states, as well as the expectation values of the geometric 
observables : 

{I3,{zk}\p,{zk}) = ^-^, with x=\p\^A{z), (10.124) 

_ xl2{2x) {z,\z,) 
^ h(2x) A{z) ' ^''^ 



1 V{zi) ■ Vjzj) X (|/2(2x) + x/3(2x)) 3 \V{zi)\ \V{zj)\ xhjix) 
4 A{zY h{2x) 8 A{zY h{2x) ' 



where the /„'s are the modified Bessel functions of the first kind and the parameter x = \P\'^A{z) depends very 
simply on the label (}. For large values of x, i.e for large area A{z) or large value of /3 (this is more or less the 
same since the label (3 can be entirely absorbed as a overall rescaling of the spinors Zk in the definition of the 
/3-states), these expressions simplify at leading order and we get : 

{E,,)^x'^-^, (10.125) 
,^ ^, x^V{zi)-V{zj) . 

• ^ T A[zy ' 

Thus, considering tensor product states \p^, {zk}) ® \Pi {zk}) with jii^ = p^n and z^ = z^, we obtain exact 
solutions to the F-constraints {F^ — pF^) \tp) = 0. And these solutions satisfy weakly the simplicity conditions 
at leading order in the semi-classical limit, (J/^ • J-") ~ p^{J^ ■ Jp) and {E[j} ~ p{E^). 

We proceed similarly with the other sectors and consider tensor product states |p/3, {zk}} (8 |/?, {<;zfe}), with 
/3l = pPr and z^ = <,z^. These solutions satisfy weakly the simplicity conditions at leading order in the 
semi-classical limit. Indeed, we have obviously (J/" • J^) ~ P^i^i^ ■ Jp), but {E^j) ~ p{Eij). However, the 
main difference is that we have not been able to identify a set of constraints as the F-constraints which would 
characterize these tensor states. Indeed, looking at the action of the Fij operators, we get: 

^ilp/3,{^fc})0|A{c2fe}) = ppZij\pp,{zk})(3\P,{<iZk}), 
F^'^\p^,{zk})(3\P,{<;zk}) = ^Z~j\pP,Uk})<^\^,{<;zk}), 

and we actually don't know any operator which would act anti-holomorphically on states \l3,{zk}) so as to 
produce the value Zij. This is very similar to what happens when solving the simplicity constraints using the 
standard coherent intertwiners: the coherent intertwiner span a subspace in the standard regime (s) while they 
still span the whole Hilbert space of intertwiners in the dual regime (★). However, our approach still has two 
very interesting advantages: the U(A'') action on our solution states and the straightforward inclusion of the 
Immirzi parameter in our framework as a simple scale factor. 

We would like to finish this last section with a remark on the phase of the spinors. Indeed, the matching of 
the expectation values of the scalar product observables of the left and right sectors only requires a matching 
of the 3-vcctors V{zl^) = ztV{zl^) with the sign depending on whether we are in the standard regime or the 
dual regime. In order to impose these equalities, we have required that zj} = z^ or that zj} = <,z^. However, 
the 3-vector V{z) only determines the spinor up to a global phase, z e'^ z. We can thus multiply any of 
the 2A'' spinors 2;^ and z^ by arbitrary phases without affecting the expectation values (J^ • J^) and {J^^ ■ JJ^). 

Therefore, we can consider generally coherent states \pj, {e*^fc Zk}) ® | J, {e^^^^Zfe}) with arbitrary phases 6j^, 9^. 
These tensor products will still solve weakly the quadratic simplicity constraints on the scalar product operators. 
The expectation values of the u{N) generators {E^j'^) are nevertheless sensitive to these phases and are equal 

only up a phase. Since the geometry of the 3-vectors V{zj^'^), and thus the geometry of the intertwiner, do not 
depend on the phases of the spinors, it is natural to wonder about their physical/mathematical relevance. 

The answer proposed in [9] is that these phases are relevant to the spin network construction when we glue 
intertwiners together. Indeed, following the interpretation of loop quantum gravity in term of discrete twisted 
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geometries [129], these phases (or more precisely the relative phase between two intertwiners glued along an 
edge) encode the extrinsic curvature at the discrete level. In our context, having these freedom in shifting these 
phase without affecting the intrinsic geometry of the intertwiner (defined in term of the 3- vectors) should allow 
to glue these U(A'') coherent intertwiners in a consistent way without interfering with the simplicity constraints. 
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limit 



115 



117 



Spin foam models define transition amplitudes between quantum states of geometry through state-sum 
models which can be understood as discrete space-time geometries. They are supposed to describe the quantum 
space-time structure at the Planck scale. One of the main issues is then to extract some semi-classical information 
from the formalism and to show its relation to the more standard perturbative approach to the quantization 
of general relativity based on quantum field theory. In particular one would hope to understand why such 
perturbative approach fails. The quantum gravity semi-classical limit analysis amounts to proving that we can 
recover general relativity in a large scale (or low energy) regime of the spinfoam models and to showing how to 
compute the quantum corrections to the classical dynamics of the gravitational field. We will detail in Chapter 
13, Chapter 14 and Chapter 15 three projects relevant to tackle this open problem but let us first introduce the 
framework. 

In the spin foam context, a proposal for reconstructing the graviton propagator in this discrete setting 
from correlations between geometrical observables such as the areas of elementary surfaces [10, 11] has been 
developed. This proposal allows to extract scnii-c;lassical correlations at large scales, which wo hope to compare 
with the perturbative calculations performed in quantum general relativity treated as a quantum field theory. 
The main ingredients of these "spin foam graviton propagator" calculations are 

1. a suitable boundary state peaked on a classical 3-geometry, 

2. the spin foam amplitudes for the bulk geometry, 

3. the relevant observables probing the space-time geometry. 

Since the original proposal, there have been a lot of works developing this line of research. They mainly 
focused on creating the new mathematical tools needed for these semi- classical calculations and on using these 
computations as a criteria to select spinfoam models with a correct semi-classical behavior and as a result 
to discriminate some of them (see e.g [138]). All these developments hint towards the fact that the graviton 
propagator in spin foam models lead back to Newton's law for gravity at large scales while being regularized at 
the Planck scale. This behavior has been confirmed by numerical simulations in the simplest cases [139, 114]. 

However, up to now, the most explicit calculations have been done at the leading order (in the scale pa- 
rameter) and for the simplest space-time triangulation (a single tetrahedron in 3d and a single 4-simplex in 
4d). In order to make the link with the standard quantum field theory perturbative expansion, we need to do 
calculations with physical boundary states, i.e. states that solve the Hamiltonian constraint on the boundary. 
Moreover, we need to be able to push these calculations further and calculate the correlations both at higher 
order ("loop corrections") and more refined triangulations (smoother boundary state). The three key elements 
to improve our understanding of the spinfoam graviton arc therefore to 

(i) determine the exact correlations when considering physical boundary states; 

(ii) determine the higher order corrections to the correlations (the leading order of the correlations gives the 
classical propagator of the graviton) by studying the asymptotic behavior of the vertex amplitude; 

(iii) determine the behavior of the correlations by considering different (physical) boundary states. 

We have focused on (i) in the context of 4d gravity. Up to now, most of the recent works have focused on 
building quantum coherent states with good semi-classical properties. One important issue is the requirement 

that the; states arc; physical i.e. solve the Hamiltonian constraint on the; 3d boundary. The rcqiiirement of 
working with a physical state should allow us to determine explicitly the width of the gaussian state defining 
the boundary state (see [14] for 3d gravity). This width is relevant in the context of the geometrical correlations 
because it cintcrs the; cixact numerical factor in front of these correlations. Therefore, if we want to have the 
exact correlations and not only their scaling properties, we need a definite prediction of that width. 

We have addressed the issue of (ii) in the context of 3d gravity. Considering a single tetrahedron, the 
solution of this issue requires understanding the corrections to the asymptotical behavior of the spin foam 
vertex amplitude associated to a single tetrahedron. We recall that this is the basic building block of of a 3d 
spin foam model, since a spin foam can then be constructed by gluing these spin foam vertices in order to 
describe the whole quantum space-time. In the Ponzano-Regge model (see Chapter 6.1), the spinfoam vertex 
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is given by the {6.j}-symbol from the recouphng theory of the representations of SU(2). Therefore, a necessary 
step towards providing exphcit formulae or procedures to compute all orders of the perturbative expansion (in 
term of the length scale) of the graviton correlations in the Ponzano-Regge model is to compute all orders of 
the asymptotic expansion of the {6j}-symbol. 

Let us now detail the plan of this last part. We will first give a quick review of the spin foam graviton 
propagator framework in the next chapter. In Chapter 12.1, we will define explicitely the 3d "spin foam 
graviton" for the simplest possible setting given by the 3d toy model introduced in [140, 141]. In Chapters 
13 and 14, we will present two different methods to develop the asymptotic of the {6j}-symbol: either from 
a brute-force calculation based on the explicit formula of the {6j}-symbol in term of factorials [12], or from 
recursion relations for the {6j}-symbol [13]. Finally, in Chapter 15, we will show that it is possible to define 
a physical boundary state for a spin foam model for 4d quantum gravity. These results were published in [15] 
in which the consequences of the physical state requirement for the Euclidean Barrett-Crane model for the 
simplest case of a space-time triangulation constructed from a single 4-simplex have been investigated. 



Chapter 11 

The graviton propagator 



Let us describe the spin foam framework for deriving the graviton propagator from correlations between area 

observablcs. Wc recall that the kinematical Hilbert space of quantum geometry states for loop quantum gravity 
is spanned by spin network states = \7,ji,in) where 7 is a graph, ji is a "spin" labeling an irreducible 
representation of the gauge group G associated to the link I of the graph, and i„ is associated to the node n of 
7 and labels intertwiners. 

The gauge group G will be specified when we consider a specific spin foam model. Note that we changed the 
notations: a spin network is now denoted by tp whereas it was called s in the previous parts. In this part s will 
represent the specific spin network associated to the boundary graph of a 4-simplex. 

We now consider a 4d space-time region M with a 3d boundary E. The spin network state defines 
the quantum state of geometry of the boundary S, the spin foam amplitude Klip] (6.4) defines the dynamical 
probability amplitiidc of that state and is supposed to contain the whole dynamical content of quantum gravity. 

We consider in this part the case where the boundary E is connected and the kernel K is then defined as a 
function of only one boundary spin network tp = (7,j;,i„). 



where we used the same compact notation as in (6.5). We recall that the sum is over spin foams F = (C, c) 
such that their two-complexes are compatible with the graph 7 and their colorings c are compatible with the 
representations and intertwiners {ji,in)- We start by considering a semi-classical spin network functional 'I'<j[V'] 
peaked on a classical 3d metric q for the boundary E. We further require that this boundary state ^q[^] induces 
a space-time structure in the bulk peaked around the flat Minkowski metric. In particular, this normally fixes 
the classical boundary q to be the 3- metric induced on E by the Minkowski metric on Ai. Then we construct 
correlations W between the metric fluctuations for the chosen boundary state "iq. 



where the trace is taken over the Hilbert of spin networks. Here x and y are two points localized on the boundary 
E. In our discrete spin network setting, they are usually determined as nodes of the graph 7 underlying the 
spin network state ^q. The metric fluctuations h°'^{x)h'^{y) are usually constructed as geometrical quantities. 
There arc two basic types of such geometric observablcs in the discretized geometry setting of spinfoams: the 
diagonal component of the metric tensor can be interpreted as areas and the off-diagonal components as dihedral 
angles between simplices. More details on the 3d case are given in the next chapter 12.1. 

Finally, this formula defines the 2-point function for the gravitational field in the spinfoam framework. It 
can be considered as the equivalent of the standard 2-point function of the conventional quantum field theory 
framework, which defines the graviton propagator^ [10]. 




(11.1) 



W'''"'''{x,y;q)=Y,KmiP\h''''{x)h'''{ym^M = Tr [K h''''{x)h'^''{y) <i>q] 



(11.2) 



W^,p^{x,y) = (0|T{V(a;)V(2/)}|0)- 



(11.3) 



'^In the following formula, T stands for the standard time-ordering prescription. 
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Physical observables of the theory. The goal of the proposal for computing a "spin foam graviton propa- 
gator" is to probe the geometry induced by the spin foam amplitudes through calculating correlations between 
geometric observables. Thus, we first need to identify appropriate observables. As we already mentioned it, 
geometrical observables such as areas or dihedral angles appear in the metric fluctuations h"-^{x)h'''^{y) which 
enter into the 2-points function definition (11.2). That is to consider correlations between different components 
of the metric amounts to defining the correlations between areas and volumes (which can be defined from area 
and dihedral angles variables [142]) at different points on the boundary S defined by the labels {ji, z„). Indeed, 
the data {ji,in) living on the boundary graph 7 encodes the geometrical information of the boundary S: the 
representation ji gives the area of the triangle A e Ag dual to the link I e Ag and the intertwiner i„ describes 
the shape and the volume of the tetrahedron of the triangulation Ag dual to the node n G Ag. These boundary 
representations and intertwiners are thus the typical geometrical observables that we consider for the "spin 
foam graviton propagator" . 

The boundary state. In the spin foam setting, \E'g[V'] is a semi-classical state peaked on both intrinsic and 
extrinsic geometry [10]. It is the extrinsic data that determines the 4-metric induced in the bulk. Consid- 
ering boundary states, while most of the recent work has focused on building quantum coherent states with 
good semi-classical properties, one important issue is the requirement that the states are physical i.e solve the 
Hamiltonian constraint on the 3d boundary. This "physical state" criteria can be entirely formulated in term 
of a compatibility equation between the boundary state and the spinfoam bulk amplitude by the two following 
conditions: 



The first condition is the normalization of the boundary state, while the second condition translates truthfully 
the requirement to work with a physical state and can be considered as the "Wheeler-deWitt" condition. 

The consequences of this last condition were investigated in the framework of the Ponzano-Regge spinfoam 
model for 3d quantum gravity, more particularly in a toy model where the 3d space-time is triangulated by a 
single tetrahedron [140, 141]. This 3d toy model is introduced in Chapter 12.1. 

We studied the consequences of both conditions (11.4) on in the context of the Barrett-Crane model [15]. 
These results are presented in Chapter 15. 

The kernel. The main spinfoam models used to define the bulk amplitudes are the Barrett-Crane model (see 
Chapter 7), which exists in both its Euclidean version [103, 143] and its Lorcntzian counterpart [104, 115], and 
the more recent EPRL-FK models (see Chapter 8 and [95, 98, 96, 97, 106]) and their generalizations [118, 144] 
for 4d gravity. Details concerning the Barrett-Crane kernel are given in the Chapter 15. 




(11.4) 



Chapter 12 

The asymptotic expansion in 3d 



Most of the explicit calculations in the "spin foam graviton" framework have been done at the leading order (in 
the scale parameter) and for the simplest space-time triangulation (i.e. a single tetrahedron in 3d and a single 
4-simplex in 4d) . The graviton propagator in spin foam models seems to lead back to Newton's law for gravity 
at large scales while being regularized at the Planck scale. This behavior has been confirmed by numerical 
simulations in the simplest cases [139, 114]. In order to make the link with the standard quantum field theory 
perturbative expansion, we now need to be able to push these calculations further and calculate the correlations 
both at higher order ("loop corrections") and for more refined triangulations (smoother boundary state). In 
both works [12, 13] presented respectively in Chapter 13 and Chapter 14, we focus on the first aspect: the 
leading order of the correlations gives the classical propagator of the graviton and we would like to compute 
the higher order (quantum) corrections. Following the lines of [141, 145, 146], this requires understanding the 
corrections to the asymptotical behavior of the spinfoam vertex amplitude, which is the amplitude associated 
to a single tetrahedron in 3d quantum gravity or to a single 4-simplex in 4d models. 

In this chapter, we focus on 3d quantum gravity although 3d general relativity has no local degrees of 
freedom. Indeed, the 2-point function of the linearised quantum theory (11.3) is a well defined quantity that 
can be evaluated once a gauge-fixing is chosen. However, this quantity is a pure gauge and the quantum theory 
does not properly have a propagating graviton [147]. It provides nevertheless a nice laboratory to test the ideas 
which have been proposed in the 4d case since the 3d quantum gravity model is much simpler than the 4d one. 

The canonical framework to compute 3d correlation in quantum gravity is reviewed in the next section ; we 
will see that the structure of this "spin foam graviton" framework is particularly clear in 3d. Then the study 
of the {6j}-symbol is presented in Section 12.2, as well as Chaptersl3 and 14. 

12.1 The canonical framework for 3d correlation in gravity/ The 
boundary states and the kernel for 3d correlation in gravity 

We present in this Section the simplest setting - given by a 3d toy model introduced in [140, 141] - to illustrate 
the "spin foam graviton propagator" framework and to point out the importance to study the asymptotic 
behavior of the {6j}-symbol. In spite of the simplicity of the model, we will see that the framework developed 
here, has rather generic features for computing graviton propagator /correlations in non-perturbative quantum 

gravity from spin foam amplitudes. 

We consider a triangulation consisting of a single tetrahedron embedded in flat 3d Euclidean space-time: we 
are interested in the correlations of length fluctuations of the bottom edge and of the top edge of the tetrahedron 
(see Fig. 12.1). In order to define transition amplitudes in a background independent context for a certain region 
of space-time, we perform a perturbative expansion with respect to the geometry of the boundary. It is the 
classical geometry which will act as a background for the perturbative expansion. This classical geometry in the 
case of a single tetrahedron is defined by its edge lengths and its dihedral angles since these quantities specify 
respectively the intrinsic and extrinsic curvatures of the boundary. 

More precisely, given a background that we will precise in the following, to compute the correlations between 
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Figure 12.1: The dynamical tetrahedron as evolution between two hyperplanes containing ei and 62- The 
labels give the physical lengths: h = ji + 1/2, I2 — j2 + 1/2 and we assume to have measured the time 
T^ijt + l/2)/V2. 0-i,j2,Jt eN/2) 

fluctuations around the background of the length of the bottom edge li = ji + 1/2 and the top edge I2 = + 1/2 
of the tetrahedron represented in Fig. 12.1, we consider the situation where the edge lengths of the four other 
edges are fixed to the unique value jt + 1/2. In this setting, which is referred to as the time- gauge setting, 
the four imposed bulk edge length can be interpreted as representing the time measured between two planes 
containing li and I2 given by T = (jt + l/2)/\/2. The background around which we study the fluctuations is 
introduced by the state lip) which will peak ji and j2 around a given value jo- Then to study the perturbative 
expansion of the 2-point function, we choose a Coulomb-like gauge and for simplicity we also take jt = jo and 
our starting point becomes 

With O^.(jo)^-L(d2_rf2j ,E,^Q■)^exp[-|(<5rfJ2 + ,0^|^ 

jo ^ ' 

where A/" is the normalization factor given by the same sum without the observable insertions Oj^ (jo)- Moreover, 
dj = 2j + 1 = 1/2 and 5^. — dj — dj^ and we recall that the {6j} symbol is the Ponzano-Regge kernel (see 
Chapter 6.1). To define the boundary state 4', we used the Gaussian ansatz. peaks the geometry around 
the equilateral tetrahedra which all edges are equal to Zq = Jo + 1/2 = djg/2 and all dihedral angles (defined 
as the angles between the external normal to the triangles) have the same value 9 = arccos(— 1/3). W1122 then 
measures the correlations between length fluctuations for the edges ei and 62 for the tetrahedron, and it can be 
interpreted as the 2-point function for gravity, contracted along the directions of ei and 62 [140]. 
Thus, the pertubative expansion of this propagator needs the knowledge of the expansion of the {6j}-symbol. 
The well-known asymptotics of the {6j} symbol is given by [21, 148, 117, 111] 

jl jt) jo \ cos(5fl,[je] +7r/4) 



. . . , - , , (12.2) 

32 Jo Jo i ^12^F(J1,J2,J0) 

where V{ji,j2,jo) = j^^^^o^'i^'i ^ ^1^2 ~ ^1^2 the volume of the tetrahedron and Sji[je] is the Regge action 

SR[je]=J2(3e + l)0e{je), (12.3) 



where 0e are dihedral angles. The Regge action is a discretized version of general relativity, which captures 
the non-linearity of the theory [112]. In the pertubative expansion of the propagator (12.1), there are therefore 
two sources of correction: contributions coming from higher orders in the expansion of the Regge action and 
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contributions coming from higher orders in the expansion of the {6j} symbol. We focus now on the second 
aspect and we propose in the next section different methods to study the asymptotic expansion of the {6j} 
symbol. 

12.2 How to study the {6j}-symbol? 

They are three basic ways to compute the leading order asymptotics of the {6j}-symbol and to show its relation 
to the Regge action for 3d gravity. 

• Recursion relations [149, 150]. Using the invariance of the {6j}-symbol under Pachner moves (Biedcinharn- 
EUiott identity) or directly its definition as a recoupling coefficient, one can derive a recursion relation 
for the {6j}-symbol. This recursion formula is actually very useful for numerical computations, but it 
can also be; approximated at large spins by a (second order) differential equation. One then derive the 
asymptotics from a WKB approximation. 

• Integral formula [151, 117]. One can write the square of the {6j}-symbol as an integral over four copies of 
SU(2). In the large spin regime, we can use saddle point techniques and one derives the right asymptotics 
after a careful analysis of non-degenerate and degenerate configurations for the saddle points. This is the 
technique used to derive the asymptotics of the Barrett-Crane and EPR-FK vertex amplitudes. 

• Brute-force approximation [152]. One can start from the explicit algebraic formula of the {6j}-symbol 
as a sum over some products of factorials. Using the Stirling formula and after lengthy calculations, 
we approximate the sum by an integral and use saddle point techniques again which lead to the same 
asymptotics. 

We would like to mention aslo the more sophisticated and rigorous proof of the asymptotics by Roberts [148] 
based on geometric quantization, but he also uses an integral formula and the saddle point method. 
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Chapter 13 



Group integral techniques and the 
asymptotic expansion of the {6j} 

The method is based on the expHcit algebraic formula of the {6j}-symbol as a sum over some products of 
factorials. Using the Stirling formula, we approximate the sum by an integral and use saddle point techniques. 
These results were published in [12] 

13.1 The {6j}-symbol and the Racah's single sum formula 

The {6j}-symbol is the basic building block of the Ponzano-Regge model which is a state sum model for 3d 
Euclidean gravity formulated as a SU(2) gauge theory. The Ponzano-Regge model is defined over a triangula- 
tion of space-time: we build the 3d space-time manifold from tetrahedra glued together along their respective 
triangles and edges. We assign an irreducible representation (irreps) of SU(2) to each edge e of the triangu- 
lation. These irreps are labeled by a half-integer je S N/2, the spin, and the dimension of the corresponding 
representation space is given by dj^ — 2je + 1. Each tetrahedron of the triangulation has six edges labeled by 
six spins jei,--,jee ^-^^d we associate it with the corresponding {6j}-symbol, which is the unique (non-trivial) 
SU(2) invariant built from these six representations. It is giving by combining four normalized Clebsh-Gordan 
coefficients corresponding to the four triangles of the tetrahedron. Finally, the Ponzano-Regge amplitude for a 
given colored triangulation is simply given by the product of the {6j}-symbols associated to all its tetrahedra. 

Looking more closely at a single tetrahedron, we label its four triangles by / = 0, ..,3. Then each of its 
six edges is labeled by the couple of triangles to which it belongs, (/J) with < / < J < 3. To each edge is 
attached a SU(2) irrep of spin j/j, which defines the length of that edge j/j + 5 = (see Fig. 13.1). There 



'01 / 














\ll3 


'02 \, 


XI23 



Figure 13.1: A single tetrahedron: the edge lengths are given by Ijj — 

are several ways of expressing the {6j}-symbol. The basic formula is the Racah's single sum formula which 
expresses the {6j}-synibol as a sum over some products of factorials (see Appendix E). This is our starting 
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point as in [152] : 

(^ 23 13 12 J max vj -^-l-^^ )' llJxPJ )' 

(13.1) 

where the vj and Pi are given by the following sums: 

\/K = 0..3, Vk = ^jiK, Vfc = 1..3, pk= ihi+jki)- 

The factors A(joi, jo2,io3) are weights associated to each triangle and are defined by: 

(ioi + i02 - i03)!(j01 - j02 + josV-i-hl + i02 + jo3)! 



A(joi, j02,i03) 



(ioi +i02 + j03 + 1)! 



From this point, in all sums and products throughout this paper, capital indices K will run from to 3 and 
lower-cases indices k will run from 1 to 3. 

We are interested in the large spin expansion of the {6j}-symbol when scaling all the spins homogeneously. 
Actually we will scale the lengths dj, j/2 instead of the spins ju because the structure of the expansion will 
be simpler (we expect an alternation of cosines and sines without any mixing up at all orders as in [145]) and 
the geometrical interpretation (when possible) is expected to be simpler. Then we rescale all dj^j by Xdjjj in 

(13.1), which is equivalent to changing ju = — | to — \. This gives: 



r \diJ2 - 1/2 \diJ2 - 1/2 \diJ2 - 1/2 1 
I Arf,,3/2 - 1/2 \dU2 - 1/2 \djj2 - 1/2 / 



\/A(Arfjoi , A(ijQ2 , \djg^)A{Xdj^^ , Xdj^^ , ^dj^^)l\{Xdj^^ , \dj^^ , Xdjg^)A{Xdjg^ , Xdj^.^ , Xdj^^ ) ^^3 2) 

.^h-i 'm-xv,+mMP3-t-2y. 

with the new conventions: 

r, _ \^ d,jlK ^ _ (rfjQ, + dj^.) 

- Pk- 2^ 2 ' 

A(\rl \W \rl \ — (t^^Joi '^302 ~ ^joa) ~ 2)' (2 ('^Joi ~ ^J02 '^ioa) ~ 2)' (2 (~^joi ^302 ^jos) ~ 2)' 

\ 2 y"'joi ' "502 ~r "jo3 J 2 / ■ 

The quantity Vk gives the perimeter of the triangle K while the p^'s are the perimeters of (non-planar) quadri- 
laterals. 



13.2 Perturbative expansion of the 6j-symbol 

In this section, we will give a procedure to obtain the full perturbative expansion of the {6j}-symbol in term 
of the length scale A and we compute explicitly the leading order (Ponzano-Regge formulae) then the next-to- 
leading order analytically. 

13.2.1 General procedure 

We give all the necessary formulae to obtain the Ponzano-Regge corrections at any order. But calculations are 
only performed explicitly at the next-to-leading order for a generic {6j}-symbol. We start from equation (13.2). 
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First approximation: factorials. The factorial can be expanded in a series: 

nl = V2nn[-J (^1 + + 288r? " 51840n3 " 2488320n^ + ' ' ' j ^'^'^^ 

In equation (13.2), there are factorials of the form: n!, (n+ 1/2)! and {n — 1/2)!, which arc rigourously defined 
through Euler's T function. From (13.3) wc deduce asymptotic expansions for {n+ 1/2)! and (n— 1/2)! (sec the 
details in appendix F). In order to get the next-to-leading order (NLO) in the 1/A expansion of the {6j}-symbol, 
we replace the factorials in equation (13.2) by their respective asymptotic expansion: 



nl ~ v^e("+5) (1 + j^) 

(n + i)! - \/2^e("+i) (l + ^) (13.4) 
(n-i)!~^/2^e"Mn)-n(l_^). 

Then, equation (13.2) reads at first order as: 

Xd,j2 - 1/2 Xd,j2 - 1/2 Xd,j2 -1/2 \^ A^iM^..,) f, -^H{dj,,) + O ( \)) ^ . (13.5) 



Adj,3/2-l/2 Adj,3/2-l/2 Adj,j2-l/2 j 2tt \ 24A ^"^"^ ' ^ \^A^ 

The first factor is given by: 

Kdjjj) = XI '^3,jhd,,j (13.6) 

KJ 

where {KL) is the opposite side to (U), that is K ^ L and K,L ^ I, J. The second factor is due to the NLO 
of the factorials: 



H{dj,,) = 2V^-V - 2V^ = V 



2Ai 



(13.7) 



where Ai is the area of triangle /, is the radius of the incircle of triangle / and is the radius of the excircle 
to the triangle I tangent to the side djj^ of the triangle I. Finally, S is a Riemann sum: 

min Pj 12 

' ' ' ' e^^(^) (13.8) 



. -.. .A2 

X— max VI j1 

with the pre-factor and the action given by: 

/(a;) = mx + x ln(a;) — ^^(a; — 5k) ln(a; — vk) — ^^(Pj ~ 2;) ln(pj — a;), 

K j 



13 47 v-^ 1 1 

G{x) = + ^+13> . 

X 2 ^-^ X — Vk . Pi — X 

K 3 

The details of the computation are given in Appendix G. 
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Second approximation: Riemann sum. The second approximation consists in replacing the Ricmann sum 
E of (13.5) by an integral. One k^^ factor of S plays the role of dx. We can then rewrite equation (13.5) as: 



m 



1 

2^ 



1 



24A 



62 



dxe^^-^ 1 



1 

m 



G{x) + o 



oA/(x) 



(13.10) 

This approximation does not generate any corrections at leading order and at first order. It will nevertheless 
enter at second order in terms in 1/A^. 



Third approximation: saddle point approximation. We have to study an integral of the form I = 

dxg{x)e^^^^^ where A is a large parameter. The asymptotic expansion of such an integral is given by contri- 
butions around the stationary points of the action / which are points, denoted xq, of the complex plane such 
that f'{xo) = 0. We expand the action f{x) and the function ^(a;) around the stationary points Xq in term of 
Sx = X — Xq: 



f^^)^f2li^^Sxy^f{xo) + ^-^{6xr + f>H6x) and ^(x) = £ 



3=0 



j=0 



J'- 



-{5xY =g{5x). 



We then expand K(5x) = g{5x)e^^''o ^^^^ in power of 5x. Following the standard stationary phase approximation, 
we extend the integration domain to the whole M. The integrals are then "generalized Gaussians" which can 
easily be computed. We group the resulting terms according to their dependence on 1/A, being careful because 
of the function g{x) which depends on 1/A. We recall that g{x) was obtained by replacing the factorials in 
(13.2) by their series expansion and we write ^(a;) under the general form: 

CO / N 

5(x) = yM^. 

1=1 

Then the complete perturbative expansion of I can be written as: 



A/(xo) _ 



27r 



-f"{xo)X 



n=l 



2^''^i-f"ixo)y+2^J'^ {-nxo))-+p 



.P=0 



where 



= E7 



E[^] (2p-T.]_,l,) 



E 



.9„- 



(2n)! 



_±_ 9i •' ' " (■^o) tt ./ '(^o) 



(13.11) 



(13.12) 



E 



9i-p M — 



^K^-p)!,^.^^3(2(n+p)-EU^.)!/i ft-)! 



E 



n 



for p>l 



The details of the computation are given in Appendix H. From this expansion and adjusting the first approxi- 
mation to get the proper dependence on A for g and the pre-factors, it is possible to compute analytically the 
whole asymptotic expansion of the {6j}-symbol. 

Here to get explicitly the next-to-leading order of the {6j}-symbol asymptotic expansion, we only need the 
next-to- leading order of the 1/A expansion of I, so we cut the previous formulae at n = 1, then 



E^ 



27r 



-/"(a=o)A 



1 + 



iVo + 



No 



+ 



3iVi 



+ 



15iV2 
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with the expansion coefficients given by 

No=gi[Xo), VVo = — , Ni = \ , N2 = — - — I — — 

Wc recall that g{x) = e'^(^) (l - that is: go{x) = e^(^) and gi{x) = -^e^(^). Finally, we obtain the 

approximation: 

h -L 1 f_G(xo) _ F"{xo) + {F'ixo)f , /W(xo)+4/('')(xo)F'(xo) _ 5(/t=') (xo)f \ , ^ ( J_\ 
[ '^>^\ 12 2/"(xo) 8(/"(xo))2 24(/"(xo))V ^^U^; 

This gives us the following expression for the asymptotic expansion of the {6j}-syinbol at second order: 

Xd,,j2-l/2 M,J2-\I2 \d,j2-\l2 

\diJ2-\l2 



(13.13) 



1 _L 1 {_ElliA _ 

A 24 



G(xo) F"(xo) + (F'(xo))'' , /'^'(^o)+4/'"'(^o)j^'(^o) 5(/<")(xo))' 



+ 



12 2/"(xo) ^ 8(/"(xo))2 24(/"(xo))3^ 

(13.14) 

where xo are the stationary points of the phase, i.e. f'{xo) = 0. The next step is to identify these stationary 
points. 



13.2.2 Contributions of the stationary points 

The phase f{x) is an analytical function given by: 



K 



f{x) = mx + x \d.(x) — I X — ^ j In I a; 



VK 



therefore the stationary points xq satisfy the following equation as shown in [152] : 

f'{x) =i7r + ln(a;)-^ln(x-'i}if/2) + ^ln(pj/2-a;) =0 

which is equivalent to 

X Y[iPi -x) = - J{{x - vk) 



j K 
.2 



The previous equation reduces to a quadratic equation Ax — Bx + C = with 



K<L 



B = -P1P2P3 + 



VjVjVK 



I<J<K 



E 

I<J,K<L, 
V {I,J)^{K,L) 
( 



E 

I<J,K<L, 
V {I,J)^{K,L) 



(13.15) 

(13.16) 
(13.17) 



E*^^" +E II'^^- 

\I<J J J 



K 



(13.18) 
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As shown in [152] , the discriminant A = — {B"^ — AAC) is given in terms of the djjj by: 



E 

/< J, 

K <L, 
L iI,J)^{K,L) 



I 



E 

M < N. 
{M,N)^{I, J), 
V iM,N)y^iK,L) 



\ 



JMN 



JKL 



-En^.. 

K LjtK 



= 2 









1 







(13.19) 



2'*(3!)2y2 



where V is the volume of the tetrahedron of edge length djjj/2. In the following we will focus on the case 
where A > 0, i.e. > 0, which corresponds to tetrahcdra in flat Euclidean space. The other case A < 
corresponds to tetrahedra admitting an embedding in the 2+ld Minkowski space-time. And so, we get two 
stationary points: 

= ^ (13.20) 

The geometrical interpretation of the stationary points is not clear yet. We have shown that A is related to the 
volume of the tetrahedron. B and A are also related to invariant of the tetrahedron: 

Vj 



B = ^^A + 24Vcote 



where we recall that vj is the perimeter of the triangle I of the tetrahedron. The angle 6 is the Brocard 
angle of the tetrahedron. Indeed, ;: im^i il^s i>isL ■■ ^^^fm .. ^^im. are the barycentric 

coordinates of the second Lemoine point of the tetrahedron denoted L. This point is such that the distance 
from L to the face / of the tetrahedron is equal to Ri tan 6 where Ri is the radius of the circumscribed circle 



of the triangle / and 6 is then defined by I JJ^ 



12ycot6». 



The geometrical significance of the stationary points still has to be understood. However, we can now give 
the explicit form of the leading order and of the next to leading order of the {6j}-symbol. 

Leading order. We first focus on the leading order and on the x+ contribution. This analysis has already 
been done in [152] and we just recall the main steps and give the notations: 

1 di 



KJ 



'^-TT-fdi where 

2 "'3IJ 



fd 



In 



fd =ln 

The second derivative of / is given by: 

-f"ix+) 



{x+-Vo)(x+-Vi) 
{x+-Vk){x+-Vi) 

(Pk-x+){pi-x^) 



X+-VK 



for i,j e {1,- 

for i,k £ {1, • 

+ y.^ 



,3} 
•,3} 



(13.21) 



x+ 



= -i\/Aexp(- ln(a;+ JJ-ipj - x+))) 
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where we have used the equation (13.17) which gives x+ YljiPj — x+) = — Ylj({x+ — vk)- In the same way, we 
can simphfy F{x+) = — g In W - {pj — x+fj . The exponential piece of f"{x+) and 6^^^+^ compensate and 



we get: 



Collecting these different results yields the following contribution of the x+ stationary point: 
V -/"(x+)2^A3 exp {F{x+) + \f{x+)) exp = 



\/27rA3\/A 



exp 



(13.22) 



The same analysis for the X- contribution yields the same contribution as the previous one with an opposite 
phase: 



y=5=:exp {F{x.) + Xf{x.)) exp ^J2^^h,^^^^ 



exp 



-*f +E/j(Arf,.,/2)(/id„, +A,,,) 



(13.23) 



We must now compute f^-^ ^ which is a complex logarithm. Wc recall that the principal value of the logarithm 
is defined by Logz := In \z\ +zArg2;. Therefore, we have to compute '^{fdj^j) = 0iJ- From (13.21), we can write 
that: 

Ooi = Arg(a;+ - %) + Arg(a;+ - Vi) - ^Arg(pj - x+) 
Oik = Arg(a;+ - Vk) + Arg(x+ - Vi) - Arg(pfc - x+) - Arg(ft - x+) 



(13.24) 



The analysis done in [152] shows that 6ij can be identified as the (exterior) dihedral angles of the tetrahedron. 
Moreover, 



(x+-vo){x+-Xi) 



(13.25) 



(x^-Vk)(x+-Vi) 

(Pi-x+)(pk-x+) 



3?(/.,,J = ln 

A tedious (but interesting) computation shows that: 

Then, summing the contributions of x+ and x- we get the leading order of the 6j-symbol: 

^1 



Ad,„,/2-l/2 Ad,„j2-l/2 Ad,„3/2-l/2 
Ad,,3/2-l/2 Ad,-,3/2-l/2 Ad,-,,/2-l/2 



L.O. 



127rA3y 



cos 



(13.26) 



(13.27) 



where Sr = J2i<j is the Regge action. This is the well-known limit given by Ponzano and Regge [21] 

and which has justified their state sum model for 3d Euclidean gravity where the {6j}-symbol is the spinfoam 

amplitude for a single tetrahedron. 

Next to leading order. The next-to-leading order is then given by the term in in equation (13.14). Using 
equations (13.7-13.6-13.8), we rewrite the leading order in terms of x±,vi,pj and A: 



1= {A{x+,vi,pj,A)e'(^^+^^+A{x_,vi,pj,A)e-'^^^+^^} 



(13.28) 
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where 



+(9^ n (•^+ - ^i)' + 611(2;+ - ^^/) E (^+ - ^^)(^+ - ^^))^ 

A' L=/^K I K<L 

-H-\{{P3 - x+f - iin - *^)' + ii4n(^' - ^+)^ (13.29) 
-(E n (^+ - ^^))(-nfe - ^+)' + E n (^+ - ^^)' - E4n(p^ - ^+f))^ 

K L^K i if L^K j Ijij 

-5(-nfe - + E n(^+ - *^)' - E4n(^^' - ^+)^)^] 



Since a;± are conjugated to each other, we obviously have A{x+) = A{x-). Moreover, numerical computations 
shows that 3?(^(x±, A)) = 0, and in particular A{x+) = —A{x-). This is a priori a non-trivial result 
to obtain from the previous formulas. Nevertheless, we tested it numerically for various choices of spin and it 
always turned out true. Thus we believe that there should be a way to show it analytically. We can then give 
an explicit formula of the NLO of the {6j}-symbol: 



1 



TT 



{6j} ~ {6jWo = ^=^cos --=L=9(A(x+,^/,p,-,A))sin(5H + 7r/4). (13.30) 

This result is confirmed by numerical simulations. The plots in Fig. 13.2 represent numerical simulations of 
the {6j}-symbol minus its approximation given above (13.30). Moreover, to enhance the comparison, we have 
multiplied by A^/^ to see how the coefficient of the next to leading order is approached and we have divided 
by cos(5ii + 7r/4) (oscillations of the next-to-next-to-leading order) to suppress the oscillations; that is we have 
plotted: 

Onlo = A ' — — ■ — — — . (13.31) 

cos(5fl -I- 7r/4) 

As expected, the numerical simulations show that this rcscalcd difference Spji^Q goes to as 1/A when A goes 
to 00. Moreover, the data for Snlo without any oscillation suggest that we correctly divided by cos(S'iv, + 7r/4) 
and thus the NNLO of the{6j}-symbol should oscillate in cos(SVf + 7i"/4). Therefore, this strongly suggest that 
the asymptotic expansion of the {6j}-symbol in term of the length scale A is given by an alternative of cosines 
and sinus at each order. We strongly underline that this is true because we have rescaled the edge lengths djjj. 
If we had instead rescaled the spins j'/j as usually done, we would have found an oscillatory behavior controlled 
by a mixing of cos and sin at each order (as shown explicitly for the case of the isosceles tetrahedron in [145]). 
This suggests that the djjj are indeed the right parameter to consider when studying the semi-classical behavior 
of the {6j}-synibol. 

The only thing left to do in the present analysis is to provide the NLO coeflacient Sj(A(a;+)) with a geometrical 
interpretation and to show rigourously that 3?(A(a;+)) vanishes. 

Finally, we rewrite the approximation up to NLO of the {6j}-symbol in a slightly diff'erent manner: 



|6i} ^ , cos 



'^+Sn+l^A{x+)) + o(^ 



(13.32) 



This shows that the next-to-leading corrections to the {6j}-symbol can be directly considered as corrections to 
the Regge action for (3d) gravity: 



^corrected = Sij ^S>(A(a;+)). 



We point out that an expansion in 1/A with alternating cos and sin could be similarly re-absorbed as corrections 
to the Regge action. This would define in the spinfoam framework the quantum gravity corrections to classical 
3d gravity due to the fundamental discreteness of the theory. Such correction would enter the gravitational 
correlations (of the "graviton propagator" type) at second order as suggested in [153] . 
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Figure 13.2: Plots of the difference (^jvlo between the {6j}-symbol and its analytical approximation up to NLO. 
On the left, we look at the {6j}-symbol for di = 5X,d2 = 7A, = 9X,d4, = 7X,d^ = 9X,dQ = 9A with the 
x-coordinatc standing for 3A. On the right, we've plotted the case di = 15A, d2 = 17A, ds = 19A, ^4 = 19A, ds = 
21A,d6 = 17A with A running from 60 to 200. 



13.3 Some particular cases 
13.3.1 The equilateral tetrahedron 

For the equilateral tetrahedron, all the edges have the same length: that is V/, J, dj^ j = d. The tetrahedron 
with edge length d/2 has a volume V = {d/2)^ •\/2/12 and has all equal dihedral angles 9 = arccos(— 1/3). In 

this case, the expressions greatly simplify. For instance, the stationary points are x± = ^^^^^d. Equations 



(14.4) and (13.28)reduce to: 




where the Regge action is Sr = 3d9. The result was already obtained in [145]. We confirm it by numerical 
simulations. The plot in fig. 13.3 gives the equilateral {6j}-symbol minus its NLO approximation (13.33). Like 
for the previous plots, we have multiplied by A^/^ to see how the coefficient of the next to leading order is 
approached and we have divided by cos(S'i{ + 7r/4) (oscillations of the next to next to leading order) to suppress 
the oscillations. 
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Figure 13.3: Difference between the equilateral {6j}-symbol and the analytical result (13.33). The x-axis stands 
for d and d goes from 200 to 600. 



13.3.2 The isosceles thetrahedron 

We now consider an isosceles tetrahedron that is a tetrahedron which has two opposite edges of length equal 
to ^ and ^ and the remaining four edges of the same length equal to ^ (see Fig. 13.4). The volume of the 
tetrahedron is: 

^' = ^2dldU^d^-di-dl), 



134CHAPTER 13. GROUP INTEGRAL TECHNIQUES AND THE ASYMPTOTIC EXPANSION OF THE {6 J} 
and the dihedral angles are: 



9 = arccos 



-diC?2 



Once again, equations (14.4) and (13.28) simplify and we get : 



12 = 2 arccos 



^2.1 



d2 / 




2 / 














2 



Figure 13.4: The isosceles tetrahedron 



^ 712^ 



cos I 5* 



F{d,di,d2) 



sin ( S R 



(13.34) 



where F{d,di,d2 



7QSd^(d'^-dl-dl)+7md^dldl+2iM'^(d{+dl)~lim'^dldl(dl+dl)-2Ad^{dl+dl) + Wd^^ 

96(4d2-d2)(4d2-d|)(4d2-d2-d|) ' 

and the Regge action Sr ~ 2d6 + + ^^^2■ Let us point out that the volume increases as A"^ while F 
goes as A'^, so that the NLO scales properly as A~^/^. 

This reproduces the result previously obtained in [145]. We can easily check that this reduces to the previous 
equilateral case when di = d2 = d and we further confirm it by numerical simulations. The plots in Fig. 13.5 
represents numerical simulations of an isosceles {6_;/}-symbol minus the analytical formula (13.34). Like for the 
previous plot, we have multiplied the data by A^/^ to see how the coefficient of the NNLO order is approached 
and we have divided by cos(S'fl + 7r/4) (NNLO oscillations) to suppress the oscillations. Finally, the geometrical 
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Figure 13.5: Differences between isosceles {6j}-symbols and their analytical approximation (13.34). The x- 
axis stands for d with A goes from 200 to 600. On the left hand side, we consider isosceles tetrahedra with 
di = 3A, d2 — 3A, d — 7A. On the right hand side, we've plotted the case c?i = 9A, o?2 = 3A, d = 21A. 

interpretation of the term F{d,di,d2) remains to be understood. If we can't provide it with a geometrical 
meaning, there is little hope to interpret the NLO coefficient 3(A(a:;_|_)) in the generic case. Nevertheless, we 
give a more compact expression for the denominator of F: 

96 (4^2 - (4^2 _ dl) (4^2 -dj- dj) = 96=^——. (13.35) 
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We still need to express the numerator of F in term of geometrical objects. For instance, we could express it in 
term of (P, {4:(P — d^)(4(i^ — and {M^ — — which would provide a formula in term of the volume and 
the dihedral angles. Nevertheless, we haven't been able to find such a useful rewriting of this NLO coefficient. 
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Chapter 14 



Recursion relations and the asymptotic 
expansion of the {Qj} 



An alternative way to proceed in order to probe the asymptotic behavior and the induced corrections of the 
correlations is to use the exact recursion relations satisfied by the {6j}-symbol. It is this method we present 
in this Chapter. Let us point out that recursion relations satisfied by other spin foam amplitudes have been 
investigated in [154]. The following results have been published in [13]. 



14.1 Exact and Approximate Recursion Relation for the Isosceles 
Tetrahedron 



We will focus on the isosceles tetrahedron, which is relevant for the computations of geometrical correlations in 
the simplest non-trivial toy model in 3d quantum gravity [140] . Such tetrahedron has four of its edges of equal 
length with the two remaining opposite edges of arbitrary length. The corresponding isosceles {6j}-symbol is: 



{a,b}. 



a J J 
b J J 



where J e N/2 and a,b are integers smaller than 2 J (to satisfy the triangular inequality). The associated 

tetrahedron has edge lengths Ij = dj/2 for j = a,b,J, where dj = 2j + 1 is the dimension of the SU(2) 
representation of spin j. The volume V of the tetrahedron is given by the simple formula: 



(14.1) 



while the (exterior) dihedral angles 6j can also be written in term of the edge lengths (see e.g. [145] for more 
details): 



cos 6a 



211 



4fj 



cos Ob 



2/2 



COS tij 



-lah 



(14.2) 



The general recursion relation for the {6j}-symbol given by Schulten and Gordon in [149, 150] simplifies in this 
specific isosceles case: 



{a+l,b}j-2la 



{4fj-ll)cOs{ea) + 



{a,b}j+{la-^) 



I'j - {la - 



{a-l,b}j = 



(14.3) 

In the asymptotic regime, we know (analytically and numerically) the behavior of the {6j}-symbol at the leading 
order: 

{a, b}j ~ {a, 6}^o = cos (ij^ + kOb + ^hOj + ^) , (14.4) 
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which is actually valid under the assumption that the tetrahedron with edge lengths la. It, I j exists (else the 
generic asymptotics can be expressed in term of Airy functions). The oscillatory phase is given by the Regge 
action Sn = laOa + h&b + Using the obvious trigonometric identity cos((n + 1)0) + cos((n — 1)0) = 

2cos0 cosncf), we can write an exact recursion relation for the leading order of the {6j}-symbol: 

^/Vj{a + l,b) {a + 1, - 2 cos 6^ VVj{a,b) {a, 6}^° + ^/Vj{a-l,b) {a - 1, 6}^° = 0. (14.5) 

A similar recursion relation holds for 6-shifts and also J-shifts. 

The most natural idea is to compare this recursion relation for the leading order to the previous equation 
on the exact {6j}-symbol to see how to use them to extract the next-to- leading correction to the asymptotic 
behavior. We can first find the link between the leading order of equation (14.3) and the leading order of 
equation (14.5). Both equations can be written under the same form at the leading order: 

{a + 1, b}j - 2cos6»a{a, b}j + {a-l, b}j « 0, (14.6) 

which turns into a simple second order differential equation in the large spin limit. Then the next-to-leading 
order of the equation (14.3): 

VVj{a,b) (l+27^(l-4Zp7j)) {a + 1, b}j - 2 cos da ^Vjia, b){a, b}j 

+ ,/VAa;V)(l-i-^{l-^j){a-l,b}j^O ^^"^ 

will have to be compared to an recursion relation for the next-to-leading order of the {6j}-symbol. 



14.2 Pushing to the Next-to-Leading Order 

We are interested in the asymptotic expansion of the {6j}-symbol. It was shown in previous works [145, 12] that 
Ij seems to bo the right parameter to consider when studying the semi-classical behavior of the {6ji'}'Sy™t)ol. 
So from now we write: 

a J J 



b J J 



{la, Ibjlj- 



Notice that shifting a by ±1 is equivalent to shifting the edge length = a + 1/2 by ±1. We rescale now Ij by 
XI j and we replace the exact {6j}-symbol by a series in 1/A alternating cosines and sinus of the Regge action 
(shifted by 7r/4) in the previous equation (14.3). The fact that there is no mixing up of cosines and sinus at all 
order was show in [145]. More precisely, we write the {6j}-symbol asymptotic expansion under the form: 

{A/„, Mb} XI J = ;,3/.^(| i^i^^ [cos(A5fl + 7r/4)+ sin(A5H + 7r/4) + ^'''(y"'''^ cos(A5fl + 7r/4)) 

+ ^^%^ cos(A5h + 7r/4) + ,i^^xSu + 7r/4)) 

^F}^l(iMl cos{XSr + 7r/4) + sin(5fl + tt/A) + OiX-% 

. (^^-^^ 

where the prc-factor denominator D{la, lb, Ij) is given by the square-root of the tetrahedron volume as in equa- 
tion (14.4). To study the asymptotics, it is convenient to factorize the whole equation (14.3) by A^/^. We then 
write {/a ± 1/ A, lb}ij for {Xla ± 1, Xlb}xij . We also factorize the coefiicients of the recursion relation. We start by 
defining C(/j) = (4^2-/2) = i6(A(ia,h,ij)f ^^ere y4(a, 6, c) = l^y{a + b + c){a + b- c){a - b + c){-a + b + c) 
is the area of the triangle of edge lengths given by a, b and c. The coefficient which appears in front of 
{la ± l/X,lb}ij becomes C{la ± 1/{2X), lb,lj) = {la ± 1/(2A))(4I^ - {U ± 1/(2A)), where we underline that the 
shift is ±1/(2A) and not simply ±1/A. We expand C{la ± 1/{2X), lb, Ij) in term of derivatives: 



C{la±l/{2X),lb,lj)=Y,^, 



n\ (2A)" dl2 
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with 



c = 

dC 
dla 

die _ a,2 



-6 



(14.9) 



for n > 4 

Then to express {/a± 1/A, khj we need to expand £>(Z„± 1/A), i^«(/„± 1/A), and G(')(/„± 1/A): (i e {1 • • • 4}) 



D{la ± 1/A) 

GW(Z„±l/A) = Etro(-l)'=fei^ 



+ 



1 d*D 
4! A* 9i* 



(14.10) 



F^^^lj) was computed in a previous paper [145, 12]. It was also suggested that the asymptotic expansion of the 

{6j}-symbol in term of the length scale A is given by an alternative of cosines and sinus at each order, so we 
expect that G^^\lj) = for Vi > 1. Finally, we also need to expand the Regge action A5'ij(lo± ^), remembering 
that 9j = ejQa) : 



with 



XSnila ± ^) 



XSr- 



(_l)fe+l d'^Oa 



4 



(14.11) 



dla 



-2lalb 



dll ~ 



{ii^j-imipj 



dll 



2;aij,(24;^i^+4o;};^ig-i2i^;;;+5i^ig-i92i;^i^-240i^;g+2ig;^+6i^+576f^) 



(4iJ-(2)3[4iJ-i| 



9X _ 

dli — {iPj 



-la'^YiiPj-ll 



j^mi^a + + 152/2/6/2 _ 720/4/6 + 7/^/4 + 3520/6/4 - 1472/4/4/2 + 2/4^6 



+140/4/4/2 560/f/4/4 - 3840/5/2 + 2432/6/2/2 + 48z2;2;6 + 2048/5/2 - 448/^/4 - 3072/i« + 32/6/4)/,) 

We can now write an asymptotic recursion equation from equations (14.3), (14.9), (14.8), (14.10) and (14.11) 
in terms of A neglecting terms of order 0(A^4) g^^id smaller, assuming that A is large. This leads to a couple of 
equations at each order, one for the cos-oscillations and one for the term in sin: 

• The first equation is given by the terms of order A° and it is trivially satisfied (0 = 0) since we have 
already written the leading order of the {6j}-symbol proportional to cos(5i{ + J) (the Ponzano- Regge 
asymptotic formulae). 

• The second equation is given by the terms of order A~^: 

1 dC 1 dD 



2C dla 

which can be rewritten as a differential equation for D: 



1 do 



(14.12) 



dhiD 
dL 



86 a cos 6a 9 In C 



din sin0„ 



dl„ 



(14.13) 



This allows to determine D: ln£> = ^ ln(C sin(0a)) + K, which simplifies into D = K\j lahV'^lj — 
where K is a constant factor. Thus this second equation shows that D is correctly proportional 
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to the square-root of the volume V of the isosceles tetrahedron. To determine the normalization 
constant K (as well as G*^^'), the orthonormality property of {6j}-coefficients can be employed: 
4:laVhh'{0; b}j{a, b'}j = 5w and we get the K = \/127r. The details are given in the next sec- 
tion. 

The third equation is given by the terms of order and which are proportional to cos{Si{ + 



dF^'^l _ Ig I ( 1 dC 1 1 36>a I 1 d^f 

dla ~ 4Csm6l„ "t" V 2C 9/„ D dl^ 2 9/„ ^ 6 dl 



I ^^^.g ( 1 d^D 1 d^C < J_ Oil f _l_ dC_ _ J_ dJl , llde<L\2\\ (14.14) 

"•"sine,, \2D dll 8C dll D dig dig D dig \2 dig ' ) ) 

where we used the fact that ^2!? IF ~ 1) fr) ^^^(^a) + sff^ cos{6a) = (eqn. (15.24)) to remove all the 

terms proportional to i^^^' itself. The first term of the right-hand side of the equation (14.14) comes 
from the variation of the coefficient in front of {a, 6}j in the recursion equation (14.3). The terms with 
a derivative of C with respect to la come from the coeSicients in front of {a ± l,6}j and {a,b}j. The 
variation of C with respect to la is given by the variation of the areas of the triangles of the tetrahedron. 
From eqn. (15.24), we relate it to the variations of D (the volume) and to the variations of the dihedral 
angle 9 a- ^fr ~ SST ~ sing" §1^' terms with a derivative of D with respect to come from the 
variation of the leading order of the asymptotic of the {6j}-symbol and the terms with a derivative of the 
dihedral angle 6a come from the variations of the Regge action Sr,. We can now compute the dcirivative 
of i^^^^ with respect of la (equation (14.14)) in terms of la, h and Ij the edge lengths of the tetrahedron: 



-im^/all - 1664/6/2/2 + 20/8/2 + 576/4/2/4 + 3072/8/2 _ 3072/10 + 43/4/6 + 2304/8/2 _ 576/^/4) 

(14.15) 



and then easily integrate this equation over /«: 

7m''j{i^j-il-il)+7im''jilil+2im^j(il+il)-i7Q^^^^^^ ^ . 

2i{ie,-ll){2l^j-ll){U^j-ll-llf 'hgh ^ 

(14.16) 

The integration constant Z{li,,lj) can be determined using the symmetry properties of the {6j}-symbol: 
symmetry of the isosceles {6j}-symbol with respect to la and lb, coupling of la, h and Ij by this isosceles 
{6j}-symbol and homogeneity of F^^^ ([-P*-^^] = ^7^) imply that Z{lb,lj) = 0. Then this gives us the 
same result as in the previous paper [12]. Moreover, using the definitions of the tetrahedron volume (14.1) 
and of the dihedral angles (14.2), we can express F'^^^ in terms of some geometrical characteristics of the 
tetrahedron: 

_ cos 0j (3(12^)8 - (12^)^/^/^ (3(/g - kr + 21111) - 11%^) + GljHl' 

48(12^)3/8/8 ^^^■^'> 

The fourth equation is given by the terms of order A"^ and which are proportional to sm{Sji + f )• It is 
the same equation as the previous one for G*^^) but the right-hand side is now equal to zero (homogenous 
equation). That is we simply get that 

aG(i) 

— = iUAS) 

soG(^) = Z(/b, /j) is just a constant of integration. Once again the symmetry properties of the {6 j}-symbol 
implies that G^^) = 0. 

The next equation is given by the terms of order and which are proportional to sin(S'ij + j)- We get 
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an equation for the first derivative of F^^^ with respect to 

af'^'Cj) _ cos 9, g^'F'i' _ { 1 d0a I 8F<i> 



1 d-'9a . I 1 dP 1 dC . 1 (9"'g / 1 8-D \ 1 d-'C , 1 f 1 09a \ 1 i Ms. i / J_ ILD 1 \ 1 0"'6'„ 

' 4! 9/3 \D dla 2C 9/a ^ 2D dll \D dla ) 8C 9/2 V. \2 dla ) j 2 dla \D dla 2C dla J 3! 9/2 

I 1 9C 1 a^D I 1 9^C 1 9-D ,/j_9C_JL9i3\l/^ 1 9ea\^ , 1 9^e„ 1 99„ i /"jL ^izV _ 1 Oi? 1 9^D , 1 9^D 

"'~2C 9/„ 2_D 9/2 8C 9/2 D dla V2C 9/„ D dla J 2 \2 dla ^ 3! dll 2 dla \D dla ) D dla D dll dll 

1 a^C / 1 dD\^ 

8-3!C 9/3 2C 9/a \D dla ) 

(14.19) 

We recall that D is proportional to the square root of the tetrahedron volume, C can be expressed in 
terms of the volume V and the sinus of the dihedral angle Oa (see equation (15.24)). To integrate this 
equation, we first express explicitly ^it in terms of la, h and and then deduce i^^^^: 

F^^Xh) = 4608((4/2-/2)2(4/2_"^2V(4/2,/2_,2)3,g,g) (-2359296/g?y/^ - 224512/6;6/4 + loO^^^ + ^m^ll^ + 112896Z5Z« 
+27279361^^12 + i^Mmf + 212rio;6 _ 5898240|2;i4 _ 1 1520^10^6 _^ 941056/^/8/4 _^ 31584/8/4/4 
-2416/4/10/2 - 79872/8/6/2 „ 480/i2;2;2 _ 704O/8/6/2 _ 2416/i°/2/4 + lOO/^/i^ + 212/io/6 
+2727936/;^2;4 _ 700416/;^°/^ - 5898240/^^/^ - 11520/*)/^" - 700416/6/1/ + 609/8/8 + 112896/8/8 
+576/12/4 _ 2359296/^/10/2 + 528384/6/8/2 + 5849088/2/12/2 _ 79872/2/8/6 + 31584/4/8/4 _ 7040/6/8/2 
-224512/4/6/6 + 58816/6/6/4 + 8640/io/4/2 + 8640/10/4/2 - 480/^2/2/2 + 528384/2/8/6) 

(14.20) 

which is the only result with the required symmetries2 . The geometrical meaning of this function does 
not seem obvious. Nevertheless, we can give a more compact expression for the denominator of i^^^). 

(4/2 - /2)2(4/2 _ ^2)2(4^2 _ ;2 _ ^2)3^2^2 ^ _ (1421) 

COS (7 J 

The next equation comes from the terms of order A""^ which are proportional to cos(5ii + |^): 

5G(2) 



dla 



(/,.) = (14.22) 



which implies once again that G^2) = Z(/(,, Ij) is a constant of integration. Then the symmetry properties 
of the {6j}-symbol implies G^'^^{lj) = 0. 

We can now give the asymptotic expansion of an isosceles {6j}-symbol until the next to next to leading 
order (NNLO): 

{^a,Wr^° = „ , , [cos(5«+ ^) +F(i)(/,)sin(5fi+ ^) +F(2)(/^.)cos(5fi+ ^)1 (14.23) 



where the expression for F^^^ and F^2) ^re given by equations (14.17) and (14.20). This result seems to confirm 
that the expansion of the {6j}-symbol is a series alternating cosines and sinus of the Regge action (shift by 



''-i^ih) = - 2304((4/2 -.2),3(4,. !,.)3(4,. i-lGOKlp'j + 1250816/1Z8;6 _ 207104/6/6,6 + 31904/^0/4/4 _ 

169344/4/8/6 3920/6/10/2 ^24992/6 /*J/4 - 46848/^0/6/2 - 7129088/4/10/4 + 

278912/8/6/4 + 14524416111 f If + 486144/2/8/8 - i560/i2/4/2 _ 43776/2/10/6 _ 3317760/a2/ji0/6 + 22241280/^/12/2 + 794/12/6 _ 
6955008/6/10/2 + 2801664/12/6 + 672/14/2/2 _ 26542080/4/14 - 451584/ lO/f + 46080/8 /JO - 2304/12/6 _ 21233664/18 + 37158912/2/16 + 
1072128/8/8/2 _ l528/ai2/4/2 _ 10911744/14/4 - 35979264/2/14/2 + 1728/12/4/2' + 9953280/6/12 + 228096/J'O/8 - 10368/12/6 - 
2073600/8/1 + 27/10/8 + 23592960/16/2 + 400/8/10 - 88/14/4 _ 8144/10/6/2 + 100/J2/6) 

2lf the result is not symmetric after integration, a non-null integration constant has to be added and its determination can 

/^p(2) 

be done using the symmetry properties of the {6j}-symbol. Indeed, wc have — = if (/„,/(,, /j) so by integration over /„, 

_F(2)(/^.) = h{la,lb,lj) + Z{lfj,l j). Moreover by symmetry, we must have "* = H{la = lb, lb = la,lj) and then integrating over 
/(,, we obtain a second expression for F(2). F^^\lj) = h{la = lb,h = ^a, +-^('a, 'j) which implies that the constant of integration 
satisfies Z(/(,,/j) — Z{la,lj) = h{la = lb, lb = la,lj) — h{la,lb,lj)- This equation allows to determine Z and to get (14.20). 
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). In the case of an equilateral tetrahedron, all the edges have the same length, that is la = h = Ij = I and 



V = ^l^. Then equation (14.23) reduces to: 



m 



NNLO 

equi 



; C0S(S'^ 



4' 



31 



72 21/4 25/2. 



. TT, 45673 1 

sin( Sr + - ) ^= 

^ 4' 20736 2i/4 24V7rF 



cos(5^j + -) (14.24) 



where the Regge action is given by Sr = 619 and = 9a = Of, = 0j = arccos(— 1/3). This result is confirmed by 
numerical simulations. The plot in Fig. 14.1 represents numerical simulations of the equilateral {6j}-symbol 
minus its approximation (14.24). Moreover, to enhance the comparison, wc have multiplied by Z^/^ to see how 
the coefficient of the NNLO is approached and we have divided by sm{SR + j) (oscillations of the next to next 
to next to leading order) to suppress the oscillations. This gives an error that decreases as expected as 
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Figure 14.1: Difference between the equilateral {6j}-symbol and the analytical result (14.24). The x-axis stands 
for I = d/2 and d goes from 100 to 5000. The error decreases as expected as confirming our asymptotic 
formula. 



The next two equations come from the terms of order A ^. The equation for G^^^ is the same as the one for 

G(i) and G(2), that is: = 0. Using the same arguments of symmetry we deduce that G^^) = 0. This 



confirms our expectation of a series alternating cosines and sines in the asymptotic of the {6j}-symbol: 



{Xla,Xlb}xij = 



Xy^D{la,lb,lj) 



cos{XSr+j) + Y, 



k=l 



F<-''\la,lb,lj) e ^ n.\^^ 
cos(AS'ij + - + e{k)-] 



(14.25) 



where e(/c) = —1 when k is odd and e(fc) = when k is even. We already have an expression for F'^^^ and 
F^^' . The equation for F^^^ is the second equation of order and gives its first derivative with respect 

to la in terms of la, h and Ij. It is straightforward (though lengthy) to integrate it over la and get the 
expression'^ of F^'^^ in terms of la, lb and Ij. In the equilateral case {la = lb = Ij = I), the formula reduces 
to: 



28833535 



1 



(14.26) 



F(3) = 

17915904 29/22V4|3 

Therefore, we have the expression of the asymptotic expansion of the equilateral {6j}-symbol up to the 
next-to-next-to-next to leading order (NNNLO): 
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45673 TT, 28833535 . ,^ n' 

20736 24/2 + ^ ) + 1791590429/2^3 ^^'^(^^ + ^ ) 



. (14.27) 



We check this result numerically by computing it using Mathematica for two values of spins j = 50 and 

j = 100. More precisely, we computed the renormalized error '"'"os(Sn+'S") ^^'-^ 

expected 1/A-behavior. However for I > 100, Mathematica is not accurate enough and the numerical 
errors are too important to get exploitable results. In the general isosceles case, the expression of 
is quite complicated and its geometrical interpretation remains to be understood. Nevertheless, we can 
again give as before a more compact formula for the denominator of F^^^ : 

denominator^o) = 3317760(4/^ - ^2 _ ^2)9/2^3^3(4^2 _ ^2)3(4^2 _ ^2^3 ^ 30(43)3 (14.28) 

From this equation, the equation giving the denominator of F^"^^ and remembering that the denominator 
of can be written under a similar form: denominator^(i) — 48 [^^^Yg , we can conjecture that: 

denominatorp(fc) oc ^'^^^^^^"'fjj — (14.29) 
(cos Oj)-"^ 

where F^''^ are the terms appearing in the asymptotic expansion of the {6j}-symbol (14.25). And conse- 
quently, the numerator of F^''^ is a polynomial in Ij of degree 8k. 

So, using the recursion relation for the isosceles {6j}-symbol as well as its symmetry properties, we have 
computed explicitly the asymptotic expansion of the isosceles {6j}-symbol to the fourth order up to an overall 
factor K (this integration constant K comes from the integration of the first equation (15.24)). The well- 
known value K = VIStt which already appears in the Ponzano-Regge formula can be obtained easily using the 
unitary property of the {6j}-symbol, as we show in the next section. The equilateral case has been checked 
against numerical calculations. This method using the recursion relation is fairly easy to implement. It requires 
integrating a rational fraction at each level and does not involve neither Riemann sum nor saddle point analysis. 
Moreover, since the coefficient C of the recursion relation (14.3) is a polynomial of degree 3; = for n > 4. 

Therefore, we expect to get a stable relation for the first derivative of F^''^ and G^*^' with respect to la for 
k > 3. On one hand, this allows to prove that G^'^^ always vanishes; and on the other hand, it should provide a 
systematic method to extract F'^'^^ for arbitrary order k. 

We conclude this section with a general remark on the asymptotic expansion of the {6j}-symbol. In the 
context of 3d quantum gravity, it is often argued that the leading order of the {6j}-symbol is a cos(S') instead of 
a complex phase exp(-|-i5'), thus reflecting that the path integral is invariant under a change of (local) orientation 
(see e.g. [155]). This obviously neglects the +Tr/4 shifts, which can be considered as a quantum effect (like an 
ordering ambiguity). However, in the light of the present expansion, it is clear that we have terms of the type 
sin(S') beyond the leading order and such terms are not invariant under the change S — >■ —S. This means that 
the role of this symmetry in the spinfoam path integral should be more subtle than originally thought. 



14.3 Consequences of the unitary property of the {6j}-symbol 

The orthogonality property of the {6j}-symbols states that: 

^4laVlbiv{la,lb}lj{la,lb'}h = Kh' (14.30) 

This relation corresponds to the unitarity of the evolution in the Ponzano-Regge 3d quantum gravity. We want 
to use this property to determine the constant of the leading order of the {6j}-symbol. Prom the recursion 
relation we have shown that {la, lb}Y? = / ^, cosISr + ?); but K is still undetermined. For large spin and 
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for lb w lb', we can approximate the unitary property at the leading order in {lb — lb') by: 



/ dla'UalbTl-, TT COs{SR{la, k) + -) COs{SR{la, lb') + ^) ^ ^ik " k')- 

Jo yj{a,o) 4 4 

The product of the cosines can be simpUfied at leading order: 



(14.31) 



TT TT 1 r TT 

COs{SR{la, lb) + ^) COs{SR{la, k') + ^) = ^ [cOs(S'fl(ia, h) + SR{la, k') + 2 ^ + COs{SR{la, h) " SR{la, lb')) 



C0s{2SR{la, lb) + 2 ) + ^°^((^«' ~ ''b')^!') 



1 

2 

(^^2 ^2 2^2 \ 
''ii'i^Lii ° ) is considered as a function of the length /„. Wc do a saddle 

point approximation. The first term oscillates and its integral is exponentially suppressed. And we are left with 
the second term, which should satisfy the following equation: 



J — C 



dlala 



COs{{lb - lb')Ob) « ^(^6 - ^6') 



We recall that: 



Vj{a,b) 
1 f°° 

— / dla COs{la{lb - lb')) = S{lb - lb' 



(14.32) 



therefore we can conclude that 



IJb 



dOb 
dla 



(14.33) 



9b and lb are so conjugate variables and K comes from the Jacobian of the change of variables between la and 
Ob- Computing the derivative of the dihedral angle gives: 



-lah 



d9b _ -2 _ 



K 



1 



a27r 



(14.34) 



Moreover, pushing the approximation of the unitary property to the next to leading order in (4 — If) and using 
the next to leading order of the {6j}-symbol shows that G^^^ = 0. This was already shown in the previous part 
using the recursion relation and the symmetry properties of the {6j}-symbol and comes as a confirmation. 



14.4 "Ward-Takahashi identities" for the spinfoam graviton propa- 
gator 

We are interested in the two-point function in 3d quantum gravity for the simplest triangulation given by a 
single tetrahedron. This provides the first order of the "spinfoam graviton propagator" in 3d quantum gravity. 
Considering the isosceles tetrahedron, we focus on the correlations between the two representations a and b: 

{0{a)d{b))^, = 4 E M(^)i^j{b)0{a)d{b){a, b}j, Z=Y, ^l^j{a)^j{b){a, b}j, (14.35) 



a, 6 



a.b 



where V'j(i) is the boundary state, which depends also on the bulk length scale J, and O, O are the observables 
whose correlation we are studying. 

Now, inserting a recursion relation with shifts on a. b or J in the sum over the representation labels ^ 
leads to equations relating the expectation values of different observables. We distinguish two cases: when the 
state tjjj does not change or when the length scale J also varies. 
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14.4.1 Relating Observables 

Inserting the recursion relation on a-shifts in the definition of the correlation function, we obtain the following 
exact identity: 

('^^0(a - l)d{b){l, - - - -{0{a)d{b)2U2cose„iAfj + \))^ 

V(a+] ' 
■4>j(a) 



+(^^^^(« + mmiu + im'^j - {la + = o. 



(14.36) 

We call this a Ward identity for our spinfoam correlation. If the observable diverges at a = 0, more precisely if 
it contains terms in 1 /a or in l/(a + l), then wc need to take into account extra boundary terms in this equation 
corresponding to contributions at a = 0. But all observables usually considered are regular in this sense. 

Then one can choose diflFerent sets of observables O and O and one gets different identities on the correlation 
functions of the spinfoam model. For example, taking 0{a) = la, we get: 

{"^iTM^^ma - ma - miifj - {l - im)^ -{dm2coseam^j - id + 11/2))^ 

H'^i^Oma + ma + l/2)(40 - {la + 1/2)2))^ = 0. 

We recall that the area of the triangle of edge lengths given by la, h, Ij is equal to A{la,lj) = \la\/ ^Pj — la', 

then {la ± l){la ± l/2)(4;} - {la ± 1/2)2) ^ 16[A^{1^ ± 1/2,0) ± ^^^(f^r^], therefore we can rewrite the 

previous equation as an equation between correlation functions of the observable 0(6) and different observables 
proportional to the square of the triangle area A{la, Ij): 



{^f^[A\la - l/2,lj) - ^\}ij^f ]0{h))^ -{{2co^9aA\la,lj) + lll2)0{b))^ 

+ ('-iif^mia + 1/2,0) + ^^i0^]o{b)u 



0. 



The standard choice of boundary is a phased Gaussian [10, 140, 14]: 

V'j(j) ~ e'2'.-''e-'"^'^, (14.37) 

where is a fixed angle defining a posteriori the external curvature of the boundary and a is an arbitrary real 
positive number (which can be fixed by the requirement of a physical state [14]). In this case, we can compute 
explicitly the ratios il){a± 1)/V'(a) entering the Ward identity: 

V'7(a) 

Of course, this ratios does not depend on b; therefore if the observable 0{b) = 1, then the dependence on b 
only appears in one correlation function through the cosine of the dihedral angle Oa- As another example, we 
consider 0{a) = l~^ and 0{b) = j^j^, then: 

\ i'ji.a) la-1 il^j il^j /V- ^[CObCa 4,2 "I" ig;2 4,2 ;v 



which can be approximated by: 



(e-^2''e*""^ A((0-l/2)2)A(z2))^_2e?7(cos^„A(Z^)A(i2)+ A(«,2))^+(e^2''e-*"^ A((0+1/2)2)A(«2))^ 



"J 



where /^{t]) = 



J 
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14.4.2 Rescaling the Tetrahedron 

Wc can now vary also the length scale /,/. First let's notice that in the same way we wrote an exact recursion 
relation for the leading order of the isosceles {6j}-symbol shifting the representation a (equation (14.5)), we 
can write a similar exact recursion relation for the leading order of the {6j}-symbol shifting the label J; that is 

VK/+i(a,6){a,&}LO^ ~2cos(4^^J)v/V:7(a,6){a,&}LO + VK7-i(a, 6){a, 6)^51 = (14.38) 

Inserting this recursion relation on J— shifts in the definition correlation function, we obtain the following 
identity: 

<vwa:^ ^^^;j;;j;^;f^^(,) 0(a)a(6)), mvvji^),,^^^^^^ 

-2{cos{40 j)^Vj{a, b)0{a)d{b))^ =0 (14.39) 

The correlation functions appearing in this equation are in fact approximation. We are allowed to use the 
leading order of the {6j}-symbol because the boundary state used picks the function on large jo. And for the 
same reason, we can expand -\/Vj±i(a, 6) and the ratios i/,j^i(a)V'j±'i(b) • 

{s/VA^) (l - iipif^) e-^«''''"o^''"[^+-%''--'Lio(a)0(&))^ - 2{cos{^e. j).JVA^)0{a)d{b))^ 
+(^KKM) (1 + 5^^^) e*" ^ ''"--<---'«-".''0(a)0(6))v, « 0. 

(14.40) 

We hope that such equation will turn out useful to study the asymptotic properties of the correlations function 
as the length scale J grows large, but we leave this for future investigation. 



Chapter 15 



Physical boundary state for the 
quantum 4-simplex 



As wc already mentioned it, '^q in (11.2) needs to be a physical boundary state. In this Chapter, we work in 
the context of 4d gravity and we present results published in [15] where we investigate the consequences of the 
physical state requirement (11.4) for the Euclidean Barrett-Crane model (see Chapter 7) for the simplest case of 
a space-time triangulation constructed from a single 4-simplex. In this context, we show that this requirement 
fixes uniquely the width of the quantum boundary state (in term of the classical data) similarly to what happens 
in the 3d toy model. 

We recall that the Barrett-Crane vertex amplitude is given by 

JSV(2) ZTl 



a<b 



where a,b = 1, • • • ,5 label the nodes of the dual graph - a pentahedral graph - of the 4-simplex. Therfore the 
propagator kernel 

K[s] = A[d,J = Uid.^J' n iMdj.J)'^'j (15.2) 

a<6 a<b 

is independent of the intertwiners and we can rewrite the two conditions (11.4) as^: 

\'>pq{djab)\'^ — 1 normalized condition, (15.6) 

jab 

K{dj^^)il){dj^^) = 1 for the "Wheeler-deWitt" condition, (15.7) 

jab 

with the propagator kernel a function of the dimensions rfj^^ only 

K[3ab]=IJ^i\{d,\ j (15.8) 

\a<b / 



^Choose factorizable ansatz, product state V'Oii --liio) = Yli=i 't'iUi)- Then equilateral ansatz, </>i(i) = <j>{j) for a^'l triangles 
i = 1..10. Then following [110], we introduce the Fourier transform of the state: 

m = J2't'(M9)- (15.3) 

3 

Then the two conditions for a physical state simply translates to: 

J dg\f{g)\^ = l, (15.4) 

/ [dgmf n f^9r^9^^) = I [rf9mn]^°<5(det[cos6»„„]) Y[ fiSmr^) = 1. (15.5) 
a<b m<n 
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with /u and a undetermined coefBcients. The edge amplitude A^ is taken into account in this factor 

l^{Ila<b<ijaX- 

For more generic spinfoam models such as the EPRL-FK models (see Chapter 8), we need to take into account 

the intcrtwiners too in the definition of the spinfoam vertex and of the physical states. 

In the following, we will work on the Barrett-Crane model in the large spin limit. Thus, in the propagator 
kernel formula (15.8), we consider the asymptotic formula of the j-symbol 

i ~ P{djab)cos + D{dj^,) (15.9) 

where we recall that Saldj^^] = J2a<bdjab^ab and the function P{dj^^) is a slowly varying factor, that grows 

as when scaling all triangle areas dj^^ by In the large dj^ limit, we can thus write P{dj^^ = dj^) = 

where P is a constant, that we can choose positive. D{dj^^) is a contribution coming from degenerate 

configurations of the 4-simplex. This is a non-oscillating term which has no geometrical meaning scaling like 
1/C^. However, this sick term is negligible in most computations we are interested in, such as in the computation 
of (11.2) (see [10, 11]) or as we will see in the computation of (11.4), because it will not match the boimdary 
data induced by which peaks the asymptotic around the non-degenerate semi-classical configuration. 
We now focus on the issue of the semi-classical boundary state. The function should describe the boundary 
value of the gravitational field on the boundary 4-simplex. We thus consider a state peaked on the geometry of 
a regular 4-simplex: q = {dj^, O). The simplest possibility is to choose a Gaussian peaked on theses values: 

0){d'jab) = e"^''<<'. = «l""^^'^^a!'~'^^0^'^'^^c<i"'^^0^+'^"«'®''^»!' (15.10) 

The phase of this semi-classical state determines where the state is peaked in the conjugate variables: 8 is the 
variable conjugate to the spin jg and it codes the extrinsic geometry of the boundary, is a given ten by ten 
matrix. It depends on dj^ in such a way that the relative uncertainties of area and angle on this state become 
small in the large dj^ limit, namely: 

<MM>^„, 'f'l^W ^O Va<6 (15.11) 

Assuming that the matrix elements a"^ ^ '^^J^"' in the large spin limit with a which does not scale with dj^, 
the fluctuation determined by the gaussian state (15.10) are of the order: 

(*,|Ad,„J*,) (*,|A0„,|vI/, 



Jo 



which restricts n e]0, 2[. 

In the following, we thus focus on a Gaussian state as boundary state such as the matrix elements of the ten 
by ten matrix a"^ are given by 

otf^^ ^ = ^±!^ with n e]0, 2[ and a, & G M (15.13) 

So So 



in the large spin limit. We now study the consequences of the two conditions (15.6) and (15.7) on this boundary 



state. That is the aim is now to determine the consequences on of the requirement that our boundary state 



is a physical state. 



15.1 Semi- Classical States: the Decoupled Gaussian Ansatz 

We first start by considering an additional ansatz for the boundary state. We take a factorized boundary state: 



*9M = ^'^{3ab) 
a<b 



(15.14) 
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where each 4'{jab) is peaked around the background vahie q = which corresponds to an equilateral 

4-simplex. In this simplest case, the ten by ten matrix reduces to a diagonal matrix alioxio- Such a 
boundary state has been used in [?] since it is up to now the only setting in which numerical simulations can be 
performed. However, this assumption has not been tested yet. Could such a decoupled gaussian state capture 
a true physical state? Could it satisfy conditions (15.6) and (15.7)? 

Two choices for a factorized boundary state have so far appeared in the literature: 

• the Gaussian state [?, ?], where each factor is given by, 

where a is a complex number. 

• The Bessel-based state [?, ?], where each factor is given by: 

L ( — ) — rl ( — ) 

Mj) = ' V''^"' " ^^■+'^:-oV^ ^ COS {dj@) (15.16) 



V^(^)-/2d,,+l(^) 



In the large spin limit regime, we focus only on the Gaussian ansatz. Indeed, in the large spin limit the Bessel 

part of (15.16) reduces to the Gaussian in (15.15). Therefore, at the leading order, the only difference between 
(15.15) and (15.16) is in the phase: the phase in (15.15) is complex whereas the phase in (15.16) is real. A 
gaussian state with a real phase would lead to the same results as a gaussian state with a complex phase. The 
interested reader can find details concerning the case of a gaussian state with a real phase in appendix I and we 
now tackle the issue of defining a physical state coming from a decoupled gaussian state with a complex phase. 
Therefore, we consider a boundary state of the form, 

*(d,o,e)M = ^ n e-'^^^^^^-^'ofe-^^d.^b (15.17) 

a<b 

with Af the normalization constant and a € C. We now want to test this assumption using conditions (15.6) 
and (15.7). These conditions lead to the two following equations on J\f and a: 



1 = E l*«^.o.e)Oa.)P = 7^ E e-^(")^^<^('^---)^ (15.18) 

{jab} 



and, 



1 = E^fe^]*«^.o.e)0«'') ^ E (11 dj.bVPidjab) E e-^(«)^-<^('^--<^-)^+^^»<^[<^-(^^--«)-^(«)(<^-.-<'™)= 

jab {jab} a-<b e=±l 

(15.19) 

The first equation corresponds to the normalization condition (15.6) for (dj^,Q)[jab\- The second equation is 

the "Wheeler-deWitt" condition for ^ (^d.^^Q)\jab\ in the simple case K[jab\ = l^{X\.a<b'^jabY ^' Solving them 
allow to determine uniquely M and a in term of the coefficients fi and p. The analysis is done in the large spin 
limit regime. In equation (15.19), we have already used the asymptotic formulae of the j-symbol. Moreover, we 
also replace a in (15.18) and (15.19) by its asymptotic expression 

a + ib 

a ^ -— (15.20) 

with a, 6 G M and n restricted to belonging to ]0, 2[ in order that the asymptotic behavior of the relative 
uncertainties of the area and angle on this state is correct. Then solving the two obtained equations requires 
to distinguish three cases with respect to the value of the power n e]0, 2[.The final result can be stated as: 
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Proposition 15.1.1. The requirem,ent on a factorized Gaussian state (15.17) to he a physical state fixes the 

width of the Gaussian a for eertain values of the power n: 

1. < n < 1; the width of the Gaussian a is uniquely determined and the coefficient a is restricted. More 
precisely, 

aeR+, 

a^^^^^,b = (15.21) 
(T = J (f - n) and cr > ^, 



2. 1 < n < 2: there is no solution in this case. 

3. n = 1: A solution exists for 



1 

"=5 



and then, the value of a can be determined graphically. For example, 

a ~ 0.1 and 6-1.9 forP = n = 1. 

Before proving this result, let us comment on the third case. This last case should be the most natiiral since 
the semi-classical state is then peaked on the same way on encoding the extrinsic geometry of the boundary 
and on dj^ = Aq encoding the intrinsic geometry, and it is in fact not at all transparent. This leads to the 
conclusion that the choice of a decoupled gaussian state to define a physical state might be to simple and should 
be modified. A new proposition is given in the next subsection. Let us now give the proof of the results stated 
above. 

Proof. In the large spin limit, the summation in equations (15.18) and (15.19) can then be approximated with 
an integral and we can write: 

^~W^ J didj)e-^^^''^^'^^-'^^o^' (15.22) 

and 



1:^ f lld[d,J{lld,^,rPid,^,) e-*^(«)^»<'.('^^a^-''^o)^+'E„<,K„,(ee„,-e)-9(a)(d,„,-d,„)=] 

^ ' a<b a<b e=±l 

(15.23) 



The first integral (15.22) is just a Gaussian integral, which can been integrated directly: 



given a first relation at the leading ordrer between J\f and a . 

To evaluate the second integral (15.23) in the large spin limit, we first notice that the Gaussian implies 
thus we can expand the Regge action around dj^ : 



SR[djJ = dj^Jabidj) ~ ^ dj,e + ^ Sdj^, + 1 12 dd- ^d- ^^Jab^^jod (15.25) 

a<b a<b a<b a<b,c<d 

The Schafli identity implies that 



■^Jab 

since in the equilateral 4-simplex, all the dihedral angles are equal to G. And we introduce the Hessian, 

Arab _ '^^^R I _ 99ab: ncORA 

~ ddj^bdj., '''^■=''« " ' ^ ' 
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(15.27) 



a<b 



a<b,c<d 



a<b 



a<b,c<d 



We replace Si{[dj^^] by this expansion in (15.23): 

1 ^ i2JW^ ina<bd[djJiUa<bd,..rPid,^J [e-''^^ 



a<b ^3ab 2 Z-'a<b 
ab 



+ i:a<!.. = «i^ci'5d.<..'5d.e,i-«Ea<!,H.. | 



(15.28) 



The first exponential is a rapidly oscillating term in dj^^^ which will vanish when we perform the integration 
over dj^j so we only have to consider the second term. Moreover, at the leading order in Sdj^^ we can replace 
(YlaKbdjab)" Pidj^J by d]°''P{dj„) in the integral (15.23). And we recall that P{dj^J grows as C^^'^ when 



scaling all triangle areas dj^^^ by ^, so we can write P{d 



■Jab 



djo) 



in the large dj„ limit, where P is a 



constant, that we can choose positive. Therefore, once again we have to integrate a Gaussian integral: 

M(djj(l"--9/2)P 

a<b 



1 ~ 



(2AA)i 



where M is a ten by ten matrix defined by 



ah 
cd 



ah 



aSTd-iKd 



a <b, c < d, 



with 5"^ = 1 if the two couples of indices are the same and it vanishes otherwise; N^^ = 
explicitly computed in 



m2. 



Ms! 
ddj^ 



Arab 

Arab cd 

~ ~d~ 



(15.29) 



(15.30) 



, =d . was 

3 "jo 



(15.31) 



ab 



where iV is a ten by ten real symmetric constant matrix with all coefficients independent of dj^^. In particular, 
^ Va < 6. Therefore, M is a symmetric matrix with all its diagonal coefficients equal to o: + 'i\J^j-- 
At this stage we have to distiguish the three cases mentioned above. Assuming that a is of the form a = , 

So 

with a, 6 e K, n e]0, 2[. The three cases with respect to the power n e]0, 2[ are: 

1. < n < 1 corresponds to a ^ In this case, we could negligible the terms of the order with 

"jo "30 

respect to a. 

2. 1 < n < 2 corresponds to a <C . In this case, a will be negligible with respect to the terms of the order 

"30 

1 

3. n = 1 corresponds to a ~ This case should be the most natural case since it peaks in the same way 

"30 

the triangle areas of the 4-simplex around the background value Aq = dj^ and the dihedral angles around 
the background value 6. 



/ 


-4 


7/2 


7/2 


7/2 


7/2 


7/2 


7/2 


-9 


-9 


-9 


7/2 


-4 


7/2 


7/2 


7/2 


-9 


-9 


7/2 


7/2 


-9 




7/2 


7/2 


-4 


7/2 


-9 


7/2 


-9 


7/2 


-9 


7/2 




7/2 


7/2 


7/2 


-4 


-9 


-9 


7/2 


-9 


7/2 


7/2 




7/2 


7/2 


-9 


-9 


-4 


7/2 


7/2 


7/2 


7/2 


-9 




7/2 


-9 


7/2 


-9 


7/2 


-4 


7/2 


7/2 


-9 


7/2 




7/2 


-9 


-9 


7/2 


7/2 


7/2 


-4 


-9 


7/2 


7/2 




-9 


7/2 


7/2 


-9 


7/2 


7/2 


-9 


-4 


7/2 


7/2 


\ 


-9 


7/2 


-9 


7/2 


7/2 


-9 


7/2 


7/2 


-4 


7/2 


-9 


-9 


7/2 


7/2 


-9 


7/2 


7/2 


7/2 


7/2 


-4 



152 CHAPTER 15. PHYSICAL BOUNDARY STATE FOR THE QUANTUM 4-SIMPLEX 

Let us now separately study the three cases to solve equation (15.29). 

1. The first case < n < 1 is the easiest one. 

Indeed in this case, the matrix Af ^ + can be approximated by a ten by ten diagonal matrix: 

"io "'0 

M ~ al = (a + ib)I since a ~ ^fe^ j— and the ten integrals are then decoupled. Thus, we just have 

Jo JO 

to compute a one-dimensional Gaussian integral: 



^ 2 



which gives a second equation for M and a. Therefore using equation (15.24), we obtain the following 
equation on a: 

1 (/.P)^/^ ^(2.-9/10) ^^^ 33^ 



2 Y 25R(a) 4 ^0 a 

Finally, expressing a under the form ^j^, < n < 1), we get that: 



a e ]R+, 

= i (l„r and (7 > i, (15.34) 
a = 



= 5 = 0. 



In this case, a is real and positive. Furthermore, we get a condition on the normalization factor of the 
spinfoam vertex a > 1/5. 



2. The second case 1 < n < 2 impUes that a ~ < 

"io 30 



In this case, the matrix M reduces to M = ~iN. We have to integrate: / d[Sdj^^] exp{i ^ ^djab^cd^'^icd)- 
Recall that for a m x m symmetric invertible matrix A with signature cr{A) we have: 



/ 

Jm 



[dXi] exp 



'y^^XjAjjXj 



1,3 



In our case, A'' is real, symmetric and its signature, which is the difference between the number of positive 
eigenvalues and the number of negative eigenvalues, is equal to —2. Therefore, f;"^("'^^)f = — j and our 
Gaussian integral is an imaginary number which is not compatible with the first equation on M (15.24). 

So, we cannot have a = -Sr with 1 < n < 2. 

''jo 

3. The third case n = 1 corresponds to a = ^j*^- 

Then the determinant of M is a complex number: its real part and its imaginary part are polynomials of 
degree 10 and of arguments a and b. We thus obtain a complex equation for J\f and a: 



{2MY^ J iV^^^'^i^''^^ (2A^)io Ydet(M) ^^'^^^ 

Combining this equation with the first equation (15.24) that we already have on M and 3?(a) = a we get 
a complex equation on a and b: 



.1 \ 5/2 



o , f^{dj,)^'''^-''/^+^^pJ 1 =0 (15.37) 

2a; Ydet(M(a,&)) ^ ^ 

with M = dj^M. This equation implies a condition on the normalization factor of the spinfoam vertex: 
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We can then solve numerically the previous equation by plotting a 3d graph representing the square of 
the norm of the complex number given by the left-hand side of the previous equation (15.37) in terms of 
a and b using Maple. For example, for P = = 1, the value on the surface is null for 

a ~ 0.1 and b ~ 1.9. 

Therefore, there exists a specific value a for which ^'(d^^,e) is a physical state. However, whereas this case 
for which ^'(^^^ q) is peaked in the same way around the intrinsic and extrinsic geometry (dj^,©) should 
be the most natural, it is quite complicated. 

□ 

The alternative is then to work with a more complication semi-classical state. Indeed although a factorized 
gaussian wave-packet is up to now the only one which has allowed to perform numerical simulations, the previous 
analysis seems to show that it is too simple to catch all the features of a physical state. We show in the next 
section that a tensorial Gaussian state is more adapted to describe a physical state. Indeed we will see that such 
a state allows to compensate the imaginary part which comes from the second derivative of the Regge action 
and given by the matrix iN and consequently to simplify the resolution of this third case studied above. 

15.2 The Coupled Gaussian Ansatz 

Our new assumption is to consider a boundary state of the form: 

Mdjat.] = ^e-^-<<'--<'i<'^'''^^''>'-'^^o)(di,^-'ijo)e'®^a<bdi^, (15.38) 
where a is now a ten by ten complex matrix. And we choose 

<d=/3Ko)'5c1+*^cd (15.39) 

where /3 e M and the imaginary part of a is now the conjugate variables of the dihedral angles of the tetrahedron 
in the semi-classical regime introduced in (15.26): 

^ab ^ (^^ab I 

N^^ is the Hessian of Sr and we will see that it is this choice which allows to simplify the construction of a 
physical semi-classical state peaked in the same way on the extrinsic and extrinsic geometry of the 3d boundary. 
We recall that N depends on dj^ such that N = with N a matrix with constant coefBcients. 

Proposition 15.2.1. For < n < 1, the width j3 (the real part of the matrix a; see (15.39)) of the Gaussian 
state (15.38) is uniquely defined and the coefficient u is restricted. More precisely, 

/3 e M+, 

a=^-^^,b = (15.40) 
cr = I (5 - n) and a > 1, 

Therefore, the case n = 1 appears now in the continuity of the case < n < 1. This can be considered as an 
improvement compared to the previous case of a factorized Gaussian semi-classical state. However, the case 
1 < n < 2, which admited no solution in the factorized Gaussian state, has not been solved yet. The resolution 
of this case needs the knowledge of the next to leading order of the asymptotic expansion of the {\Qj}-symbol. 

Proof. Regarding the asymptotic behavior of /?, the real part of the matrix a, wc distinguish the three same 
cases as in the decoupled gaussian state case. The result of the first case is not modified. Indeed, in the first 
case. 
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1. /3 ~ with < n < 1, therefore, ^ ':$> and the matrix M can be approximated by a ten by ten 

Jo ■'0 

diagonal matrix M ~ and the state is again factorized and we obtain the same result as in (15.21): 

(15.41) 

n) and cr > g 

2. The second case is when ]0, 2[ in ^ ^ (a e M). Since ^ ^ -r^ in this case, the real part of a is negligible 

^" . . . . 

compare to its imaginary part. Consequently since this imaginary part compensates the second derivative 
of the Regge action in the exponential of the second condition (15.7), we should go to the next order 
in 5dj. To compute this expansion in 6dj we need to know the next to leading order of the asymptotic 
expansion of the j-symbol. We can thus say nothing now in this case for the moment. 

3. The third case, ^ ^ (a e M), is greatly simplified compared to the equivalent case for the decoupled 
gaussian wave-packet. Indeed, applying condition (15.6) and condition (15.7) to this state, we obtain the 
two following equations for N and a: 

10 



(/.K]e-*'-''-)'°=Sw^(^) 



,10er-9/2 „ / a I s j \2\ ,10.7-9/2 „ , , t; (15.42) 

where wc use to compute the second equation the same analysis as in the factorized gaussian state case. 
The key element which simplifies everything is that the second derivative of the Regge action added to 
the imaginary part of a is null since a imaginary part is the Hessian. This system of equations can then 
be simplified in a single equation for a: 



1 (-d,X J^^-'\ ^Pf ^^.0^" 

210 \2a ) 220 
which implies a condition on the normalization factor of the j-symbol in the spinfoam vertex: 



(15.43) 



and the unique solution for a: 



a=\ (15.44) 



Therefore, we now get the same value of a in this case as in the first case. Moreover, a is now uniquely 
determined since n = 1. 



□ 



This analysis on the consequences of conditions (15.6) and (15.7) on a coupled gaussian wave-packet (15.38) 
is therefore more convicting on the ability of such a state to capture a true physical rather than a too simple 
state defined as a factorized gaussian state. Indeed, the width a of the coupled gaussian state is now uniquely 
determined by the requirement of a normalized physical state. 

Let us recall that in all our calculations presented in this Chapter, we used Kx[s] the lowest order term in 
the expansion of the propagator kernel K\s\ in the group field theory coupling constant"^ A - s symbolizes the 
4-simplex boundary graph. The total propagator kernel K[s\ is given by K\s\ = X)y=i Kv[s]- This operator 



^The lowest order term in the expansion of the propagator kernel K[s] in the group filed coupling constant A is in fact Kg but 
we are expecting no contribution of zero order to the sum coming from Kg [11]. 
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should describe a unitary "evolution". In the spin foam framework the notion of evolution is not well-defined, 
however we can require the following normalization condition on K[s] 

K[s]K[s] = {K[s]f = 1 (15.46) 

that describes the process of creation of a 4-simplcx starting from a null 4- volume following by the annihilation 
of this 4-simplex into a null 4-volume again. This condition also says that K is by definition a physical state. 
Using the A expansion of K[s] = J2v=i ^^^v[s], we can expand this normalization condition in power of A 

oo 

^A^ J2 Ky,Ky, = l (15.47) 

V=l Vi,V2/Vi+V2=V+l 

which simplifies at the leading order in A in 

\^Ki[sf = 1 (15.48) 

meaning that approximatively A/iri[s] is a physical state and introducing a new constraint on Aiiri[s] = 
'^^^^a<b'^ab^^ ^^^^ constraint which allows to determine /U: 

where cr > 1/5 in order that ji is finite. This restriction on the domain of validity of a is consistent with the 
results obtained previously. 

Since up to now we have only considered the lowest order term in the expansion of K[s\ in A, we have in fact 
fixed the simplest bulk triangulation and taken into account only a finite number of degrees of freedom. The 
next step would be, keeping the same boimdary spin network s, to explicitly write the next terms: K2, K3,... 
of the A-expansion of K[s] = J2v=i ^^Kv[s]. This is not obvious. A priori, K4 could be determined from Ki 
by doing a 5-1 move. Otherwise, from an effective field theory point of view we can write K[s] = Ki[s] + k[s] 
where k takes into account all the possible counter-terms and therefore all the possible bulk geometries for a 
given boundary spin network. This is equivalent to look at a coarse-grained lattice in which all vertices can be 
considered as shrunk to a single effective vertex. k[s] is then the weight associated to this effective vertex. In 
this weight k[s], we are expected to get a term proportional to the Barrett-Crane spin foam vertex amplitude, 
ej, which would come from the contribution of the flat 4-simplex. Moreover, an additional contribution of the 
form p J dG P{G) rioj (G) should come from the non-fiat 4-simplices where P{G) is a factor term and Fioj such 
that rioj(I) = j takes into account the curvature. Otherwise, other terms should certainly appear in a more 
precise analysis. The issue would be then to determine which terms of k[s] contribute in the requirement of 
a physical state for ijjq] that is, we should understand how the condition ^ ^[^jab]^i'^jab) = 1 is explicitly 
modified by the term k[dj^i^] of K[dj^j^]. We would expect that the requirement for the boundary state to be a 
physical state selects the bulk triangulation. It is the choice of the phase which seems to be important. The 
choice of a different phase for should select another bulk triangulation F which could not be flat anymore. 

To conclude this chapter, let us summarize. In the context of 4d gravity we have investigated the conse- 
quences of the physical state requirement (11.4) for the Euclidean Barrett-Crane model for the simplest case 
of a space-time triangulation constructed from a single 4-simplex. In this context, we have shown that this 
requirement flxes uniquely the width of the quantum boundary state (in term of the classical data) similarly to 
what happens in the 3d toy model. The results presented above are therefore relevant in order to perform nu- 
merical computations in the context of the spin foam graviton propagator framework. Moreover, an important 
conclusion of this analysis is that a too simple boundary state, such as a factorized Gaussian state, does not 
easily capture a true physical state and that a better ansatz is to consider a more complicated state, such as a 
coupled gaussian state. 
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Chapter 16 

Conclusion 



In this last Chapter, we will recall some of the key-issues of the loop quantum gravity /spinfoam approaches 
and wc will review the new results wc have obtained while addressing these issues. We will also point out some 
problems which have been left open and some new questions that have arisen. 

Our research has focused on the loop quantum gravity and spin foam frameworks [2, 3]. Loop quantum 
gravity has been established as a background independent and non perturbative quantization of general relativ- 
ity, through the canonical quantization scheme. The loop quantum gravity kinematical aspects are well under 
control and its building blocks are the so-called spin network states. These provide a basis for the kinematical 
Hilbert space and diagonalize some geometric operators, such as the area operator. On the other side, the loop 
quantum gravity dynamical aspects are encoded in the Hamiltonian constraint and the physical states solving 
this constraint, i.e. the kernel of the constraint. They are still to be completely understood. As a tentative 
answer to this issue, the spin foam framework was introduced in order to provide a history formalism for loop 
quantum gravity, thus defining dynamics and transition amplitudes between spin network states. Spin foam 
models can also be naturally interpreted as a form of path integral approach to quantum gravity, the covariant 
approach, as opposed to the canonical approach which relies in splitting space-time into "space" and "time". 
The spin foam framework has been the starting point of all our work. 

Let us recall the main issues we discussed. 

(1.) This spin foam framework in 4d is based on the following observation: 4d general relativity can be seen 
as a topological theory (i.e. with non-local degrees of freedom) plus constraints (which reintroduce local 
degrees of freedom). The constraints are directly imposed at the quantum level and the key-issue is to 
understand how to implement these constraints to obtain a consistent quantum gravity model. 

(2.) The precise link between spin foam models and loop quantum gravity is still missing in 4d (for the 3d 

case, see [156]). Spin foam models and loop quantum gravity are different approaches which use different 
methods and lead to different results. For example, a discrepancy comes from the fact that most of the 
spin foam models for 4d gravity have been constructed as discretized path integral for constrained BF 
field theories with the Lorcntz group SL(2,C) as gauge group. Consequently, their boimdary are resulting 
SL(2, C)-invariant spin network states while the kinematical Hilbert space of loop quantum gravity is 
spanned by SU(2) spin networks. 

(3.) The semi-classical limit is another important open issue in the loop quantum gravity/spin foam approaches. 
It is very important to understand the semi-classical features of the quantum gravity firstly to check that 
we can really recover gravity in the classical regime and secondly to calculate the corrections due to 
quantum gravitational effects in the semi-classical regime. 

In Chapter 10, we addressed the issue (1.) in the context of Euclidean 4d gravity from an original perspective 
[6] which uses the recently developed U(7V) framework. We recall that in the spin foam quantization procedure, 
the simplicity constraints which turn the SO (4) BF theory into 4d Euclidean gravity theory, are discretized and 
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have to be imposed on the Spin(4)-intertwiners from which are buih the qiiantum states of geometry and the 
spinfoam transition amphtudes. The issue to implement the simphcity constraints without freezing too many 
local degrees of freedom comes from the fact that they do not form a closed algebra at the discrete level and 
cannot be imposed strongly. 

We revisited the implementation of the discrete simplicity constraints [6] using the V{N) framework initially 
developed for SU(2)-intertwiners in [7, 8, 9]. Based on the Schwinger representation of the su(2) Lie algebra 
in term of a couple of harmonic oscilaltors, this framework introduces a new set of SU(2)-invariant operators 
acting on the space of SU(2)-intertwiners. These operators act on pairs of legs of the intertwiners: Eij 
generates U(iV) transformations that deform the shape of the intertwiner, while Fij and F-j act as annihilation 
and creation operators consistent with the U(A'')-action. The key result of this approach is that these SU(2)- 
invariant observables form a closed algebra. 

In the spinfoam context, we deal with the Spin(4)-intertwiners. Using the decomposition of Spin(4) = 
SU(2)i X SU(2)fl in left and right sectors, we now have invariant operators acting on both sectors 
E^j^, F^j'^, F^'^^ which can be used to investigate how to impose the simplicity constraints. More precisely, 
the idea we developed has been to recast the discrete simplicity constraints in term of observables defined in 
term of the V{N) operators that form a closed algebra. At the end of the day, it allowed us to propose a set 
of U(7V) coherent states that solve the simplicity constraints weakly at large scale for arbitrary values of the 
Immirzi parameter. 

More precisely, we have reviewed the U(A^) coherent states introduced in [9]. For a A''-valent SU(2)- 
intertwiner, they are labeled by the total area ,/ = "^ZiJi ^-^d a set of N spinors z^. These coherent states 
I J, {zk}) form a over-complete basis for the space of SU(2)-intertwiners at fixed area J and are simply related 
to the Livine-Speziale coherent intertwiners [106]. Moreover, we gave explicitly the action of the SU(2) invari- 
ant operators on these V{N) coherent states as differential operators. As such, we have firstly completed the 
analysis of the U(Af) framework for SU(2)-intertwiners initiated in [7, 8, 9]. 

Secondly, we have applied these new U(7V) tools to the analysis of the simplicity constraints for Spin(4)- 
intertwiners. The simplicity constraints couple the left and right sectors of the intertwiners. We have focused 
in re-expressing them in term of the E, F, F^ operators of the U(A'') formalism. Following the usual approach, 
we have always distinguished the diagonal simplicity constraints from the cross simplicity constraints. The 
diagonal constraints act on single legs of the intertwiner and require that the Spin(4)-representation living on 
a leg i be simple i.e that the left and right spins are equal j/^ ~ (or = pj^ for a non-trivial Immirzi 
parameter). These diagonal constraints are always imposed strongly on the intertwinc;r states. On the other 
hand, the cross simplicity constraints deal with pairs of legs and are standardly solved weakly in the most recent 
spinfoam models i.e. only in expectation value (with minimal uncertainty). We started by showing that the 
discrete simplicity constraints which do not form a closed algebra can be replaced by a new set of constraints 
{Cij} which forms a u(iV)-algebra. These new u{N) simplicity constraints are very simply constructed in terms 
of the £^-operators. We also explored other possibilities of constraint operators based on the operators F and 
F^ . In the end, it appeared that distinguishing the diagonal constraints from the cross constraints and imposing 
the first strongly while solving the later only weakly always lead to difficulties. Thus, in the last part of our 
work, we proposed to put all (diagonal and cross) simplicity constraints on the same footing and to solve all 
of them at once in a weak way. This led us to introduce constraints — = involving only annihilation 
operators. These constraints can be considered as the holomorphic constraints of the Gupta-Bleuler quantization 
procedure. Solving them in term of U(Af) coherent states provideed us with weak solutions to all simplicity 
constraints, for arbitrary values of the Immirzi parameter. 

The next important question to explore is how to generalize this framework to the Lorentzian case in order 
to check whether it is also possible to construct coherent states which could solve all simplicity constraints with 
an arbitrary Immirzi parameter. Another issue is to understand how to glue these U(A'') coherent intertwiners 
consistently into spin network states in order to generalize our analysis to triangulations formed of an arbitrary 
number of polyhedra glued together. Finally, we hope that the introduction of these U(Af) coherent states as 
a basis of the boundary physical Hilbert space of spinfoam model could help to understand the symmetries of 
the spinfoam amplitudes and their behavior under (discrete) deformations or diffeomorphisms. 

In Chapter 9, we have addressed the issue (2.) in the context of the Lorentz 4d quantum gravity investigating 
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the correspondence between the SU(2) spin network states of the canonical loop qiiantum gravity framework 
and the projected spin networks arising in spin foam models [5]. We first introduced the projection map from 
projected cylindrical functions down to SU(2) cylindrical functions. Reversely, we have studied the lifting maps 
allowing to inverse this projection map and raise SU(2) spin network to projected spin networks on SL(2,C). 
We have obtained a whole family of such lifting maps, parameterized by the Immirzi parameter. In this way, 
we established an isomorphism between the space of SU(2) spin networks and the space of proper projected 
cylindrical functions at fixed Immirzi parameter. We have also shown that allowing the Immirzi parameter 
to run through all possible real values, we sweep the whole space of proper projected cylindrical functions. 
Finally, we have analyzed the differences between the two scalar products respectively for SU(2) functional 
and SL(2, C) functional, and we have explained how to modify the lifting maps so as to ensure that these two 
scalar products match exactly. 

This work hints towards considering that the most useful perspective would be to compare SU(2) spin 
networks to projected spin networks and not directly to SL(2, C) spin networks as was done in recent work on 

bridging between the EPRL-FK spinfoam models and the canonical approach [118]. 

Physically, SL(2,C) spin networks erase all data about the time-normal field, which is actually instrumental in 
properly implementing the simplicity constraints. Mathematically, both SU(2) spin networks and projected spin 
networks involve SU(2) intertwiners, which allows for a direct map between the two Hilbert spaces. Therefore, 
we propose to use consistently projected spin networks as boundary states for the EPRL-FK spinfoam models 
and we hope that the present work will be useful in order to consistently translate loop quantum gravity's 
dynamics into spinfoam amplitudes. 

We would like to also point out that our projected cylindrical functions obtained through a lift of SU(2) spin 
networks look similar to the recently introduced "holomorphic" spin network functional introduced to study 
the semi-classical behavior of the EPRL-FK spin amplitudes [157, 158]. We think that this is an issue worth 
studying in more details. 

Finally, we hope that the relation between SU(2) spin networks and projected functionals which we uncovered 
will trigger more interest in studying the structure of the space of projected spin networks. More particularly, 
we would like to put emphasis on two issues. First, it would be interesting to understand the geometrical 
interpretation of un-proper projected spin networks i.e. states carrying two different spins per edge j| 7^ 
(when the spin along an edge is different at its source vertex and at its target vertex). Then, it would be 
interesting to investigate the coarse-graining of projected cylindrical functions and see if we can construct a 
projective limit a la Ashtekar-Lewandowski as was done in loop quantum gravity [58]. Such techniques have 
failed up to now when applied to spin network states for non-compact gauge groups such as the Lorentz group 
SL(2,C). Nevertheless, we believe that this could be different when dealing with projected spin networks due 
to their effective SU(2) gauge invariance and their mapping into SU(2) spin networks. 

In both Chapters 13 and 14, we have focused on the issue (3.) in the context of 3d gravity. In order to 
better understand the low-energy regime interpretation of the spin foam model, we investigated in Chapter 13 

the asymptotical behavior of the {6j}-symbol which is relevant in the construction of spin foam amplitudes. 
Starting from its expression as a (finite) sum over (half-) integers of algebraic combinations of factorials, we 
followed the footsteps of [152] and showed that one can derive systematically the corrections to the leading 
order formula at any order [12]. The method relied on three steps. First, we used the Stirling formula (with 
the appropriate corrections) to approximate the factorials. Second, we considered the sum as a Riemann sum 
and approximate it by an integral (over the real line). Finally, we performed a saddle point approximation to 
compute the behavior of the {6j}-symbol for (homogeneously) large spins. 

Using this framework, we showed that we recover an oscillating leading order (LO) with frequency given 
by the Regge action as is well-known and was already proved in [152]. Then we computed analytically the 
next-to-leading (NLO) corrections. The formula that we obtained is explicit, although not compact, and we 
could not interpret it geometrically in a clear way. Nevertheless, we performed two simple checks. First, we 
checked that our complicated formula reduced to the known expression for the NLO for isosceles tetrahedra 
[145]. Second, wc checked it numerically in varioTis cases and found a perfect fit. These numerical simulations 
also confirmed that the NLO is a ^-phase shift with respect to the LO (the NLO is given by a sin instead of 
a cos) and that the NNLO is back in phase with the LO (again a cos), which confirmed our expectation of an 
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alternating asymptotical series in cos +j sin cos + p- sin + . . . . 

We point out that we computed in details the corrections due to the Stirling formula and to the saddle point 
approximation. However we did not study the Riemann sum approximation. It does not contribute to the LO 
and NLO. It will only enter at the level of the NNLO. 

This work, mainly technical, can be applied to the computation of gravitational correlations for 3d quantum 
gravity following [10, 141, 145, 146]. It will enter the quantum corrections to the propagator/correlations at 
second order, as was shown in [141]. Indeed, the first order corrections are derived from the path integral 
of the Regge action, while the deviations from the Rcggc action as computed here enter at second order (as 
two-loop corrections). From this perspective, this NLO of the {6j}-symbol describes the leading order deviation 
of quantum gravity with respect to the classical gravity. 

Beyond the technicality of these resiilts. our purpose was to show that computing such corrections is indeed 
possible (although it does lead to complicated expressions) and that similar methods could be used for 4d spin- 
foam gravity. Although these methods allow straightforward (but lengthy) analytical calculations, which might 
be handled by a computer program, their drawback is the loss of the geometrical meaning of the expressions 
obtained. An alternative way to proceed is to use the exact recursion relations satisfied by the {6j}-symbol 
(see [149, 150]) and other spinfoam amplitudes (see [154]) to probe the asymptotic behavior and the induced 
corrections of the correlations. 

In Chapter 14, we have actually studied this alternative method in the context of 3d gravity [13]. We have 
used the recursion relation satisfied by the {6j}-symbol to study the structure of its asymptotical expansion for 
large spins. The exact recursion relation allowed us to compute explicitely the asymptotical approximation of 
the isosceles {6j}-symbol up to fourth order. This confirmed previous results [145, 12] and introduced techniques 
allowing further systematic analytical calculations of the corrections to the behavior of the{6j}-symbol at large 
spins. However a clear and simple geometrical interpretation of the polynomials appearing in this expansion is 
still missing. 

This work using recursion relation is useful in particular for the study of large scale correlations in the 
spinfoam model for 3d quantum gravity. In this context, the recursion relation allowed us to write equations 
satisfied by the spinfoam correlations similar to the Ward identities of standard quantum field theory. Such 
recursion techniques have been shown to be further applied to the study of 4d spinfoam amplitudes and the 
resulting spinfoam graviton propagator [154]. 

A framework to address issue (3.) is the spin foam graviton proposal [10]. The graviton propagator is based 
on the extraction of some semi-classical correlations at large scale thanks to a suitable boundary state peaked 
on a given classical 3-geometry. One issue which has not been explored up to now in the context of 4d gravity 
is that this boundary state should be physical, i.e. solve the Hamiltonian constraint on the 3d boundary. We 
addressed this issue in Chapter 15 and showed that it is possible to determine a physical semi-classical state for 
the Barrett-Crane model in the case of the simplest triangulation given by a 4-simplex [15]. The requirement of 
a normalized physical state determines uniquely the Gaussian width. This analysis showed also that we cannot 
take a too simple semi-classical state. Indeed, we have seen that a decoupled gaussian state which is peaked on 
the geometry of an equilateral 4-simplex does not seem to be able to capture a true physical state. Instead, a 
coupled gaussian state appears as defining more naturally a physical semi-classical state. 

Our analysis seemed to indicate that the requirement for the boundary state to be a physical state selects 
the bulk triangulation. However, a detailed investigation dealing with more refined boundary states is required 
to confirm this intuition and to really understand the dominant terms in the computation of the two-point 
function of the gravitational field. 

Another step would be to deal with the EPRL-FK models instead of the Barrett-Crane model. Since the EPRL- 
FK vertex has also for asymptotic the exponential of the Regge action, we expect to get similar results in the 
restricted case of a single 4-simplex. However, the behavior under renormalization should be quite different since 
the space of intertwiners in the EPRL-FK model introduces new degrees of freedom in the 3d space geometry 
compared to the Barrett-Crane geometry which is describe by a unique intertwiner and seems to have too many 
degrees of freedom frozen. These degrees of freedom will have to be taken into account when gluing 4-simplices 
together. 
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Some key-issues of the spin foam framework for quantum gravity have been tackled here and some relevant 
results proposed. There have been many techniques developed to build and to study the spin foam amplitudes 
but there are still a lot of issues to clear up and understand, much more than what has already be done! 
For example, one issue not really taken into account yet concerns the issue of the renormalization in the spin 
foam models. Indeed, an important aspect to keep in mind is that it is fundamental to develop a framework 
with the appropriate tools to study the coarse-graining of spin foam amplitudes in order to truly define the 
continuum limit of spinfoam models and their semi-classical limit. And beyond this, we need to identify a family 
of models parametrized by a finite number of parameters. That is, we need to understand what are the physical 
relevant coupling constants such as it has been done in standard quantum field theory and to identify a family 
of spin foam models stable under coarse-graining. 
To be continued.... 
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Appendix A 

Quick Overview of SL(2, C) 
Representations 



The Plancherel decomposition formula for SL(2, C) states that functions with respect to the Haar measure 
on SL(2, C) uniquely decompose in term of the matrix elements of the group element in the unitary irreducible 
representations of SL(2, C) of the principal series. Such irreducible representation (irreps) are labeled by a couple 
of numbers (n, p), where n € N/2 is a half-integer and p G M a real number. There also exists a supplementary 
series of unitary irreps, labeled by a single real number bounded by 1 in modulus, but they do not enter the 
Plancherel decomposition. Then the Plancherel formula for a function / e L^(SL(2,C)) reads: 

/(^) = / MKp)^ptr [F{n,p)D^^^f\G)\ , (A.l) 

n 

where the Fourier components F{n, p) are matrices in the Hilbert space of the representation (n, p) and are 
obtained by the reverse formula: 

F{n,p) = j dGf{G)D^^'p\G-'). (A.2) 

The measure of integration over the representation labels p{n,p)dp = (n^ + p^)dp is called by the Plancherel 
measure. This Plancherel decomposition relies on the fact that the matrix elements D^"''''\G) form an orthogonal 
basis for the Hilbert space L'^{SL{2,C)). 

It will be useful for later to have the explicit action of the Lorentz generators in each (n, p) representation. 
The relevant basis for us is the SU(2) basis obtained by decomposing the SL(2,C) representation into SU(2) 
irreducible representations. Indeed, one can show that the (n, p) representation decomposes onto all SU(2) 
irreps with spin j bounded below by the half-integer n, thus implying that the Hilbert space of the {n,p) 
representation is the direct sum of the Hilbert spaces corresponding to these SU(2) irreps: 

rM ^ v^. (A.3) 

jen+N 

Let us point out that we have chosen the canonical SU(2) subgroup, which stabilizes the 4-vector uj or equiv- 
alently the identity matrix $1 = 1 (as explained previously). Then wc give the action of the su(2)-rotation 
generators J and boost generators K in the standard basis for SU(2)-representations in term of the spin j and 
the magnetic momentum m, diagonalizing the rotation operator J^: 

J^\j,m) = m|j,m), (A.4) 

J+ I j, m) = ^/ {j - m){j + m + 1) \j, m + 1), 

J~ \j, m) = \/{j + m){j - m + 1) | j, m - 1) , 

K^\j,'m) = -OLj^f -w? |j - l,m) - Pjm\j,m) +aj+i^/{j + 1)^ - \j + l,m), (A.5) 
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K+\j,m) = -OLj\l {j - - ;// - 1) I./ - 1, m + 1) - - m){j + m + 1) \j, m + 1) 

-aj+l^/{j + m+l){j + m + 2) \j + l,m + 1), 
K~\j,m) = aj^/{j + m){j + m- 1) \j - l,m- 1) - (3j^{j + m){j - m+1) \j,m- 1) 

+aj+i V(i-m+l)(j-m + 2) | j + 1, m - 1) , 

where the coefficients defining the action of the boost generators are given by: 



i(i + l)' ' iV 4^2-1 



It is straightforward to check that this postulated action satisfied as expected the SL(2,C) commutation rela- 
tions ^ . Moreover, since the coefficient a„ = vanishcis for j = n, it is also clear that the truncation to spins 
j > n is self-consistent. On the other hand, it is obvious that the coefficients aj for j > n will never vanish, 
thus there is no upper bound on the spin j. This is consistent with the fact that a unitary representation of 
SL(2, C) necessarily has an infinite dimension. 

From this action, we can check that the SU(2) Casimir operator has the usual value = j{j + 1). We can 
also compute the values of the two Casimir operators of SL(2, C): 

Ci= K"^ - = p^ -n^ + 1, C2 = J-K = 2np. (A.7) 

Finally, wc introduce the characters of the SL(2,C) representations, 9^"''')(G') = tr Z?'^"'''^ (G). It is easy to 
evaluate it on SU(2) group elements since we know the decomposition of the SL(2,C) representation into SU(2) 
representations 

V, e su(2), e<-'>b) ^Y.^i^)-Y. = if". (A.8) 

where 6 is the class angle of the group element g, i.e meaning that g is conjugate to the diagonal matrix with 
entries [e'^e"'^]. 

Now that we have quickly reviewed these basic facts on SL(2,C) unitary representations and the Plancherel 
decomposition, we are ready to introduce the basis of projected spin networks for our Hilbert space H of Lorentz 
invariant cylindrical functions. 



The commutation relation of the SL(2,C) Lie algebra are: 

[J+,j3] = _J+, [J-_j3]=j-^ [J+,J-]=2j3 

[J+,K+] = [.J-,K-] = [J^A■3] = 0, [J+,X-] = -[J-,K+] = 2K^, 
[J+ ,K'-^\ = -K+ , [J- , K'"^] = K- , [K+ ,J'^] = -K+ , [K- , J''^] = K- , 
[K+,K^] = J+, [K-,K^\ = -J-, [K+ ,K-] = -2J^. 



■^The character formula is straightforwardly generalizable to the whole SL(2, C) group. Indeed, all group elements are conjugated 
to a diagonal matrix. Then we can evaluate the character on such matrices (see e.g. [159]): 



Appendix B 

Coherent States for the Harmonic 
Oscillator 



Let us review the standard definition of coherent states for a single harmonic oscillator, defined by its creation 
and annihilation operators satisfying the commutation relation [a, a'^] = 1. The standard basis is defined by the 
number of quanta: 

a\n) = \/n\n—l), a^|n) = Vn + l\n+ 1), a^a\n) = n\n). 
Coherent states are defined through a sum over the standard basis: 

„ V n! „ Vn! Vnl 



This definition is not normalized, but we can easily compute its norm and define normalized states: 

{z\z)=e\'\\ \z}n = e-'-^ \z). (B.3) 

The action of the a, operators can be derived directly from the definition of the coherent states as series. The 
coherent states diagonalize the annihilation operator a while the creation operator acts as a derivation: 

^n— 1 

a\z)=z\z), at|z) = ^n^|n)=5.|z). (B.4) 

This action can be straightforwardly on the normalized coherent states. Then we get a anti-holomorphic shift 
in the action: 

^ 1 2 / Z \ 

a \z)n = z \z)n, \z)n = d^e ^ \z) = [d^ - -j \z)n. (B.5) 
The coherent states naturally provides an over-complete basis and a new decomposition of the identity: 



m!vn! J tt 

I 

i(m— n) 



f "-^1 \ / I f -\z\^\ \i I \m){n\ f 

^ V^.V^. Jo Jo ^ 

= ^:^)n}{n\ J dre-''V2"+i = I. (B.6) 

We can also check explicitly that the action of a' on coherent states is correctly given by the adjoint of the 
action of the annihilation operator a: 

j[<fz(fw]J{z)i}{w){z\a)w) = - j[d^zd'^w]^d^ip{w){z\w) = j [d^z(fw]J{z)i){w)d^{e^'") 
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= j[(fz(fw]z^ilj{w){z\w) = j[d'^zd^w]J{z)'il){w){az\w). (B.7) 

Finally, these coherent states transform consistently under the U(l)-action generated by the number of quanta 
operator a^a : 

girata |^) = ^ e^™ \n) = \e" z) . (B.8) 



Appendix C 

Commutation Relations Of the F, 
Action on Coherent States 



The commutation relations between these F, and E operators acting on the U(N) coherent states are 
straightforward to check: 



[Eij, Eki] I J, {z,}) = 51, {51^ (I J, {zk}))) {5%, (I J, 

= ('5fcj<5-; - ki5%) \J, {zq}) = {djkEii - SiiEkj) I J, {zg}}, 



(C.l) 



[Eij,Fkl]\J,{Zg}} 



= sJJ{J + l) {Zu5t, (I J - 1, {zg})) - 51, {Zki\J - 1, {zg}))) 
= ^J{J + 1) {5aZjk - 5^uZfl) I J - 1, {zg}) 
= {5iiFjk - 5^kFji) I J, {zq}), 



(C.2) 



E- ■ F' 



V(J+l)(J + 2) 
1 



V(J+l)(J + 2) 



(A^, {5t^{\J + 1, {zg}))) - 51, (A^,(| J + 1, {zg})))) 
(5fc,Af,-5yAy|J + l,K}) 



5kjFl - 5i,F,, 



(C.3) 



\J,{zq}) = A^;(Z,,|J,{zJ))-Z,,A^,(|J,{zJ)) 

= {5k^5t, - 5kj5l^ - 5u5l, + 5i,5l + A|;(Z,,)) | J, {zj) 

= {5kiEij — SkjEii — 5iiEkj + 5ijEki + 2{5ki5ij — 5ii5kj)) \ J, {zq}). 



(C.4) 
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Appendix D 

Norm of the U(A/^)-invariant state: \J) 



Following the previous work done in [136], we compute the norm of the U(-/V)-invariant state | J) = (/^)''|0) 
where we have introduced the operator: 

kl 

The norm of | J) is then given by: 

(0|/-^(/^)-'|0) (D.2) 

with / = F^[F^[. We need to determine the action of / on | J): f\J) = f{P)'^\0). In order to compute this 
action of / on \J), we calculate the commutator between / and /^: 

[/, P] = 4e [ ^'^^^'' ^ + 4 (^liE"- + E^'f + [E^^ + £«)(2iV - 1) + 2N{N - 1)^ (D.3) 
where we have defined: 

e = Y,E^iE^i (D.4) 

kl 

and we recaU that E^'^ = Y.iEi''^- In our case of interest E^ = E^ = E. Moreover, to compute this 
commutator we used the fact that on the intertwiner space (J^ = = 0), the F and F^ operators satisfy 
additional quadratic constraints: 

k ^ ^ fe ^ ^ 

We also need to compute the commutator between e and . We use the fact that the E and F^ also satisfy 
quadratic constraints on the intertwiner space: 



k 

then. 



[e,/1 = 2/t(^^+iV-l) (D.7) 



where once again, E^ and E^ can be replaced by E. Moreover, this total area operator is clearly diagonal in 
the basis |J): 

E\J)=2J\J) (D.8) 

We can then deduce the action of / on | J): 

j-i 

/(/^)^|0> = E {4(2(-/ - 1 - fc) + iV)(/t)'=e {fy-'-''\0) + 16(2(J - l - fc)^ + (j _ i _ k)i2N - l))(/t)^-i|0)} 

k=0 
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+8{J-l)N{N-l){f^y-'\0) 

j-i 

= {8(2( J -l-k) + N){J - 1 - k){J + N-k~3) + 16(2( J - 1 - A:)^ + (J - 1 - k){2N - 1))} 

fe=o 

+8(J- l)iV(iV- 1)]|J- 1) 
= 4J{J+1){N + J-1){N + J-2)\J-1) (D.9) 

Using this action, we compute the norm of the state | J) by recursion: 

( J| J) = (O]/''- Vk) = 4J( J + l)(Ar + J-l){N + J- 2)( J - 1| J - 1) (D.IO) 

which leads us to the scalar product: 



Appendix E 

The {6j}-symbol - recoupling theory 



The {6j}-syinbol is a real number and it is obtained by combining four normalized Clebsh-Gordan coefficients 
along the six edges of a tetrahedron, with edge lengths given by j/j + ^ — -^jf- (0 < / < J < 3). We usually 



^01 / 























Figure E.l: Tetrahedron: edge lengths are given by Ijj = -y^ 



express the 6j-symbol in term of the Wigner 3j-symbols : 

JOl J02 J03 I _ ^_2^poi+jo3+ioi-aoi-Q03-Qoi [ -^"1 -^12 Jl3 

i23 jl3 il2 \ ^<^^ > \ aoi ai2 -"13 / -^^ 

il3 j23 j03 \ / i03 j02 JOl \ / io2 ^23 jl2 



ai3 "23 "03 / V '^oa "02 -aoi / V "02 ^23 "12 
The Wigner 3j symbols are very simply related to the Clebsh-Gordan coefficients < joiji2aoiai2bi3ai3 > by: 

< JoiJi2aoiai2|ji3«i3 >- (-l)^oi-.i.+a,3(2^-^3 + 1/2)1/2 f JOl m 313 \ ^ 

\ ctQi ai2 — ai3 / 

And Racah gave a general formulae for the Clebsh-Gordan coefficient: 
< joiji2aoiai2|ji3ai3 > = S{aoi + ai2, Q!i3)A(joiji2ji3) 

\/(2ji3 + l)(joi + aoi)!Ooi - aoi)!(ji2 + ai2)!0'i2 - ai2)!(ji3 + ai3)!0'i3 - "13)! 
y- (ulT 

(ioi-aoi-A')Kii3-jl2+aoi+Q!)Kji2+"l2-A')Kji3-joi-ai2+a)!/j!(ioi+Jl2-Jl3-A')! 

where A(joi, ji2, ji3) = (J"i+J"-J")!fa^i-^ii^2+^^^^^^^ p^^^^^ ^^^^^^ j^^^^^^j^ g^^^^ tensorial formulae for 

the 6j-symbol, the Racah's single sum formulae: 



Joi J02 J03 
i23 jl3 jl2 



\/ A ( joi , i02 , j03 ) A (^23 , j02 , il2 ) A (j23 , il3 , joS ) A (joi , jl3 , jl2 ) 
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with vk = Y^jiK Vii- e {0, • • • , 3} and Pk=Y^ Uoi + hi) Vfc e {1 • • • 3}. 



Appendix F 

Factorials 



The factorial n\ is defined for a positive integer n as: 

n! = n(n-l)---2-l = r(n+l), 

where r(n) is the gamma function for integers n. This definition is generahzed to non-integer values. Using the 
identities for the F function, we write explicitly the values for half-integers: 

/ In, /— /In, -v/tt / In, ,N,, \/7r(2n) ! , 1,, -v/tt ,,,, •v/7r(2n + l)! 

where nil is the double factorial : 

{n • (n - 2) • • • 5 • 3 • 1 if n > odd, 
n • (n - 2) • • • 6 • 4 • 2 if n > even, 
1 ifn = -lorO. 

Using the asymptotic expansion of a large factorial n! ~ \/27rn (^)" (l + = ssir? ~ siglon^ ~ 2488320n^ ' ' ' )' 
we can get an asymptotic expansion for: 



(F.l) 



(r) + 1/2V ~ ,/2^p("+i)in(")-" (1 + J-) (\ J 11 I 1 13? 571 L . . 

ya^ r-^ V zwe + 2nM ^ + 12(2n) + 288(2n)2 51840(2n)3 2488320(2n)4 ^ 

A 1 ]_ I 139 , 571 _ \ 

\^ 12n 288^2 51840^3 2488320n'' " ' J ' 



(r, - iV ~ A/27fp"M")-" ( 1 J 11 \ 1 139 571 , A 

yil V^Tre I ^ 12(2n) ^ 288(2n)2 51840(2n)3 2488320(2n)'» ^ ) 

/-I 1 1_ I 139 , 571 _ \ 

\^ 12n 288^2 51840n3 2488320n* 

or more simply, at the next-to-leading order: 

n!~y2^(^)"(l + ^), 

(n + i)! ~ ^/2^e("+l) (l + ^) , (F.2) 
(n-i)!~x/27re"'"(")-"(l-2i„). 
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Appendix G 



First approximation in the "brute 
force" asymptotic expansion of the {6j} 

The first approximation in the "brute force" asymptotic expansion of the {6j}-synibol is to replace the factorials 

by the next to leading order of the Stirling formula. 

In this section, all computations are done at the next-to-leading order. We replace the factorials in equation 
(13.2) by their respective asymptotic expansion. 

• Then, a typical triangle coefficient: 

ZA^Afljoj , Aaj(,2 , Aajo3 ) — ry— - — -- — — 

I 2 V^j'oi "'302 + "'jo3 ) 2 / • 

will be 

A{Xdj^„Xdja^,Xdj„J = 27r[e-*(''^oi+''^02+'ij03)ln[5(''joi+''^02+'*.03)] + 5('i.oi+''^02+''.03) (l + i2A(dj +dj +d, ) ) 

eT ('^301 "'"'^J02 "'^303) '"^It ("^JOl "'"''•J02 ""^303)!" I ('^301 "'"'^i02 ""^303) | 1 — r | 

V 12A(!ijoj+djj,2-dj(,3)y 

C*^301 ~^302"'"^303) ^^[^ (*^301 ~*^302 "*"^J03)]~ ^ (^301 ~*^302"'"^303) ( 1 — r-j^-j \ j r- ) 

et(^''301+''302+'i303)l"[t(-'^301+'^302+''303)l-t(-''301+''302+'i303) (l ^ 

V 12A(-djoi-|-ci3(,2-|-dj(,3)y 

which simplifies 

A{Xdj^j^, XdjQ^, Xdjg^) = 27re^I(~'^301+<^302+«'303)''^(-'^301+''302+<'303) + ('^301-'^302+''303)^"(<^301-''302+<^303)l 

02 ^303 

fl _ 1 I 1 I 1 1 )1 

I 12\\-djgj^+djg^+djij^ djgj^-d-jo2+djg^ dj^^^+dj^^-d-jos dj^^+dj^^+dj^^ ^i' 

(G.l) 

The factor V A{Xdj„^ , Xdj^^ , Xdj^^)A{Xdj^^ , Xdj^^ , Xdj^^)A{Xdj^^ , Xdj^^ , Xdj„^)A{Xdj„^ , Xdj^^ , Adj^^ ) in 
equation (13.2) can then easily be put into the form: 

{2nrei'^(''^r.)(^l-A^H{dj„)^ (G.2) 
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where 



(G.3) 



KJ 

with = -\n( '■-'^''•'^''"''K +'^:>iL)i'hij +'^jf K -'^Jii. J -<^3jK +'^3jL)i'^iij +'^j.7g -d-hiL ) 

d-3ij 2 \{d-j,j+djj^+djj^){-djjj+djjj^+djj^)(djjj+djjj^+djj^)(-djjj+djj^+djj^) 

K L a.nd K,L^ I, J 
H{djjj) = 2^,^^*^^; where K G {0,- ■■ ,3} amd j G {!,■■■ , 3} 

and we recall that i)^ = ^ ^ Vif e {0, • • • , 3}, pfc = ^ (^jo. + t^j.J vfcg {1...3}. 

• We now replace the factorials in the sum of (13.2) by their approximations and we change of variables: 
t = Xx: 

= (-1) 



n.(A(x - vj) + 3/2)(A(. - V,) + 1/2)! n,(Afe - .))! 

mill V * / 



(2 , 

x=max 



where 

Gi(a;) = i7rAa; + 31nA + lna; + 2^1n(pj - a;) - ^ln(a;- w/) + (Aa; + l/2)(lna; + In A) - Aa; + ^A(a; - vi) 

j I I 

-^(A(a; - vi) + l)(ln A + ln(a; - vi)) - ^(A(pj - x) + l/2)(lnA + ln(p^- - x)) + ^A(pj- - x) 

I 3 3 

(G.5) 

which can be simplified using the fact that vi = J2iPj- 



G,(.) = -21nA+^ln^|^^^^ + A 



iirx + xlnx — ^^(a; — vj) ln(a; — vj) — ^^(Pj — x) ln(pj — x) 

I 3 

(G.6) 



and 



A I 12a; ^ 24(a; - v/) ^ 12(pj - a;) 



(G.7) 



Moreover, 



where 



A 



f{x) = mx + X \n{x) — ^^{x — vk) ln(a; — vi) — ^^(Pj — x) ln(pj — x) 
I 

Fix) - ^\n( "''n,(Pj-^)' 



(G.9) 



Then the sum can be approximated by: 

mill pj 



x=m.ax VI 
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Appendix H 

Third approximation in the "brute 
force" asymptotic expansion of the 



The third approximation in the "brute force" asymptotic expansion of the {6j}-symbol is done using the 
stationary phase method. 

We are interested in the 1 /A expansion of the integral: 



min Pj/2 / i / 1 \ \ 

dxe^(-) ( 1 - -^G{x) + O ( I ) ) e^^(-). 



We do not give here the proof of the whole expansion (equation (13.11)) because of the heavy formalism but 
we directly prove the next to leading order formula (equation (13.13)); the procedure is the same but the 
computations are easier. The asymptotic expansion of such an integral is given by contributions around the 
stationary points of the phase denoted x^. We expand the phase f{x) around the stationary points xq at fourth 
order and the function g{x) = e^^^^ (l — i^G{x)) at second order and we extend the integration to infinity. 



/+00 
d{5x) (gixo) + g'{xo)5x + lg"{xo)iSx)^) e^(/(^<')+5/"(^o)(5x)=) 

(l + A (i/(3)(xo)(fe)3 + i/(4)(a;o)(fe)4) + f (i/(3)(xo)(fe)3)' + 0(A2)) 

where in our case, g{x) = e^^^^ (l — i^G{x)) and then the integration are "generalized" Gaussians: 

/ + 00 . 
d(fe)e-^(^^)(*-)' 
-oo 



(H.l) 



/+00 -f"( 1 

d(fe)(fe)2e-^(=^)(^-) 
-OO 

+A + l^F'{x,)) r"d(fe)(<5x)4e-^(^)(^-)^ 



(H.2) 



which can easily be computed 



27r g^F{xo)+\f{xo) 

(xo)A 



h 4- 1 ( Gjxq) _ F"(xo) + (F'(xo)f f^^\xo)+if<~^\xo)F'(xa) _ 5(f<~^Hxo)f \ ^ , ly 
[^■•"aV 12 2/"(a:o) ^ 8(/"(a;o))2 24(/"(a:o))V + ^ 



(H.3) 
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Physical States with a Real Phase 



We will discuss here the case already mentioned of the Bessel-based factorized boundary state: 



a<6 



where 



^ ( Jo ^ J ^ Jo \ 

(pBij) = I ^, _ ^ COS (dj-e) 



{1.1) 



(1.2) 



We are interested in the large spin limit regime and its dj^ oo limit behaves as a Gaussian peaked around 



1/4 



exp 



cos(rfj9) 



(1.3) 



The difference with the case studied previously of a Gaussian peaked around rfj,, is the phase which is real 
here. Wc recall that the factorized boundary state assumption has been made in order to perform numerical 
simulations and the choice of a real phase has been done in the work concerning the area correlator to turn it 
into an exact group integral [110] and perform exact analytical computations. 
We therefore consider now a factorized Gaussian state with a real phase: 



'^i[d3ai\jf n exp(-"(^iai. - dj„f) cos{dj„e) 



(1.4) 



a<b 



to see if the conditions necessary to have a physical state are modified. Conditions (15.6) and (15.7) give the 
two following equations for J\f and a. 



jab ^ ' {jab} a<b 



1 +cos(2dj^,e) 



(1.5) 



and, 



1 = E^>(^«^) - ^ E (11 djabrpidjab) E 



Jab 



{jab} a<b 



e=±l;r)=±l 



(1.6) 



where we have already used the asymptotic formulae of the j-symbol. In the large spin limit, the summation 
in the two previous equations can then be approximated with an integral and we can write: 



1 
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(1.7) 



182 
and 



APPENDIX I. PHYSICAL STATES WITH A REAL PHASE 



^ ^ a<b a<b e=±l;?7=± 



{Li 



The first integral (1.7) after some changes of variables is just three Gaussian integrals, which can been integrated 
directly: 

but we recall that a oc -ir with n e]0, 2[ from equations (15.12) and therefore in the large spin limit the second 

JO 

term of the right-hand side of this relation vanishes and we obtain the same relation at the leading ordrer 
between TV and a as in the case of a Gaussian state with an imaginary phase (up to a factor 1/2). That is: 



1 

4Y 2JR(a) 



(1.10) 



To evaluate the second integral (1.8) in the large spin limit we expand as previously the Regge action around 
di-. 



(1.11) 



a<b 



a<b^c<d 



where 



'Jed 



dOab I 
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And using once again the argument that rapidly oscillating term in dj^^ will vanish when performing the 
integration over dj^^ , we have to consider only two terms in the sum (1.8) which are two Gaussian integral: 



M. )(10<7-9/2)p 

1 / n di^d,^^^ 

a<b 



10 



(1.12) 



where M and Q are both ten by ten matrices defined by: = aS^^ - iN^^ and Q^^ = a6^ + iN^^ with 

a < b, c < d and 6^^ = 1 if the two couples of indices are the same and it vanishes otherwise. Therefore, M is a 

symmetric matrix with all its diagonal coefficients equal to a + i 



I -T— and Q is a symmetric matrix with all 
Then the analysis is the same as the one done in the case of a 



its diagonal coefficients equal to a - 
Gaussian state with an imaginary phase; we have three case to consider: 



3 1 



1. a > 



that is we consider here that a is proportional to d- " with < n < 1. We have then that 



M ~ aid and Q ^ aid and once again we write a = , then we get the same result as in the case of the 

30 



a € 



imaginary phase (up to some factors 2 in a) (see equations 15.21), that is: < a 

a ■ 



J (I - n) and a > 



^9 
4 V5 

32P4 
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2. a <^ that is we consider that a is proportional to " with 1 < n < 2. We have to integrate 

/ d[5dj^^] <3xp{i^ Sdj^^N^^Sdj^j^) + exp{—iJ2Sdj^^N^llSdj^^). The signature of the matrix A'" is equal to 
—2; therefore, e^'^'^^'^ = —i = — e*'^(~^'5: and then the previous integral is null so in this case we also 
cannot have a= with 1 < n < 2. 

JO 

3. a ~ -1^: it is the most natural case which peaks in the same way the triangle areas of the 4-simplex 

"jo 

around the background value Aq = dj^ and the dihedral angles around the background value 6. But once 
again due to the fact we have chosen a factorizcd boundary state, this case is very complicated although 
the imaginary parts of the determinant of M and of the determinant of N will compensate. This confirms 
that a factorized boundary state is not the most natural to capture a physical state. And with a real 
phase it is not even possible to consider a tensorial state which could compensate iN and —iN as we did 
in the case of the imaginary phase. 
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